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TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 295, Number 2, June 1986

GENERIC DYNAMICS AND
MONOTONE COMPLETE C*-ALGEBRAS

DENNIS SULLIVAN, B. WEISS AND J. D. MAITLAND WRIGHT

ABSTRACT. Let R be any ergodic, countable generic equivalence relation on a
perfect Polish space X. It follows from the main theorem of §1 that, modulo a
meagre subset of X, R may be identified with the relation of orbit equivalence
ensuing from a canonical action of Z.

Answering a longstanding problem of Kaplansky, Takenouchi and Dyer
independently gave cross-product constructions of Type III AW *-factors which
were not von Neumann algebras. As a specialization of a much more general
result, obtained in §3, we show that the Dyer factor is isomorphic to the
Takenouchi factor.

Introduction. Our two main results are Theorems 1.8 and 3.4. The first result
is concerned with a countable group G acting as homeomorphisms on a complete
metric space. When there is a dense G-orbit, we show that the relation of orbit
equivalence (with respect to G) can be identified, modulo meagre sets, with that
arising from a canonical action of Z.

The other main result, is on the classification problem for AW *-cross-products.
It follows as a corollary to Theorem 3.4 that the Takenouchi factor is isomorphic
to the Dyer factor.

The intimate relationship between classical dynamics and von Neumann algebras
is paralleled by an equally close connection between generic dynamics and monotone
complete AW *-algebras. However, the reader whose main interest is in the results
on countable groups acting on complete separable metric spaces, may safely ignore
all references to C*-algebras and all references to spaces which are not metric
spaces. He could proceed straight to §1, referring to §0 for any unfamiliar notation
or results.

Let G be a countable discrete group acting as homeomorphisms of a perfect
Polish space X (that is, X is homeomorphic to a complete separable metric space
without isolated points). This action is said to be generically ergodic if, for some
zo € X, the orbit Gzg is dense in X. Equivalently, each G-invariant Borel subset
of X is either meagre or the complement of a meagre set.

From the standpoint of topological dynamics, the action of G on X would be
studied without throwing anything away. In classical dynamics, sets which are
null with respect to some G-invariant (or quasi-invariant) measure are regarded as
negligible. In generic dynamics we investigate the action of G on X modulo meagre
sets. We prove, in Theorem 1.8, that if G acts (generically) ergodically then orbit

Received by the editors April 23, 1985 and, in revised form, June 18, 1985.
1980 Mathematics Subject Classification. Primary 46L99, 28D99, 54H20.
Key words and phrases. Dynamics, orbit equivalence, countable group, monotone cross-

products, groupoid AW *-algebras, Takenouchi factor, Dyer factor.

©1986 American Mathematical Society
0002-9947/86 $1.00 + $.25 per page

795

This content downloaded from 146.96.147.130 on Mon, 07 Dec 2015 16:53:40 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

796 DENNIS SULLIVAN, B. WEISS AND J. D. M. WRIGHT

equivalence on X is unique, modulo meagre sets. This is astonishingly different
from what happens in classical dynamics.

For, in classical dynamics, even when G = Z, different actions of Z give rise
to a continuum of, essentially different, orbit equivalence relations. (They can be
classified into Types II;, Il and III,, with 0 < A < 1.) On the other hand, any
action of an amenable group [1] is orbit equivalent to an action of Z. But, in general,
nonamenable groups give rise to orbit equivalence relations which do not arise from
actions of Z.

Let B be the algebra of bounded Borel functions on the unit interval and M
the ideal of Borel functions f for which {z: f(z) # 0} is meagre. Then B/M is a
commutative AW *-algebra which is not a von Neumann algebra.

When G is a countable group acting freely and ergodically on B/M, there
is a corresponding monotone complete C*-algebra, the monotone cross-product
M(B/M,G). This is an AW*-factor of Type III which is not a von Neumann
algebra [11].

The existence of AW *-factors which are not von Neumann algebras was a ques-
tion of Kaplansky which went unanswered for many years. Independently, Take-
nouchi and Dyer gave examples, see [2, 11, 15], which were of the form M (B/M, G1)
and M(B/M,G.) for different abelian groups G; and G2. By Corollary 3.5 the
Takenouchi and Dyer algebras are isomorphic. But much more is true. In startling
contrast to the situation for von Neumann algebras, we show in Theorem 3.4 that
all AW*-factors of the form M(B/M,G) are isomorphic.

Inspired by Feldman and Moore’s [4, 5] construction of groupoid von Neumann
algebras associated with measurable countable equivalence relations, we consider an
analogous construction of a groupoid AW *-algebra associated with an equivalence
relation modulo meagre sets in §2. It would be possible to go into considerable
detail, but we confine ourselves to the fragment of this theory which we need in §3.

0. Preliminaries and background information. Let X be a Polish space,
that is, a topological space which is homeomorphic to a complete separable metric
space. Let Bor(X) be the o-field of Borel subsets of X, and let Mg(X) be the ideal
of all meagre Borel subsets of X. Then, by a theorem of Birkhoff and Ulam [13, p.
75], Bor(X)/Mg(X) is isomorphic to the complete Boolean algebra of regular open
subsets of X.

Let (Up) (n=1,2,...) be a sequence of nonempty open sets which form a base
for the topology of X. For each n, let V,, be the interior of the closure of U,.
Clearly each regular open subset of X contains V,,, for some n.

