TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 286, Number 1, November 1984

THE EVOLUTION OF RANDOM GRAPHS
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ABSTRACT. According to a fundamental result of Erd6s and Rényi, the struc-
ture of a random graph G changes suddenly when M ~ n/2: if M = |cn|
and ¢ < 5 then a.e. random graph of order n and smce M is such that its
largest component has O(log n) vertices, but for ¢ > 3 2 a.e. Gy has a giant
component: a component of order (1 — ac + 0o(1))n where ac < 1. The aim of
this paper is to examine in detail the structure of a random graph Gy when
M is close to n/2. Among others it is proved that if M = n/2 + s, s = o(n)
and s > (logn)!/2n2?/3 then the giant component has (4 + o(1))s vertices.
Furthermore, rather precise estimates are given for the order of the rth largest
component for every fixed r.

1. Introduction. Let n be a natural number and se¢ N = () and V =
{1,2,...,n}. A graph process on V is a sequence (G;)} such that (i) each G, is a
graph on V' with ¢ edges, and (ii) Go C G1 C --- C Gn. Let G be the set of all N!
graph processes. Turn 9 into a probability space by giving all members of it the
same probability a.nd write G for random elements of 9 Furthermore, call G; the
state of the process G = (G,)Y at time t. Clearly a (random) graph process is a
Markov chain whose states are graphs on V. This Markov chain is a model of the
evolution of a random graph (r.g.) with vertex set V.

The evolution of random graphs was first studied by Erdoés and Rényi [5-7].
They investigated the least values of t for which certain properties are likely to
appear, i.e. they studied the stage of the evolution of a r.g. at which a given prop-
erty first appears. Erd6s and Rényi proved the surprising fact that most properties
studied in graph theory appear rather suddenly: there are functions t;(n) < t2(n)
rather close to each other such that almost no G;, has the property and almost
every G, has the property. (As customary in the theory of random graphs, the
term ‘almost every' (a.e.) means ‘with probability tending to 1 as n — 00’.)

Perhaps the most interesting results of Erdos and Rényi concern the sudden
change in the structure of G; around t = n/2.

They proved that if ¢t ~ cn for some constant ¢, 0 < ¢ < 1/2, then a.e. G, is
such that its largest component has O(logn) vertices: if t ~ cn and ¢ > 1/2 then
the largest component of a.e. G has (1 — a. + o(1))n vertices, where 0 < o, < 1;
and if t = |n/2) then the maximal size of a component of a.e. G; has order n?/3.
(In fact, Erdés and Rényi [8, 7] asserted the last statement for ¢t ~ n/2 but, as we
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258 BELA BOLLOBAS
shall see, that is not true.) Furthermore,
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The aim of this note is to prove considerably more precise results about the
structure of Gy, especially when t is close to n/2. Among others, our results will
shed light on the curious double jump described above.

Loosely speaking, we shall show that a.e. G is such that for ¢t > n/2 +
(logn)!/2n2/3 the graph G, has a unique component of order at least n?/3 (the
giant component of G;) and all other components have fewer than n2/3/2 vertices.
Furthermore, if n' < s < nf2, where 2/3 < ) < 32 < 1, then Gn/2-s and G 24,
have remarkably similar structures. A.e. G,/2_, has all its vertices on components
of order at most n?(logn)/s and so has G /2, except for its vertices on its giant
component.

The giant component of G, /2., has (4 + o(1))s vertices. Most vertices are on
small components which are trees. The distributions of these tree-components of
Gn/2-s and G, /24, are very similar, except in G, /24, there are about 1 — 2s/n?
times as many of them as in G,,/_,. As an easy corollary of our results, for t ~ cn,
¢ > 1/2, we obtain precise information about the distribution of the order of the
rth largest component of G, for every fixed r.

— 1 as ¢ — o0o.

2. Definitions and basic facts. In addition to graph processes we shall con-
sider two other models of random graphs. The space G(n, M) consists of all graphs
with M = M(n) edges and with vertex set V = {1,2,...,n}; the elements of
G(n, M) are equiprobable. The model G(n,p) consists of all 2V graphs with ver-
tex set V, in which the probability of a graph with m edges is p™q™¥~™, where
g = 1 —p. Thus G(n,p) consists of all graphs with vertex set V in which the edges
are chosen independently and with the same probability p = p(n), 0 < p < 1. For
basic properties of these models see [1, Chapter 7 and 3]; for undefined terminology
in graph theory see [2]. As customary, we shall talk of random graphs G and Gy,
meaning that we consider elements of G(n,M) and G(n,p). Note that the prob-
ability that a r.g. Gu has Q is the same as the probability that a graph process
G = (G,)Y is such that G, has Q for t = M. Therefore no confusion will arise
from the two slightly different meanings of the symbol Gps. We say that almost
every G (or Gp) has a property Q if the probability that Gu (or Gp) has Q tends
to 1 asn — oo. If M is close to pN then the models G(n,M) and G(n,p) are
virtually interchangeable. In particular, if pgN — oo, @ is a convex property (that
isif FC G C H and F and H have Q then so does G) and a.e. G, has @ then so
does a.e. G, provided |M — pn| = O(pgN)'/2. These remarks imply that most
of our results could be formulated for any of our models; nevertheless, there are
advantages in considering all three.

