Penrose tiling

Tilings like this one were discovered by Roger Penrose in the early 1970s as a solution to the problem of finding the smallest number of tile shapes that could only tile non-periodically. (To be Penrose tiles, strictly speaking, the tiles in this pavement would need marks or notches which would match on adjacent elements).  

Originally the only way to design an arbitrarily large Penrose tiling was by subdivision and inflation: an algorithm dissects each tile into pieces which regroup into a tiling with a larger number of smaller tiles, geometrically similar to the original ones. The new tiling can then be scaled up to give a Penrose tiling of a larger area.  (The naïve process of adding new tiles, following the matching rules, was always liable to lead to dead-ends: non-extendable configurations).

Starting in 1984, X-ray diffraction patterns from some minerals, mostly aluminum alloys, revealed crystalline structures with the local 5-fold symmetry of this pattern; these are called quasicrystals.

It had long been suspected that a fourth dimension was necessary for the theoretical analysis of some crystals. This was mathematically confirmed by N. G. de Bruijn, who proved (1981) that a tiling like this one comes from

1. Drawing a plane in 5-dimensional space making certain irrational angles (involving the golden mean) with the coordinate axes.

2. Approximating that plane with a surface made up of unit squares, each parallel to one of the 10 coordinate planes.

3. Projecting that irregular polygonal surface onto the original plane.

De Bruijn’s work explains the non-periodicity of the Penrose tiling, the 10 possible shapes that occur (2 rhombuses, each with 5 orientations), and this optically intriguing feature: any three tiles around a vertex look like three faces of an ordinary cube in some perspective; but that perspective cannot be extended beyond those three.  
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