We shall assume in all that follows, that the Polish space X is perfect, that is, has
no isolated points. This is equivalent to the Boolean algebra Bor(X)/Mg(X) being
nonatomic. It turns out that Bor(X)/Mg(X) is isomorphic to Bor(R)/Mg(R); see
13, p. 155].

Let S be the Stone structure space of Bor(X)/Mg(X). Then S is compact and
extremally disconnected. By the remark above, there exists a sequence of nonempty
clopen subsets of S, (K,) (n =1,2,...), such that, given any nonempty clopen set
K C 8, there exists an n such that K,, C K. This clearly implies that S has a
countable dense set, but, of course, S does not have a countable base.

Let 6 be a bijection of X onto X. We shall call 6 a pseudo-homeomorphism of
X if 0 is a Borel bijection of X onto X such that §[E] is meagre if, and only if, £
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GENERIC DYNAMICS AND C*-ALGEBRAS 797

is meagre. Clearly all homeomorphisms are pseudo-homeomorphisms, but simple
examples show that Borel bijections need not be pseudo-homeomorphisms.

When 6 is a pseudo-homeomorphism of X, then there exists a dense Gs-subset
X such that the restriction of  to X is a homeomorphism of Xy onto Xg. This
follows by applying a theorem of Kuratowski [9, p. 400] to 6 and 6~1.

Let R be an equivalence relation on a Polish space Y; we identify R with its
graph. When R is a Borel subset of Y X Y and each equivalence class is countable,
then R is said to be a countable standard equivalence relation. For any A contained
in Y the saturation of A (by R) is the set

R[A] = {y € Y;there exists = € A such that z Ry}.

When R is a countable standard equivalence relation such that, for each meagre
set M C Y, its saturation R[M] is also meagre, we shall call R a countable generic
equivalence relation.

PROPOSITION 0.1. Let R be a countable generic equivalence relation on a Pol-
1sh space Y. Then there exists a countable group, T, of pseudo-homeomorphisms of
Y such that

R={(z,yz): z € Yand y€T}.

Furthermore, there exists a dense Gs-set Yo C Y and a countable group, G, of
homeomorphisms of Yo such that R[Yo] =Yy and

RN (Yo x Yo) ={(z,~z): z €Yy and v € G}.

PROOF. Since R is a countable standard equivalence relation, there exists, by
Theorem 1 of [3], a countable group, T', of Borel bijections of ¥ such that R =
{(z,yz): €Y and y€T}.

Let M be any meagre subset of Y. Then R[M] is meagre. So, for each v € T,
~[M] and y~![M] are meagre. So I' is a group of pseudo-homeomorphisms. It
follows from the properties of pseudo-homeomorphisms and the countability of T',
that there exists a I'-invariant, dense, Gs-subset Yy C Y such that each ¥ in T’
restricts to a homeomorphism of Yy onto itself. Let G be the countable group of
such restrictions.

It follows from the above proposition that the study of countable generic equiva-
lence relations reduces to the study of countable groups of homeomorphisms. In the
next section we shall investigate the latter but, of course, the main result, Theorem
1.8, applies to ergodic generic equivalence relations.

For any topological space T, let B(T') be the C*-algebra of all bounded (complex-
valued) Borel functions on T, M(T) the ideal of all f in B(T) for which {t €
T: f(t) # 0} is meagre and let C(T) be the algebra of all bounded continuous
functions on T'. Then, whenever X is a Polish space with no isolated points,

B(X)/M(X) ~ C(S).

Following [16] we shall call C(S) the Dizmier algebra and will sometimes denote it
by D. We remark that B(S)/M(S) is, again, C(S). The selfadjoint part of C(S)
is a complete vector lattice. By the Baire Category Theorem the natural map j
from C(X) into B(X)/M(X) ~ C(S) is an injection. It is elementary, but useful,
to observe that j[C(X)] is order-dense in C(S); that is, each selfadjoint b in C(S)
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798 DENNIS SULLIVAN, B. WEISS AND J. D. M. WRIGHT

is the supremum of {j(a): j(a) < b and a € C(X)}. In particular, this implies that
if two *-automorphisms of C(S) coincide on j[C(X)], then they are identical.

Let 8 be a pseudo-homeomorphism of X. Then f — f o6 is a *-automorphism
of B(X) which maps M(X) onto M(X). This induces a *-automorphism of

B(X)/M(X) ~ C(S)

which, in turn, induces a homeomorphism 8 of S.

Conversely, by a theorem of Maharam and Stone [10] (see [14] for a noncom-
mutative generalization) every *-automorphism of C(S) arises in this way from a
pseudo-homeomorphism of X.

1. Discrete group actions. Throughout this section X is either a perfect
Polish space or S, the Stone structure space of Bor(R)/Mg(R), or a dense Gs-
subset of S.

LEMMA 1.1. Let G be a countable group of homeomorphisms of X. Then the
following conditions are equivalent:

(1) Each G-invariant Borel subset of X s meagre or comeagre.

(2) Each G-invariant open subset of X s either empty or dense.

(3) There ezists a G-invariant, dense Gs-subset of X,Y, such that {gy: g € G}
1s dense for eachy €Y.

(4) There ezists an zo in X such that Gzo is a dense orbit.

PROOF. It is clear that (1) implies (2).

There exists a sequence of nonempty open sets (Uy,) (n = 1,2,...) such that each
nonempty open set in X contains some U,.

We now assume (2) and deduce (3). For each n, the set (¢ g 9(Un] is G-invariant,
nonempty, and open. So it is dense in X.