Denote by C(k,d) the number of connected labelled graphs with k vertices and
k + d edges. Thus C(k,d) = 0 if d < 2, C(k,—1) is the number of labelled trees
of order k, so C(k,—1) = k¥=2, and C(k,0) is the number of connected unicyclic
graphs. For d > 0 the function C(k,d) is less simple. It was proved by Katz (9]
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THE EVOLUTION OF RANDOM GRAPHS 259

and Rényi [10] (and it is also a consequence of more general formulae in (8]) that
k r—1

1/2
k—1 _J k— 1/2
(1) C(k,0) = 3k ZH(I ) () *
r=3 ;=1
For d > 1 Wright [11-13] proved a number of results about C(k,d). He showed
that for d = o(k!/3)

(2) C(k,d) = fqak@+34=1/2(1 L O(d?*?/k)},

where f; depends only on d. In particular, fo = (7/8)/2, f; = 5/24 and f, =
51/2/128. We shall not need exact estimates in the vein (2), but we shall need
a bound on C(k,d) which is valid for all values of d. To be precise, we need the
following inequality from [4]: for every K > 0 there is a constant ¢ = co(K) such
that

(3) C(k,d) < COK—dkk+(3d—1)/2

for every d, =1 < d < (¥) — k. In fact, we could manage with considerably
cruder bounds than (3) but the calculations become more pleasant if k*+(3d-1)/2
is multiplied by a factor tending to 0 as d — oo, rather than by one increasing with
d. We could also use the fact that C(k,d) is long concave as a function of d. This
was proved by Odlyzko, answering a question of mine, by making use of the proof
in [13].

A component of a graph is said to be a (k, d)-component if it has k vertices and
k + d edges. We denote by X(k,d) the number of (k,d)-components of a random
graph. Note that in G(n,p) the expectation of X(k,d) is

(4) Ep(X(k,d)) = ( ) (k, d)p*+4(1 — p)k(n—k)+(E)—k-d

In particular, the expected number of tree-components of Gy, is

(5) Ep(X(k,—1)) = (Z) kk=2pk=1(1 — p)kn—k*/2-3k/2+1

For the sake of convenience we shall omit the integrality signs throughout the
paper. It is easily seen that the validity of the arguments will remain unaffected.
Furthermore, our inequalities are asserted to hold if n is sufficiently large. Finally,
¢1,C2, ... denote positive constants.

3. Gaps in the sequences of components. The key result in proving the sud-
den emergence of the giant component and in estimating its order rather precisely
is that from shortly after time n/2 most graph processes never have a component
of order between n?/3/2 and n?/3. The restriction ¢ < 2n/3 in the result below is
only for the sake of convenience, it can be easily removed.

THEOREM 1. Let so = ($logn)!/?n?/3 and to = n/2 + so. Then a.e. graph
process G = (Gy)§ 13 such that if to <t < 2n/3 and G; has a component of order
k then either k < n?/3/2 or else k > n?/3.

PROOF. Throughout the proof we shall assume that n?/3/2 < k < n?/3. De-
note by E.(k) the expected number of components of order k in Gy: E(k) =
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260 BELA BOLLOBAS

S {E¢(X(k,d)): =1 < d < (¥) — k}. In order to prove our theorem it suffices to
show that

2n/3  n2/3

Y Y Euk)=o(1).

t=to k=n2/3/2

For d > (§) — k we have X(k,d) = 0 and for k+d < t and -1 < d < (X) — k the
expected number of (k,d)-components of G, is

(6) Ey(X(k,d)) = (Z)c(k,d) (t Sk_)d) /<1:’>

Indeed, having chosen the k+ d edges of a (k, d)-component, the remaining ¢t —k —d
edges have to be chosen from a set of (";*) edges. Set

10k
E{(k)= ) E(X(k+d)) and E/(k)= E,(k) = E{(k).
d=-1

We shall estimate separately the sums of the E;(k)’s and E}'(k)’s. In the first case
we shall make use of (3), but in the second case it will suffice to bound C(k,d)
by the total number of graphs with k labelled vertices and k + d edges. In both
cases the initial difficulty is that (6) is considerably more unpleasant than (4) with
p=t/N.

(i) Suppose 4n?/3 <k <n?3, ty <t <2n/3 and —1 < d < 10k. Then

(7)

n—k n—k

) N\ Orsa("35)_
(tﬁ’i—d)/(t>_ T
k+d 2 n—k
< (1+o0(1)) (%) exp{_(k +) } ((;)Zt—;:d
k+d
<e (%) exp{_(k+d)2 ~ kn—k2/2(t_k_d)

2t N

(kn — k%/2)?

k+d _ 2 _ 12 2,2
Q(i) exp{—kn k/2t+(k+d)[kn k/2_k+d] knt}

sely N N T T2t | 2N?
k+d 2 2
t kn — k?/2 (Rt d? L,
<es (N) exp{———N-—t+2(k+d)k/n S —2Kt/n

<c * k+dex _____kn—k2/2t
SG\y p N .

