Final Exam

Geometry/Topology 11

Spring 2020

This is an open-book exam, but collaboration is forbidden.
Your exam paper will be due at 5:00 pm on Tuesday, May 19, 2020.
Do exactly five problems. Each problem is worth 20 points.

Please e-mail your solutions to Prof. LeBrun) either as

e a scan of your handwritten solutions, or as

e a PDF of your solutions that you have typeset with TEX or KITRX.
Your submission must include a signed copy of the following statement:

On my honor, I have neither given nor received aid on this exam.

On this exam, manifold always means “manifold without boundary,” except
when the hyphenated term “manifold-with-boundary” is used.

The notation H* is used on this exam only in reference to de Rham cohomology.


mailto:claude@math.stonybrook.edu

1. Let M and N be smooth manifolds. Show that M x N is orientable <—
M and N are both orientable.

2. Let M be a smooth m-manifold, and suppose that w is a smooth m-form
which is non-zero at every point of M. Show that every point of M has a
neighborhood on which there exist coordinates (z',22,...,2™) in which

w=dz' Ndz? A Adz™.

Then use this to prove that a smooth manifold is orientable iff it admits a

smooth atlas whose coordinate transition maps (x!,...,2™) — (y!,...,y™)
all satisfy '
oy’
det | == | = 1.
]

3. Let 1 be the 2-form on R® — {0} defined by

xdyNdz+y dzANdx + z de N\ dy

Y= (22 + y2 + 22)3/2

Let ¥ C R? — {0} be a smooth compact surface that is the boundary oU
of a compact 3-manifold-with-boundary &/ C R3. Let’s agree to give the
“bounded domain” U the orientation it inherits from R?, and then use this to
induce the corresponding “out-pointing” boundary orientation on ¥ = 0U.
Prove that

1 1 if0oel,
0 otherwise.



4. Let m and n be positive integers. Show that there is a degree-1 smooth
map S” x S™ — S"T but that any any smooth map S"™ — S" x §™
has degree zero.

5. Let M be a smooth compact connected manifold, and suppose that
© € QY (M) is a closed 1-form that satisfies ¢ # 0 at every point of M. Show
that H'(M) # 0, that 71 (M) is infinite, and that the universal cover M of
M is non-compact.

6. Consider the two vector fields

0 +m3i and I/V:i#—gvli

V= oxl Or? ox3 ozt

on R*. Is there is a 3-dimensional submanifold X* C R?* that passes through
the origin (0,0,0,0) and is tangent to both V and W at every p € X7 If so,
find it explicitly. Otherwise, prove that it cannot exist.



7. Let M be a smooth m-manifold, m > 2, and let w € Q" (M) be a top-
degree form that satisfies w # 0 at every point. Such a differential form
w is often called a “volume form,” because we can use it to assign an m-
dimensional volume to any open set in M via integration. We now fix a
specific volume form w for the remainder of this problem.

For any (m — 2)-form ¢ € Q™ 2(M), show that the equation

Viw=dyp (1)

defines a unique vector field V' € X(M), and that this vector field is then
“volume preserving,” in the sense that w is invariant under its flow. What
cohomological condition on M is equivalent to the statement that every
“volume preserving” vector field arises from some ¢ via equation ?

8. Let
T" =R"/Z" ~ S' x ST x ... x 1

n

be the so-called n-dimensional torus, or n-torus. Show that each of the
constant-coefficient differential forms

daxt A - A da e QF(RM), 1<i; <. <ip<n,

is the pull-back to R™ of a closed differential form on T™ = R"/Z". Using
an integration argument, then prove that the cohomology classes of these
forms are linearly independent in H*(T™). As a consequence, conclude that

dim H*(T™) > (Z)

for any integers k and n with 0 < k < n.



9. If M is a smooth n-manifold such that dim H*(M) is finite-dimensional
for each k, the Fuler characteristic of M is defined to be the integer

n

X(M) => " (=1)F dim H*(M).
k=0

If M = UUV, where U,V C M are open sets such that H*(U), H*(V), and
H*(U NV) are finite-dimensional for every k, show that

x(M) =x(U) +x(V) =x(UnNV).

10. (Only for students who have done Problem 9.) Let M be a smooth
manifold for which dim H*(M) is finite-dimensional for each k. Notice that
M x S™ can be written as the union of two open sets, each of which is
diffeomorphic to M x R™. Using this observation and the result proved in
Problem 9, prove, by induction on n, that

2x(M) if n is even,

M x 8™ =
X( ) {o if 1 is odd.

Then use this to calculate the Euler characteristic of any Cartesian product
SMox S x e x ST

of a finite collection of spheres.