Let Y be the dense, Gs-set (1,_; U,cq 9[Un]. Lety € Y. Let V be any nonempty
open subset of X. For some n, U, C V. For some g € G, gy € U,. Hence, Gy is a
dense orbit in X; that is, (2) implies (3).

It is clear that (3) implies (4). We shall now show that (4) implies (2). Let U
be any nonempty, G-invariant open subset of X. Then, by (4), gozo € U for some
go € G. Since U is G-invariant, it follows that Gzg C U, and so U is dense in X.

It remains to show that (2) implies (1).

Let E be a nonmeagre G-invariant Borel subset of X. By the Baire Property,
there exists a nonempty open set U and a meagre set My such that

E=(U\M)U(M\U).

Now My is contained in a G-invariant, meagre F,-set M;. Since (2) implies (3),
there exists a G-invariant, dense Gs-set, Y, such that Y C X\ M; and each G-orbit
in Y is dense in X.

We observe that ENY = U NY. Then, in the relative topology of Y, UNY is
a G-invariant open set. Since each G-orbit in Y is dense in Y, it follows from the
equivalence of (2) and (3) that UNY is dense in Y. Hence U is dense in X. So E
is the complement of a meagre subset of X.

DEFINITION. The action of a countable group, G, of homeomorphisms of X is
said to be (generically) ergodic if each G-invariant open subset of X is either empty
or meagre.
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COROLLARY 1.2. Let G and X be as above. Let Z be a G-invariant, dense,
Gs-subset of X. Then the action of G on X 1s ergodic if, and only if, the action of
G on Z 1s ergodic.

PROOF. Suppose G acts ergodically on X. Then there is a dense Gs-subset Y,
where Y is G-invariant, such that Gy is dense in X for each y €Y. Then Y N Z is
a dense Gs-subset of Z such that, for each y € Y N Z, Gy is a dense orbit in Z. So
G acts ergodically on Z. The converse is clear.

COROLLARY 1.3. Let G be a countable group of pseudo-homeomorphisms of
X. Suppose that each G-invariant Borel subset of X 1s either meagre or comeagre.
Let Y be a G-invariant, dense Gs-subset of X such that each g in G restricts to a
homeomorphism of Y onto Y. Then the action of G on'Y 1s ergodic.

When G is a countable group of pseudo-homeomorphisms of X, such that every
G-invariant Borel set is either meagre or comeagre, the action of G is said to be
(generically) ergodic.

LEMMA 1.4. Let G be a countable group of homeomorphisms of X. Then there
exists a G-invariant, dense, Gs-subset Y such that, for each g € G, the set

F(g)={yeY:g(y) =y}
18 clopen in the relative topology of Y.

PROOF. Let F*(g) be the closed set {z € X: g(z) = z}. Let F°(g) be the
interior of F'*(g). Let M; be the meagre Fy-set U cq(F*(g9) \ F(g)). Let M2 be
the saturation of M; by G; that is,

M, = | glMy).
geEG

Let Y = X \ M;. Then, for each g,
F(g)=F*(g)nY =F°(g)NY.

So F(g) is both closed and open in the relative topology of Y.

The following notion is important for some applications to C*-algebras. Let G
be a group of homeomorphism acting on X. Let h be a pseudo-homeomorphisms of
X onto itself. Then h is said to be G-decomposable over X if there exists a sequence
of pairwise disjoint clopen sets (K;) (f = 1,2,...) and a sequence (g,) (n =1,2,...)
in G such that |J K is dense in X and, for each z € Kj, h(z) = g;(z). If YK is
the whole of X, then we say that h is strongly G-decomposable over X. When this
occurs, h must be a homeomorphism.

Let G and T be countable groups of homeomorphisms of X. If each v € T is
strongly G-decomposable over X and each g € G is strongly I'-decomposable over
X, we say that the G and T actions are strongly equivalent. Clearly when G and I'
are strongly equivalent, Graph G = GraphT'; that is, G and I are orbit equivalent.

It is convenient to introduce a weaker notion of equivalence which is appli-
cable when G and T' act on different spaces. Let G be a countable group of
pseudo-homeomorphisms acting on X, and let T' be a countable group of pseudo-
homeomorphisms acting on X,. We shall say that the G-action on X is equivalent
to the I'-action on X5 when the following conditions are satisfied. There exists a
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dense Gs-subset Y; C X; (5 = 1,2), and there is a homeomorphism 7 from Y; onto
Y,. For each g € G, the restriction of g to Y7 is a homeomorphism of Y; onto itself.
For each v € T, the restriction of « to Y3 is a homeomorphism of Y5 onto itself.
Further, the action of G on Y, given by {rgn—!: g € G} is strongly equivalent to
the action of T on Y5.

LEMMA 1.5. Let G and T be countable groups of homeomorphisms of X. Let
each v € T be strongly G-decomposable over X. For each g € G, let {z € X: g(z) =
z} be a clopen set.

Let A be a countable dense subset of X, which is G-invariant and I'-invariant,
and such that A X A C Graph G and A x A C Graph .

Then there exists a dense Gs-set Y, with A C Y C X, which is G-invariant and
I-invariant and such that G and T’ are strongly equivalent on Y .

PROOF. Let g be any element of G. Fix g € A. Then
(z0,970) € A x A C GraphT.