The last inequality holds since for fixed values of n, k and d the minimum of
(k + d)?/2t + 2k%*t/n? is attained at t = (k + d)n/2k and the minimum is exactly
2(k + d)k/n.
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THE EVOLUTION OF RANDOM GRAPHS 261

Relations (3), (6) and (7) imply that
10k k+d 2
n —dpk+(3d-1)/2 [ 1 kn — k*/2
E(k) <cq (k) }: 2~ dk+(3d-1)/ (I_V) exp{—Tt

d=-1

k-1 2
o)) ).

Setting s =t — n/2 and € = 2s/n (so that t/N is well approximated by (1 +¢)/n
and € < 1) we find that

k? g2 & k? ek?
E!(k) < cgnk~2 exp | —~— CE ke k& gy
(k) < cenk exp{ 2n+lc+t':k 2I<:+3k k+2n ek + Zn}
2
< cgnk~%% exp {—-22—(1 - e)k} = cgnk~%/% exp {—232 (l - 2;3) k/nz} .
Consequently
oy 4 2
Z Ei(k) < esn~?/3 exp {——82 (1 - i) n‘4/3} n2s~2
k=n2/3/2 5 n
and so
n/s na/s

Z E E;(k) < csn*/3s5% exp {_j;_sg (1 - 2_::’) n—4/3} n*/3 /s

3=380 k=n3/3/2

< cgn®3s53 exp {——gsgn““/:’}

< c10n*3(logn)~3/% exp {—i; (g log n) }
= o(1).

(ii) Suppose 3n?/® < k < n?/3, 1y <t < 2n/3 and 10k < d < (%) — k. In this
case rather crude estimtes will suffice:

(L)) = ()= (7)< ()
C(k,d) < (k(_%c_)d) < (melf:—@)k“.
Therefore by (6)

en\k [ ek? \Ft 4\t g\
< | — —_— _ <(Z —-d/3
rxed) s (7) (zieg) (2) <(3) <=
This implies that E{'(k) = o(n=3) and so

2n/3 n?/3

Yo > El(k)=o(n7Y).

t=to k=n2/3/2
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262 BELA BOLLOBAS

Let us call a component small if it has fewer than n2/3/2 vertices and large if it
has more than n?/3 vertices. Theorem 1 states that a.e. graph process is such that
for tg <t < 2n/3 every component of G; is either small or large. This will enable
us to prove that a.e. graph process such that shortly after time n/2 it has a unique
large component (a ‘giant’ component), and all other components are small. In the
sequel we shall need a fairly good upper bound for the variance of the number of
small components.

THEOREM 2. Suppose A C N x {NU{0,-1}}, -1 < ¢ = ¢(n) < n/4 and
=(1+¢)/n. Set

Xi=) {K'X(kd): (k,d) €A}, = Ep(X))

and k = max{k: (k,d) € A}. If =1 < e < —(1+¢)?/n then 0%(X;) < p2i and if
—(1+¢€)?/n<eand k®(e + (1 +€)?/n) < n then

2
03(X;) < pai + r_z(e +(1+¢€)?/n)udy,.

PROOF. By relation (4)
Z k’( ) ,d)p k+d(l_p)k(n—k)+('2‘)—k—-d‘
(k,d)EA

Also, if (k1,d;) and (k2,d3) are distinct elements of A then

-k
Ep(X (k)b da)) = (1) (" M) Otk )l )
(8) Cprrtkatditdz (g p)(k.+k,)(n—kl—k2)+("!;"2)_kl_k,_d,_d,

- Ep(x(kl,dl))Ep(X(kz,dz))(_fl’)L)ﬁ(l _p)kika,

Similarly, for (k,d) € A,

O BpX(d?) < BylX(kd) + Bp(X(kd) -0 (1= )+

Relations (8) and (9) give

E,(X?) < By +Z{k‘k2 X (k1,dy) E(X (ks ds))
(10)

(n)kl (n)kz

Since 1 —y < (1 — z)e* ¥ whenever 0 < z < y < 1, we find that

e = (-2 1(-0)

1=0

ki—1 , . .
ST R

n n

,_(ﬁ)k_l*i?_(l—p) kika: (ky,dy), (k2vd2)€A}

(11)
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THE EVOLUTION OF RANDOM GRAPHS 263

Furthermore,
1+¢ 1+e (1+¢)?
—p=1—-—> —_
1-p=1 n - exp{ n n2 ’
so by (11)
(n)ky+ks —ksks kiky  (1+ €)k1k2 (14 €)%k1ky }
< -
N A B n?

:exp{%’i"l (e+ (—‘—’glfﬁ)} = 1+ 6(k1, k).

Now if € + (1 + €)?/n < 0 then 6(k;, k) < 0 and so by (10)
0(X;) < Ep(Xa:) = piai.

Finally, if —(1 + €)?/n < € and k2(e + (1 + €)2/n) < n then

2
8(ky, kg) < 2K1k2 (e L dte) ) .
n n

Therefore (10) gives

(%) < B0 + (2 + HLEEE ) S ke B ks, 1)) BUX k)

(khdl)’ (k2, d?) € A}

2 2(1+¢
=m+(n (_;EL)”?+1' o

Armed with Theorem 2, we can locate the maximal order of a component of G,
having fewer than n2/3 vertices, provided p is too close to the critical value 1/n.
As for p > 1/n this will turn out to be the order of the second largest component,
we denote it by S(Gp):

S(Gp) = max{k: k =0 or k < n*/3 and G, has a component of order k}.

THEOREM 3. Let —} <e=¢(n) < §, p=(1+¢)/n and define
g (k) = logn — -g log k + k(log(1 + €) — ¢) + 2log(1/e).
Let ko = ko(n) and k2 = kz2(n) < n?/3 be such that

9ge(ko) = 00 and ge(kz) — —oo.

Then a.e. Gy 13 such that S(Gp) < k2 and if n|e|3(logn)~2 — oo then a.e. Gp is
such that ko < S(Gp).

PROOF. (i) As in the proof of Theorem 1, for k < n2/3

> Ep(X(k,d)) < e1 Ep(X(k, -1)).

d>-1
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264 BELA BOLLOBAS

Hence the expected number of components of G, with order between k; and n?/3
is at most

n2/3
1 Y Ep(X(k,~1))
k=k2
22 kn—k?/2
<ean S k52 expk — k2/2n}(1 + e)* <1 _ lﬁ)
k=k, n
2/3
< con Z k~5/2exp {k ™ +klog(l1+¢)—k(1+¢)— 2—(1 + e)}
k=k, n n

n2/3

<esn Z k=5/2 exp{k(log(1 + €) — €)}
k=ko

< C4nk;5/2 exp{ko(log(1+¢€) —€)}e?
= cqexp{ge(k2)}.

By our choice of k, we have g.(k2) — —o0 so almost no G, has a component whose
order is between ko, and n?/3.

(ii) In the proof of the second inequality we may and shall assume that
nlel*(logn)~2 — oo and kg — o0o. Set k. = |8(logn)e=2], A = {(k,—1): ko <
k < k.} and let Xj be as in Theorem 2. Then g.(k.) — —oo and

ke ke
=EXo)= Y E(Ti)~— S k=52 exp{k(log(l + ¢) — €)}.
Ho 0 k=zko k m k;ko

Clearly k. > ko + €2 so by the choice of ko we have ug — oo. Furthermore, we may
suppose that o does not grow too fast, say po = o(n|e|3(logn)~2). Then

poek?2/n = O(uoe(logn)2e~4n=1) = o(1).
Theorem 2 implies that
0%(Xo) < po + 3eu}/n < po + 3epdk? /n = po(1 + o(1)),

so by Chebyshev’s inequality P(X >0) — 1. O
Let us state some explicit bounds for S(G,) implied by Theorem 3.

COROLLARY 4. Letp= (1+¢)/n.
(i) If 0 < € < % s fized then a.e. G, satisfies S(Gp) < 3(log n)e?,
(ii) If n= " < e = o((logn)~!) and w(n) — oo then

IS(G,) — (2 logn + 6 loge — 5 loglogn)e 2| < w(n)e™?2
for a.e. Gp.

PROOF. (i) All we have to check is that g.(3(logn)e=2) — —oo.
(ii) Straightforward calculations show that

ko = (2 logn + 6 loge — 5 loglogn — w(n))e ™2
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THE EVOLUTION OF RANDOM GRAPHS 265

and
ko = (2 logn + 6 loge — 5loglogn + w(n))e =2

satisfy the conditions in Theorem 3. O
The corollary above enables us to prove an analog of Theorem 1 for t > %n

THEOREM 5. A.e. graph process G = (Ge)& 1s such that for t > 5n/8 the graph
G: has no small component of order at least 100 logn.

PROOF. By Corollary 4 a.e. graph process is such that for some t satisfying
3n/5 < t < 5n/8 the graph G; has no small component whose order is at least
75 logn. Since the union of two components of order at most a = [100 logn] has
order at most 2a < n?/3, the assertion of the theorem will follow if we show that
a.e. graph process is such that for t > 3n/5 the graph G; has no component whose
order is at least a and at most 2a. Furthermore, since for t > 2n logn a.e. G is
connected, it suffices to prove this for t < 2n logn.