So, for some v € T, g(zo) = v1(z0). Since ~; is strongly G-decomposable over X,
there exists a clopen neighbourhood of zo, Ko, and go € G such that go(z) = y1(z)
for all z € Ky. Since g~go(zo) = o, there is a clopen neighbourhood of zo, K1 C
Ko, such that g(z) = go(z) = m1(z) for all z € K;. Since A is countable we can
find a sequence of pairwise disjoint clopen sets (K,) (n =1,2,...) and a sequence
(W) (n=1,2,...) in T such that

g(z) = y(z) forallz e K,

and A C U° Kn.
Let Oy be the dense open set | J7° K. Let Yo be the dense Gs-set [),cq Oy Let
Y be the intersection of

{p[Yo]: p is in the group generated by G and I'}.

Then Y is a dense Gg-set containing A. Also G and T are strongly equivalent on
Y.
The following technical lemma is crucial.

LEMMA 1.6. Let G be a countable group of homeomorphisms acting ergodically
on X, and let X be totally disconnected. Let A = {t,: n =0,1,2,...} be a dense
orbit of G. Let A and B be nonempty, disjoint clopen subsets of X. Leta € ANA
and b € BN A. Then there exists a G-invariant, dense Gg-set Y, with A C Y,
and a homeomorphism h from Y onto Y, with the following properties. First h
interchanges ANY and BNY and h 1s constant on y\ (AU B). Secondly, h(a) =b
and h = h=t. Thirdly, h is strongly G-decomposable over Y.

PROOF. Since a and b are in the same orbit, A, gia = b, for some g; € G. Let
A; be a clopen neighbourhood of a, with A; a proper subset of A and g:[A;] a
proper subset of B. Let By = g1[A1].

Since X has no isolated points, AN A and B N A are countably infinite. We
enumerate these sets. Let ag be the first term in the enumeration of A N A which
is not in A;. Let by be the first term in the enumeration of B N A which is not
in B;. Then goas = by for some g2 € G. Let Az be a clopen neighbourhood
of ap such that Ay is a proper subset of A \ A; and go[Ag] is a proper subset
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of B\ B;. Let By = go[Az]. Proceeding inductively (or more precisely, using
the axiom of dependent choice) we generate pairwise disjoint sequences of clopen
sets (4;) ( = 1,2,...) and (Bj) ( = 1,2,...), where AN A C |U"A4; C A and
ANB c T Bj C B, together with a sequence (g») (n =1,2,...) in G such that
gn|An] = By, for each n. Let F be the G-saturation of (AU B) \ U7°(An UB,) and
let Y =X\ F.

For z € A, NY let h(z) = gn(z).

For z € B, NY let h(z) = g, ().

Forz €Y \ (AUB) let h(z) = z.

Then h has all the required properties.

The next lemma is cumbersome to state, but the essential idea is straightforward.
We are manufacturing a copy of the dyadic group @ Z2 from the action of G and
at the same time splitting 7" into dyadic pieces.

LEMMA 1.7. Let T be a totally disconnected, perfect Polish space. Let G be a
countable group of homeomorphisms acting ergodically on T. Let A = {to,t1,...} be
a dense orbit. Let (Sk) (k=1,2,...) be a monotone decreasing sequence of clopen
neighbourhoods of tg such that t, & S, for any n. Then the following statements
hold.

(1) There exists a monotone decreasing sequence of G-invariant, Gs-sets, (Ty,) (n
=1,2,...), where A C T, for each n.

(2) There 1s a sequence (hy,) (n=1,2,...), where each hy ts a homeomorphism
of Ty, onto T,, and h, = h;t. For 1 < k < n the functions hi|T, are mutually
commutative. Each h,, is strongly G-decomposable over T,.

(3) For each positive integer n, there exists a family of pairwise disjoint, clopen
subsets of T,,,

{K™(a1,02,...,0n): (a1,02,...,a,) € {0,1}"},
whose union 1s T,.

4)
K"(al, agy.. ., an) NTpt1 = Kn+1((,¥1, ag,y... ,0)
U K"+1(a1, Qag,...,0n, 1)
(5) K™(0) c S, NT, and to € K™(0).
(6) Let @ € {0,1}™. Then the homeomorphism h{*h3*---h3™ acting on Ty,
interchanges K™(0) with K™(a).
(7) For each n,

{to,tl, ceey tn} C {h‘l)‘1 hgz -+ hom (to): a € {0, l}n}.

PROOF. We proceed inductively. Lemma 1.6 gives the first step.

Let A=S;and B=T\ S;. Sotp € A and t; € B. By the preceding lemma,
there exists a dense Gs-set Ty C T such that A C T; and a homeomorphism h;
from T} onto Ty which is strongly G-decomposable over T4, interchanges ANT; and
BNT; and maps to to t;. Also hy = h]'. Let K'(0) = ANTy and K'(1) = BNTy.

Let us now suppose that we have constructed (T1,...,T,) and (h4,...,h,) and
the families {K*(a): a € {0,1}*} fork = 1,2,...,n. We wish to make the (n+1)th
step of this inductive construction.

For some a € {0,1}", t,4+1 € K™(a1,09,...,a,). Let ¢ = h{*h5? - - Ao (tny1).
Then ¢ € K*(0). If ¢ # to, let b= c. If ¢ = to, let b be any element of K™(0) N A

This content downloaded from 146.96.147.130 on Mon, 07 Dec 2015 16:53:40 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

802 DENNIS SULLIVAN, B. WEISS AND J. D. M. WRIGHT

other than t5. Let A be a clopen subset of K™(0) N S,,+1 such that to € A and
be A. Let B=K"(0,...,0)\ A.