Let %n <t < 2nlogn and set ¢ = 2t/n. Then the expected number of compo-
nents of G; having order at least a and at most 2a is

E i > X(ka) | = i (:) Y Cl(k,d) (tfn/gk_)d)/(:)

k=ad>-1 k=a d>—1
2a n—k N
< kp-sr2 [ ("35)
<eottmresn (7)),
2a k-1 t—k
k1.—5/2 t N —kn
<a ’;(en) k=57 (N) (_N—
2a
< eom Z ek k—5/2 gk g—ck
k=a
2a
=can E k'5/2(ce1‘°)’°,
k=a

where cg, ¢; and c; are absolute constants. Since for ¢ = 1.2 we have c — 1 —logc >
0.0176, the last expression is at most

can(logn)3/2n"17 = o(n"Y2%). O

4. The emergence of the giant component. Given a graph process G =
(G¢)g°, denote by w, the number of components of G; and let

V = U U,(Gg)
=1

be the partition of V into vertex sets of its components. Note that for every ¢
either G; and G4, define the same partition of V or else wy;; = w; — 1 and the
pﬁ.rtition defined by G; is a refinement of the partition defined by G;,;. Hence if
G is such that for t > to the graph G, does not have a component whose order is
between n2/3/2 and n?/3 then for tg <t < t’ the graph G has at most as many
components of order at least n?/3 as G,.
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266 BELA BOLLOBAS

Moreover, if in such a G the graph G, has a component which contains all large
components of Gy, then G; has a unique component of order at least n?/3 and
so has Gy for every t' > 1. Therefore in order to establish the existence of the
giant component, we have to show that the large components of G, are contained
in a single component of G; for some t > to. Furthermore, we have to estimate
the number of vertices on the giant component or, equivalently, the number of

vertices on the small components. We start with the second task. For the sake of
convenience we take e =pn — 1 =n"".

THEOREM 6. Let0 <y < 3, e =n"7, p = (1+¢)/n and w(n) — co. For
a graph G, denote by Y;(G) the number of vertices on the small (k,d)-components
with d > 1, by Yo(G) the number of vertices on the small unicyclic components and
by Y_1(G) the number of vertices on the small tree-components. Then a.e. G, 1s
such that

Y1 <w(n)n®7 Yy < w(n)n®
and
Y_1 =n—2n'"7 4+ O(w(n)n(1*1/2 4 (log n)n!~27).

PROOF. Set k3 = 9(logn)n?". Then for k3 < k < n?/3 we have
€2k/2 — ke3/3 — k%e/(2n) > €%k/3 > 3 logn,

SO
n2/3 (";1) n2/3
> ) EkX(kd)=0[ > E(kX(k,—l)))
k=k3 d=—1 k=k3

n2/3
=0|n Z k=3/% exp { —€%k/2 + ke®/3 + k2s/(2n)})
k=k3

n2/3
=0|n?2) k-3/2) = o(n"2).

k=k3

This shows that in our proof we may replace Y; by

Y,= > kX(ki), i=-10,L

k<ks
(i) Note first that by (3)
EW)=0 k(")c k, 1)pk+i(1 — p)kn=k*/2
(Y1) (ka . )Gk )P (1 - p)

=0 (n'l E k3/? exp{—e2k/2}) ,

k<ks

since for 1 < k < k3 we have

ked/3 + k%e/(2n) = O(1).
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THE EVOLUTION OF RANDOM GRAPHS 267

Hence N
E(Y;) =0(n"1e7%) = 0(n®}),
implying the first assertion.
(ii) The expectation of Yy is easily estimated:
E(Yo)= ) kE(X(k,0))

k<ks

Z k( )C(k k) <1+5) (1 _ _1_;_e_>k"—k’/2+3k/2

k<ks

~ 72_; /8 E exp{—ke?/2}

k<ks
1 [ 2 1,
~ = exp{—ze*/2}dz ~ -n*".
4/, 2

Therefore, by Chebyshev’s inequality, Yo < w(n)n?” for a.e. random graph G,.
(iii) We shall estimate E(Y_,) rather precisely and then we shall make use of

Theorem 2 to conclude that for a.e. G, the variable Y_; is rather close to its
expectation.

Set p’ = (1 —€)/n and write E’ for the expectation in §(n,p’). We shall exploit
the fact that E and E’ are rather closely related.
First of all, calculations analogous to those in (i) and (ii) show that

E'(n-Yo-Y_;)=0(n?) and E'(Yo)~ in®.
Hence
E'(Y_;) =n - 3n® - o(n?).
In order to pass from E'(Y_;) to E(f’_l) note that for k < k3 we have
14+e\* 1 /71— (1+€)/n kn—k?/2+43k/2-1
=) (o)
= exp {2(k — 1)e — (2kn — k®)e/n + O((log n)n"?)}
= exp { —2¢ + k*¢/n + O((log n)n~27)}
=1-2¢+ O(k%¢/n) + O((log n)n=2").

E(X(k, ~1))/E'(X (k, m—(

Consequently

E(Y_1) = (1 - 2¢)E'(Y-1) + O((log n)n'~?")

K3 E'(X(k,-1

(é; (3) B )0

=n-2n'"7 4+ O(n?") 4+ O((logn)n'~27)
+0 (e Z K'/2 exp{—k52/2})

=n-2n'"74+0(n? + (logn)n'~2").