We apply Lemma 1.6 to AUB. Let Y be a G-invariant, Gs-subset of T),, with A C
Y, and h a homeomorphism of Y onto Y, as in Lemma 1.6. In particular, h(tg) = b,
h interchanges ANY and BNY, h = h~! and h is strongly G-decomposable over
Y.

Let Tpr1 =T, NY.

Let K»t1(0) = ANTyyq and K**1(0,0,...,0,1) = BN Ty41. For each o €
{0,1}™ we define

K"+l(g, 0) — hclxl e hzn [Kn+1(Q)]
and
K" (@, 1) = h$* - A2 [K™T1(0,0,...,0,1)).
We define h, 1 as follows. Let
hnta(z) = g - RSmRAS - B (z)

for z € K™(a1,02,...,0,). Then it is straightforward to verify that h,y: com-
mutes with h; for 1 < j < n and has all the other required properties. This
completes the (n + 1)th step of the construction.

We remark that since we may replace each T,, by (o._; T,,, which is again a dense
Gs-set, we may use the preceding lemma with the additional assumption that each
T, =Ti.

We shall identify the Cantor set C with the compact group [[ Z2. The natural
action of @ Z3 on [[Z; is defined by (h,z) — z + h. Let T' be the group of
homeomorphisms of [[ Z; arising in this way from @ Z,.

THEOREM 1.8. Let T be a perfect Polish space, and let G be a countable group
of homeomorphisms acting ergodically on T. Then the G-action on T is equivalent
to the I'-action on the Cantor set.

PROOF. Since T has a countable base and G is countable, we can find a G-
invariant, dense Gs-subset, which is totally disconnected. Since Gs-subsets of Polish
spaces are Polish, it follows from Lemmas 1.4 and 1.1 that we may suppose, without
loss of generality, that T is totally disconnected, Gt is a dense orbit for each t € T
and {t € T: g(t) =t} is a clopen set for each g € G.

Let p be a complete metric for T'.

Fix to € T and let A = Gto. Let (h,) (n=1,2,...) and {K™(a): a € {0,1}"}
(n=1,2,...) be constructed as in Lemma 1.7, where we may suppose that T' =T,
for all n. We also demand that each S, is contained in a sphere of radius 1/n
centred on tg.

By construction

o} = (] K"

and lim,,_, ., diameter(K™(0)) = 0. For each ¢ € {0,1}™, AT*h3?---hS™ is a
homeomorphism. So

oo

{hSr - R (tg)} = ﬂ K"(ai,...,0am,0,0,...,0)

n=m
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and, if z, € K™(a,...,@m,0,0,...,0) for n > m + 1 then
1 — h%1h%2 . HhOm
nlgr;o Tp = h{ hS h&r (to).

We now define a map « from T into the Cantor set. Let (a1, a2,...) be any
infinite sequence of zeros and ones.

For z € (o ; K™(a1, a2, ...,0n) let w(z) be (a1, a2,...). From the definition
of the topology of the Cantor set it is clear that = is continuous. By Lemma, 1.7,
and because each h,, is strongly G-decomposable over T, the orbit A coincides with

{he* - ko (to): 2 € {0,1}™m =1,2,...}.

It follows from the preceding paragraph that the restriction of = to A is a bijection
onto @ Z., that is, those sequences which take only finitely many nonzero values.
Let (dn) (n =1,2,...) be a sequence in A and d € A such that lim(d,) = 7(d).
We shall show that limd,, = d.
Let n(d) = (a1, a2,...,Qm,0,0,...). From the definition of the topology of the
Cantor set, given any g there exists an N such that, for all n > N, d,, is in the set

K%ay,a2,...,0m,0,0,...,0).

So h$*h3? - - - h&m(dy) isin K?(0) forn > N. Since K?(0) is contained in a sphere of
radius 1/q centred on to, it follows that lim,_,o, AT h$? - - - h%m(d,,) exists and is to.
Since h{*hy? - - - h%r is an idempotent homeomorphism it follows that lim,_, dn
exists and is h{*h3? - - - h%m (to). That is, lim,_,o dn = d. Thus the restriction of
7 to A is a homeomorphism onto € Z5, regarded as a dense subset of [] Z2.

By Lavrentiev’s Theorem [9, p. 429, Chapter II| there exists a dense Gs-set Y
such that A C Y C T and 7|Y is a homeomorphism onto a dense Gs-subset of
[1Z2. We may suppose that Y is invariant under the action of G and of the group
generated by (h,) (n = 1,2,...). The theorem now follows by applying Lemma 1.5.

COROLLARY 1.9. Let G; be a countable group for y =1 and j = 2. Let a; be
a representation of G; in the group of all homeomorphisms of S. Let o;[G;] act
ergodically on S.

Then a1(G1] ts equivalent to as[Ge]. There exists a dense Gs-subset of S, So,
and there exists a homeomorphism of S, ¢, such that

{(5,04(s)): g € Gy and s € So} = {(s, 00k~ 1(s)): h € Goand s € Sp}.

PROOF. Let X be any perfect Polish space. Then B(X)/M(X) ~ C(S). As
remarked in §0, the results of Maharam and Stone [10] show that each homeo-
morphism of S is induced by a pseudo-homeomorphism of X. For each pseudo-
homeomorphism 6 of X, let 6 be the unique homeomorphism of S which is induced
by 6. Then, by [10] or see [14, Corollary 2.6], we can find a homomorphism j; of
G; into the group of pseudo-homeomorphisms of X such that W = ag for each
g €qG,.