(12)
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Finally, in order to apply Theorem 2 we have to estimate the following expectation:

E| > K¥X(k,-1)| =0|n > k™% exp{—ke?/2} | = O(n'*").
k<ks k<ks

By Theorem 2 we have 62(Y_;) = O(n!*7) so by Chebyshev’s inequality a.e. Gp
satisfies

(13) V_y = B(Y_1)| < w(n)n+7/2,
Relations (12) and (13) imply that
)7-1 =n-2n'"" + O(w(n)n(l+’7)/2 + (IOg n)nl—2-y)’

as claimed. O

Let us establish now the emergence of the giant component shortly after time
n/2.

THEOREM 7. A.e. graph process G = (G;)Y is such that for every t > t; =
n/2 + (logn)'/2n?/3 the graph G, has a unique component of order at least n?/3.
The other components of G, have at most n?/3/2 vertices each.

PROOF. As before, we call a component small if it has fewer than n2/3/2 ver-
tices, and large if it has at least n2/3 vertices. By Theorem 1 a.e. graph process G
is such that for t > to = n/2 + sp every component of G; is either small or large,
where tg is as defined in Theorem 1. Let C1,Cy,...,C; be the large components of
G, in such a G and suppose in some G, t > tg, all the C;’s are contained in the
same component. Then this component of G; is the unique large component and
for t' > t the graph G, has also a unique large component. Indeed, as t increases
from ¢, a vertex z € V can become a vertex of a large component only if that com-
ponent contains a C;, for the union of two small components contains fewer than
n?/3 vertices. Consequently our theorem will follow if we show that a.e. G is such
that for some t between to and t, all large components of G, are contained in the
same component of G;. Imitating the proof of Theorem 6, one can show that a.e. G
is such that G,, has at least 259 > (logn)!/2n2/3 vertices on its large components.
(In fact, the expected number of these vertices is about 43y.) Therefore one can
find disjoint subsets V1, Va,..., Vi, of V(Gy,) = V such that

m Z (logn)l/2/2, n/z' Z n2/37 1= la ceeym,

each V; is contained in some V(C;) and

m l
Uvi=UVv©,
1=1 1=1

where Cy,...,C; are the large components of G, .

Set p = n~%3 and denote by H, the random graph obtained from G, by
adding to it edges independently and with probability p. Then a.e. H, has at most
to + n?/3 < t; edges so it suffices to show that |JI, V; is contained in a single
component in a.e. Hy,.
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What is the probability that for a given pair (z,5), 1 < ¢ <7 < m, some edge of
H,, joins V; to V;? It is clearly at least

1-(1-p)"* >1-e1>1/2

Hence the probability that in Hp all V;’s are contained in the same component is
at least the probability that an element of G(m, %) is connected. Since m — oo,
this probability tends to 1. (See [5 or 2, p. 140] for considerably stronger results.)
This completes our proof. O

Combining Theorems 3, 6 and 7, we obtain rather precise information about the
orders of the largest components. Since the property of having at most z vertices on
the small tree components is monotone, and so are the properties of having at least
y vertices on the large components and at most z vertices on the small components
which are trees or unicyclic graphs, using (2, Theorem 8, p. 133] we may pass from
the model G(n,p) to the model G(n, M). Denote by L,(G) the rth largest order of
a component of a graph G.

THEOREM 8. Let 0 < v < %, s = %n“" and t = n/2 + s. Then for every
m € N and w(n) — oo a.e. Gy 13 such that

Li(G) = 4s + O(w(n)n/s*/? + (log n)s?/n)
and
ko < Ly(G) € Lm—1(G) < --- < Ly(G) < k2,
where kg and ko are as in Theorem 3. 0O
Before extending the range of ¢ in the theorem above, we investigate the distri-

bution of the small components of G, in the case when p is not as close to 1/n as
has been required so far.

5. Components of order less than n2/3. First we consider the small com-
ponents of G, with p < 1/n.

THEOREM 9. Let 0 < € = ¢(n) = o(1) be such that en” — oo for every fized
17 >0 and set p= (1 —€)/n. Given A € R*, choose I\ = lx(n) in such a way that

pn, e,1x) = (2/m)V2nl 32 (1 = €)ef)re™2 — A

and denote by Z = Z(Gp) the number of components of G, having at least Iy
vertices. Then the distribution of Z tends to P, the Poisson distribution with
mean A.

PROOF. The assumptions imply easily that Iy — oo, [y = o(n") for every n > 0
and the expected number of vertices on components containing cycles is bounded.
Hence we may assume that Z is the number of tree-components of order at least
Ix. Since also Iye2 — o0, a trite calculation shows that

E(Z) = Zn: E(X(k,-1)) ~ % i k=%/2((1 - €)ef)k
k=1l

k=lx

~ = e/ (1 (1= €)e) ~ (e ) ~ A
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Furthermore, by making use of [y = o(n™) it is easily shown that for every r € N
the rth factorial moment

E(Z)=E(Z(Z-1)---(Z-1+1))
converges to A". Hence Z 4 P, as claimed. O

COROLLARY 10. Lete, p and l) be as in Theorem 9, and let w(n) — oo. Then
for everym € N a.e. G, satisfies

li —w(n)/e £ Lm(Gp) £ - < Li(Gp) £ L1 + w(n)/e.
PROOF. It is easily seen that for every fixed A we have
Ix ~ (logn)/(e—log(1/(1—¢€))) ~2(logn)/e and [l;—w(n)/e <ly <lj+w(n)/e.

Hence the assertion follows from Theorem 9. O
If p = ¢/n for some constant ¢ < 1 then we need not be able to find numbers
I = l\(n) ensuring that u(n,1—c,l5) — A. Nevertheless, with some simple changes
the results above carry over to this case without any difficulty. In fact, our task is
easier since the tree-components we have to consider have only O(logn) vertices.
Thus one arrives at the following result of Erdos and Rényi (6, p. 49).
If0<c<1lisaconstant,p=c/n,a=c—1-1loge,

k0=%{logn—gloglogn—lo}eN and lp = O(1)

then the number of components of G, with at least ko vertices has asymptotically
Poisson distribution with mean

1 a5/2 lo

cV2rl—e @ e

Though the simple method of means is sufficient to prove this assertion, we would
like to point out that recently Barbour [1] applied a more sophisticated and powerful
method to prove that the number of certain components has asymptotically Poisson
distribution.

Let us turn to the case p = (14 €)/n > 1/n. The proof of Theorem 6 is easily
adapted to show that if € = o(1) then the distribution of the number of components
of order less than n?/3 in G, is almost the same as the distribution in G, with
p' = (1—¢)/n. Furthermore, it is easily seen that € can be rather small for a slightly
weaker version of Theorem 6 to remain valid. As in Theorem 8, we state the result
for G, rather than G,.

~

THEOREM 11. Lett=n/2+s, s = o(n), sn~2/3(logn)? — oo, € = 2s/n and
for A > 0 choose I\ = lx(n) in such a way that

(2/m) 20l %2 (1 - €)ef) ™2 — .
Then for w(n) — co and m € N a.e. G, 1s such that
Li(Ge) = (4 + o(1))s,
ly —w(n)/e € Ly(Gy) < -+ < La2(Gy) < 1y + w(n)/e,
Li(G) = (14 o(1))l4, 1=2,...,m.
Ifen" — oo for everyn > 0 then Z* 4, Py, where Z* = max{m—1: L, > 1,}. O
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6. The small components after time n/2. Ast increases, our task of locating
the orders of the components of G; becomes easier. Indeed, if ¢ > 1 is a constant
and t—cn/2 = o(n) then the expected number of vertices on components containing
cycles and having fewer than n?/3 vertices is bounded and so is the expected number
of vertices on components whose order is between c¢; logn and n?/3. Hence if
w(n) — oo then a.e. G; is such that with the exception of w(n) vertices all vertices
belong to the giant component or else to trees of order at most ¢; logn. Now the
expectation of the number of vertices on these trees is about can and by a slight
variant of Theorem 2 the variance is O(n(logn)?). Therefore we are led to the
following result.

THEOREM 12. Let ¢ > 1 be a constant and let t = |cn/2], w(n) — oo. Then
a.e. Gy 18 such that, with the ezception of at most w(n) vertices, all vertices of G,
belong to the giant component or to components which are trees. Furthermore,

LN kRt 1/2
Ll(Gt)—n{l—Eg_;l x (ce )} <w(n)n'/¢ logn

and if ko = L{logn — 3 loglogn —lp} € N, where a = c— 1 —logc and lp = O(1),
then Z* = max{m —1: L,,(G:) > ko} has asymptotically Poisson distribution with
mean

1 a ]
—e°. 0
cV2nl—e@

In the range of ¢t covered by Theorem 11 the giant component increases about
four times as fast as ¢t. Another way of proving Theorem 12 would be to establish
this fact first and then use it to deduce the assertion about the size of the giant
component. What is the expectation of the increase of L;(G;) as t changes to
t + 17 The probability that the (¢ + 1)st edge will join the giant component to a
component of order L; is about LyL;/ (g) Hence the expectation is about

n?/3 k-1 kn—k?/2
1+¢ 1+¢
2L 2 k2 n\, k-2 1--T¢
( 1/">kZ=l (k)’“ < n ) ( n )

AN

n2/3
n
~(2Ly/n?) > 72_;k‘/2 exp{—e2k/2}
k=1

~ <%)1/2 (L1/m) /Ooo g/2e%¢' /2 4y
- (%)1/2 (Ly/m)T (%) (€2/2)"V/2 = 2L, /(en) = L1 /s.

From this one can deduce that if ¢ is o(n) but not too small then L,(t) =
Li(n/2 + 8) ~ c1s. By considering the crude order of L;(G;) as t ceases to be
o(n), one can show easily that the constant c; is 4.

Using Theorem 2, for t > (1+¢)n/2 it is easy to obtain fairly precise information
about the distribution of the orders of the components of G;. We shall do a little
more than that: we shall prove some results about all graphs G, of a graph process
after time (1 + €)n/2. Let us start with a rather crude result.
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THEOREM 13. Let € > 0 be fized and for co = co(n) > 1+ ¢ set ¢y =
3/(co— 1 —logco). Then a.e. graph process G = (G1)Y is such that for t > con/2

the graph G, does not contain a component whose order is between c; logn and
2/3
n4/s.