By]Theorem 1.8, B1[G1] is equivalent to B2[G2]. So there exists a pseudo-
homeomorphism of X+, such that, for every g in G1, $1(g) is decomposable with
respect to {y82(h)y~1: h € G3}.

Let ¢ = 7 so that ¢ is a homeomorphism of S. Then «of is decomposable with
respect to {¢pafd~1: h € G,}. Similarly, for each h in G2, pak¢—! is decomposable
with respect to {a: g € G1}.

This content downloaded from 146.96.147.130 on Mon, 07 Dec 2015 16:53:40 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

804 DENNIS SULLIVAN, B. WEISS AND J. D. M. WRIGHT

2. The C*-algebra of an equivalence relation. Throughout this section
X is a Hausdorff topological space for which the Baire Category Theorem is true
(e.g., a Gs-subset of a compact Hausdorff space, or a complete metric space). Let
~ be an equivalence relation on X such that there exists a countable group I' of
homeomorphisms of X such that z ~ y < ~ -z =y for some v €T.

We shall first construct an algebra in terms of the equivalence relation ~, without
explicit mention of I', but we shall make use of the fact that ~ is generated by a
countable family of homeomorphisms. In view of the remarks following Proposition
0.1, this is a mild restriction.

For each z € X, let z] be the equivalence class generated by z; let [X] be the
set of all equivalence classes, and let Gr be the graph of the relation ~; let 12(z]
be the Hilbert space of all square-summable complex valued functions (sequences)
from [z] to C. For each y € [z], let &, be the element of [2[z] such that

_J1 fort=uy,
6y(t)_{0 for t # y.

Then {6,: y € [z]} forms an orthonormal basis for [2[z] which we shall call the
canonical orthonormal basis for 12[z].

Let
S= P L@Pa).
[z]e[X]
Here L(I2[z]) is the algebra of all bounded operators on [%[z]. Clearly § is a Type
I von Neumann algebra (being the direct sum of such algebras) and is a subalgebra
of the algebra of all bounded operators on the Hilbert space @ ;)< (x| I*[z]-

The algebra § is not, in itself, of interest, but we shall identify a subalgebra of §
with an algebra of “Borel matrices” over Gr and then form a quotient of the latter
algebra.

The set Gr is the union of the pairwise disjoint sets [z] X [z]; i.e.,

Gr = | J{[z] x [a]: [] € [X]}.

To each operator M € § we can associate, canonically, a function m: Gr — C
as follows. We have
M= B My,

[z]€[X]

where M, is a bounded operator on [?[z]. So each M|, has a unique matrix
representation (g with respect to the canonical orthonormal basis {6, : y € [z]}
of 2[z]. Thus

mz)(y, 2) = (Mig)62, 6y)

for all y,z € [z]. Let m: Gr — C be the function such that
m(z,y) = mig(z,y) for all (z,y) € Gr.

It follows that there is a bijection between elements of § and those functions
m: Gr — C for which there exists a constant k such that, for each [z] € [X], the
restriction of m to [z] x [z] is the matrix of a bounded operator on [?[z] of norm
less than k. For such an m let L(m) denote the corresponding element of §.
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Manipulation of matrices shows that

L(f)L(g) = L(f o g),
where

fog(z,2) = foy 9(y, 2

and
L(f)" = L(f"),
where f*(z,y) = f(y,z), for all (z,y) € Gr.
We see that, when f is a complex valued function on Gr, L(f) is a unitary in §
if, and only if,

. _ . _J1 forz=y,
Froftan=foren={y it
that is, if, and only if,

Zfzx Efzz

z€(z) z€|x)

1 forz =y,
0 forz #y.

Since every element of a (unital) C*-algebra is a finite linear combination of
unitaries, we see that a function f: Gr — C corresponds to an element of S, if, and
only if, f is a finite linear combination of “unitary” functions. It follows by a slight
refinement of the Russo-Dye Theorem that such an f corresponds to an element of
the open unit ball of § if, and only if, f can be expressed in the form Y 7 A u,,
where each u; is a “unitary” function and each A, > 0 and } 7 \; < 1.

Let (vn) (n = 1,2,...) be an enumeration of I'. For each n, (z,y) — (z,VnY)
is a homeomorphism of X x X onto X x X. Since X is Hausdorff, the diagonal
A = {(z,z): z € X} is a closed subset of X x X. Hence Gr is the union of countably
many closed subsets of X x X and so is a Borel subset of X x X.

Let M(Gr) be the space of all Borel functions f: Gr — C such that L(f) € S.

LEMMA 2.1. {L(f): f € M(Gr)} is a C*-subalgebra of S which is sequentially
closed with respect to the weak operator-topology of S.

PROOF. Let f,g be elements of M(Gr). Since (z,y) — (y,z) is a homeomor-
phism of X x X onto X x X we see that, since f € M(Gr), f* is also a Borel
function on Gr and hence f* € M(Gr).

For each (z, 2) € Gr,

foglz,z) =Y f(z.y)g(y,2
yE|z]

Let A, = {(z,ynz): = € X}. Because I' is not assumed to act freely, we cannot
assume that the sets (A,,) (n = 1,2,...) are pairwise disjoint. So we define D, =
Api1\Ap, for n > 1, and D; = A;. Let f,, be the Borel function on Gr defined

by
fn = anf

so that f, coincides with f on D,, and vanishes outside this set. Then

fogl(z,2) Efn %, Yn)g(UnT, 2).
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In order to show that f o g is a Borel function on Gr, it suffices to show that, for
each n, (z,2) — fn(2,yn2z) and (z,2) — g(ynz, z) are Borel functions. This follows
from the observation that (z,z) — (z,y,) is continuous, being the composition of
the continuous maps (z,2) — z and = — (z,y, ), and that (z, 2) — (ynz, 2) is also
continuous.

Let (b,) (n = 1,2,...) be a sequence in M(Gr) such that L(b,) — L(b) in the
weak operator-topology of §. Then, for each (z,y) € Gr,

(L(bn)éx"sy) - <L(b)5xa5y>-

Thus b,(y,z) — b(y,z). So b is a Borel function and hence in M(Gr). This
completes the proof of the lemma.

For each f € M(Gr) let E f be the function on Gr which vanishes off the diagonal
A, and such that, for all z € X,

(Ef)(z, 1:) = f(xa 1:)'

Clearly E is an idempotent map from M (Gr) onto an abelian subalgebra which we
may, and shall, identify with B(X). Let J be the set of all f in M(Gr) for which
E(f o f*) vanishes off a meagre subset of X. Then it can be proved, by adapting
the methods of Feldman and Moore (4], that J is a two-sided ideal of M (Gr) which
is sequentially closed in the strong operator-topology of §. The quotient algebra
M(Gr)/J we shall call the monotone C*-algebra of (X, ~). However Lemma 2.1
will suffice for the applications in the next section. It will follow immediately from
Lemma 3.3 that J is a o-ideal of M(Gr), where Gr is the graph of a countable
group of homeomorphisms of S.

3. The canonical monotone cross-product C*-algebra. As before, C(S)
shall be the Dixmier algebra B(R)/M(R). When G is a countable group of *-
automorphisms of C(S) which acts freely and ergodically, there is a corresponding
monotone cross-product C*-algebra, M (C(S), G). This algebra is a Type III AW*-
factor which contains the Dixmier algebra as a maximal abelian subalgebra and
hence is not a von Neumann algebra [11]. Our goal is to show that this algebra is
unique. Every free, ergodic action of a countable group on C(S) gives rise to the
same AW *-factor.

We shall begin with some remarks on the Hamana tensor product. More detailed
information can be found in [6, 7, 12].

From now on, H is a separable Hilbert space and H; an arbitrary Hilbert space.
Let us fix an orthonormal basis for H. Then, with respect to this basis, every x
in L(H1)®L(H) has a unique representation as a matrix [z;;], where each z;; is
in L(H;). Let M be a von Neumann subalgebra of £(H;). Then the elements of
M®L(H) are those elements of L(H;)®L(H) represented by matrices [m;;| where
each m;; is in M.

Let T be any set and Bnd(T') the commutative von Neumann algebra of all
bounded complex functions on T. Let T be given the discrete topology, and
let AT be its Stone-Cech compactification. Then ST is extremally disconnected
and Bnd(T) ~ C(BT). By Lemma 1.1 [7] Bnd(T)®L(H) can be identified with
Cw(BT, L(H)), the space of continuous functions from BT to L(H) equipped with
the weak operator-topology. Let F': T'— L(H) have (norm) bounded range. Then,
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since the unit ball of £(H) is compact in the weak-operator topology, the Stone-
Cech Theorem [8, p. 153] implies that F has a unique extension to a continuous
map F': BT — L(H). So we may identify Bnd(T)®L(H) with the algebra of all
matrices [m;;] over Bnd(T') for which ¢ — [m;;(t)] is a bounded function on T

From now on, X is a topological space which is either Polish or homeomorphic to
a Gg-subset of a compact Hausdorff space. We recall that B(X) is the commutative
algebra of bounded Borel functions on X. The product B(X)®L(H) may be defined
as the Borel *-envelope of B(X) Qmin L(H) inside Bnd(X)®L(H) (see [11]). The
elements of B(X)®L(H) correspond to the matrices [b;;] where each b;; is in B(X)
and the map z — ||[b;;(z)]|| is bounded on X.

When G is a countable group of homeomorphisms of X, then M?(B(X),G)
is defined to be the subalgebra of B(X)®(I%(G)) consisting of those elements of
the tensor product which have a matrix representation over B(X) of the form
[ay,0) (v € G, 0 €G), where ayr o7(2) = ayo(7z) for all z € X and all 7 € G.

LEMMA 3.1. Assume that each v € G has no fized points in = unless v 1is
the tdentity. Let Gr be the graph of G. Then M(Gr) is naturally *-isomorphic to
M?(B(X),G).

PROOF. Let f € M(Gr). For each 7,0 in G let ay,(z) = f(7z,0z). Then ay,
is in B(X). Also the norm of [a.,,(z)] is uniformly bounded for z in X. Hence
[a+,0] is in B(X)®L(I2(G)). Moreover, for all 4,0,7 in G and all z € X,

a’yr,ar(w) = f(’YT:l:,O'TI) = a’y,a(Tz)'

Thus [ay,,] is in M?(B(X),G).
Conversely, let {a+,,] be in M?(B(X),G). Because of our hypothesis on the
action of G, we may define a function f: Gr — C by

f(z,7z) = ae,(z) forally e G forall z € X.
From the definition of M?(B(X),G), for any +,0 in G and any z in X,

a'y,a(w) = ae,a’y—l('yx) = f(’)’fl?, O'I).