PROOF. Let cp < ¢ < 3 logn and set p = ¢/n. By inequality (3) the expected
number of components of G, whose order k satisfies k; = |cy logn] < k < k; =
|n2/3] is at most

i <:) Z (g)dﬂ kk+(3d-1)/2 (rfl)l”d (l 3 %)k(n—k)

k=k, d>-1

—om 3° (e (6) 7 (- £)

k=k,
= o(n)cel":kl =o(n™2).

Since the property of containing a component of order k is convex and a.e. graph
process becomes connected by time n logn, this implies our assertion. O

THEOREM 14. (i) Let co > 1 be fized. Then a.e. G is such that for t > con/2
the graph G does not contain a (k,d)-component with d > 1 and k < n?/3,

(ii) For w(n) — oo a.e. G is such that for t > w(n)n every component of Gy,
with the exception of its giant component is a tree.

PROOF. Since for t > n log n a.e. G, is connected, it suffices to restrict our
attention to the range con/2 < t < n logn. Furthermore, by Theorem 11 it suffices
to consider components of order at most k; = |c; logn], where

¢; =3/(co — 1 —logcop).

Note that the expected number of (k,d)-components with 4 < k < k; andd > 1a
graph process contans between times tg = |con/2] and t; = |2n logn] is at most

t, ki d+1 k+d k(n—k)
n 2 _ 2t 2t
32 () e () (-5) 0 -ow

t=to k=4 d>1

On the other hand, it is easily seen (cf. Theorem 9c of [6]) that for to <
t <t = |nlogn| and 1 < k < k; the life-time of a component of order k in
G has approximately exponential distribution with mean n/(2k). In particular,
a component of order k in G will be a component of G¢41,Ge+2,...,Gey1 with
probability at least 3, where | = [n/(3k;)]. Consequently the probability that G
is such that there is a time ¢ with tg <t < t; for which G, has a (k, d)-component
with 4 < k <k; and d > 1 is at most

0(1)(2/1) = O((log n)/n).

This proves (i). Assertion (ii) is proved analogously. O
Let k = O(logn), A = {(k,d): 1 < k < k, d = —1 or 0}, and define the
X; as in Theorem 2. Then for every fixed 7 there is a constant d; such that for
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n/2 <t <nlogn in G; we have

k n /9t \ k! 9t \ K(n—F)
pi = Ey(X3) < 22 (k) kb4 (;5) (l - E) < dine”%/m
k=1

and, using a slight variant of Theorem 2,
4
0% (Xi) < poi + E”‘z""/n < d;pai.
Consequently by Chebyshev’s inequality
d, .
(14) P(IX:(Gr) - il 2 w) < 2R,

This relation enables us to deduce uniform bounds for the X;. Here we state only
a rather simple result about w; = w(G;), the number of components of G;.

THEOREM 15. Suppose 0 < ¢, w(n) — oo and c(n) = logn —w(n) — co. Then
a.e. G 13 such that for everyt satisfying n < 2t < ¢(n)n we have

(15) lwe — nB(2t/n)| < enfB(2t/n),

where

PROOF. Let >0 and set t, = [(1+jn)n/2], j = 0,1,...,m = [c(n)/n]. Put
k = [(3 logn)/(n —log(1+7))] and let A and X; be as above. Then a.e. G is such
that for t; <t < t,, we have w; = w(G;) = Xo(G:)+ 1. This implies that it suffices
to estimate X(G;) instead of w(G:).

It is easily seen that if > 0 is sufficiently small then for n/2 <t' <t < ¢(n)n/2

(16) [Ee (Xo) = nB(2t/n)] < Znfay/m
and
(17) 1B(2t/n) — B(2t'/m)] < =B(2t/n).

Note that 3(c) > e!~¢. Hence by (14) and (16)

€ 25dg 50dy _,
Py, (1Xa(G,) = By (Xo)l 2 £ By, (X0)) < ey < tn e,

Since Y70, €77 = o(1), a.e. G is such that
€
(18) | Xo(Gt,) — Et,(Xo)| < gEtj(Xo)

for every j = 1,...,m. A.e. G is such that wy;(G) < wy(G) if t > t; so ae. G is
such that Xy = X(G,) is a monotone decreasing function of ¢ for ¢ > t;. Therefore
relations (16), (17) and (18) imply that a.e. G satisfies (15) if t, < t < c(n)n/2.
Finally, if 7 is sufficiently small then a.e. G is such that |we — n/2| < en/5 and
IB(2t/n) — 1| < /5 whenever n/2 < t < t;, so (15) holds in this range as well.
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In Theorem 15 the approximation of w; becomes more precise as t grows. From
inequality (14) one can also obtain approximations to the same degree for every
value of t. For example, it is easy to show that if w(n) — oo then G is such that

S onr k2 ot L\
wt(G)—‘2—tZ X (ze 2”")

k=1

< w(n)n?/3

for every t > n/2.
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