It is now easy to see that f is in M(Gr). Matrix manipulations show that this
bijection is a *-isomorphism of M(Gr) onto M°(B(X),G).

Let A be any commutative AW*-algebra. Let G be a countable group of x-
automorphisms of A. Then A ~ C(Y), where Y is compact and extremally discon-
nected. We shall abuse our notation and also regard G as a group of homeomor-
phisms of Y.

We recall that a *-automorphism, h, of A is said to be properly outer if there
does not exist a nonzero projection e in A such that the restriction of h to eA is the
identity map. The action of G on A is said to be free if every element of G, other
than the identity, is a properly outer automorphism.

We shall now suppose that the action of G on A is free.

Let 4 be any element of G other than the identity. Let F, be the closed set
{t € Y: 4t =t}. Since Y is extremally disconnected, the interior of F, is clopen. It
now follows from the freeness of the action of G that the interior of F., is empty; that
is, Fy is nowhere dense. Since G is countable, the G-saturation of [ J{F,: v € G and
~ is not the identity} is a meagre F,-set. So there is a G-invariant dense Gs-subset,
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Yo, of Y, such that, whenever g € G and g is not the identity, then g has no fixed
points in Yp.

Let m be the quotient homomorphism from B(Yp) onto C(Y) whose kernel is
Mg(Ys). Each element of the Hamana tensor product C(Y)®L(1?(G)) has a repre-
sentation as a matrix over C(Y'). (Warning: The multiplication in C(Y)®L(I%(G))
is not straightforward.) By Theorem 2.5 [12] there exists a canonical o-normal
*-homomorphism II from B(Y,)®L(I12(G)) onto C(Y)RL(I%(G)) such that

([ayo]) = [r(ayo))-

The monotone cross-product of C(Y) by G, M(C(Y),G), is the subalgebra of

C(Y)®L(1?(G)) corresponding to those matrices [a,,,] over C(Y') which satisfy the
identities ao, 77(3) = ag,(7s) for all o,~,7in Gand all s€Y.

Saitd [11] gives a very lucid account of monotone cross-products and also of
the results of Takenouchi and Dyer. He only discusses cross-products by abelian
groups, but everything extends to nonabelian groups without difficulty.

LEMMA 3.2. The homomorphism II maps M°(B(Yo),G) onto M(C(Y),G).

This is straightforward.

The diagonal algebra of a monotone cross-product M(C(Y'), G) consists of those
elements whose matrix is of the form [a, .|, where ay, = 0 for ¥ # o. This is
clearly isomorphic to C(Y). Let Gr be the graph of the orbit equivalence relation
on Yy given by the action of G. Then the diagonal algebra of M(Gr) consists of
those f in M(Gr) which vanish off the diagonal of Gr. The operator E maps M (Gr)
onto its diagonal algebra. Clearly the diagonal algebra of M (Gr) may be identified
with B (Yo).

LEMMA 3.3. Let Gr be the graph of the relation of orbit equivalence given by G

acting on Yy. Then there exists a o-normal x-homomorphism p from M(Gr) onto
M(C(Y),G). The kernel of p s

J = {z € M(Gr): E(22*) vanishes off a meagre subset of Yo}.

Furthermore, p maps the diagonal subalgebra of M(Gr) onto the diagonal algebra
of M(C(Y),G).

PROOF. The existence and o-normality of p follows immediately from Lemmas
3.1 and 3.2. Let Jy be the kernel of p.

Then f will be in Jp if, and only if, the function z — Y, . |f(z,72)|? vanishes
off a meagre subset of Yy. That is, f is in J if, and only if, E(f o f*) vanishes off
a meagre subset of Yy. Thus Jy = J, as required.

We come now to the main theorem.

THEOREM 3.4. Let D be the Dizmier algebra. Let G1 and Go be countable
groups of x-automorphisms of D which both act freely and ergodically. Then there
exists an 1somorphism of M(D,G1) onto M(D, G2) which maps the diagonal algebra
of M(D,G,) onto the diagonal algebra of M(D,G2).

We may regard G; and G, as groups of homeomorphisms of S. Because the
actions are free, there exists a dense Gg-subset Sg, which is invariant under G and
G, such that only the identity elements of G; and G5 have a fixed point in Sp.
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Since G and G4 act ergodically, it follows from Corollary 1.9 that we can suppose
that there exists a *-automorphism 6 of D such that the graph of G; acting on Sp
coincides with the graph of #G20~! acting on Sp. Let Gr be this graph. Since
M(D,Gz) is naturally isomorphic to M(D,0G20~!) we shall suppose that 6 is the
identity. (For §®id is a *-automorphism of D®L(p?(G)) which induces the required
natural isomorphism.) Then, by Lemma 3.3, there exists an isomorphism p; from
M(Gr)/J onto M(C(S),G,) for j = 1,2. Then pop7 ! is the required isomorphism
from M(D,G;) onto M(D,G2).

COROLLARY 3.5. The Takenouchz factor is isomorphic to the Dyer factor.

PROOF. The Takenouchi factor is of the form M (D,G1), where G is generated
by an irrational rotation of the circle. The Dyer factor is M (D, G2), where G is
the group of dyadic rationals acting on R modulo 1.
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