PRINCIPLE OF LEAST ACTION AND PERFECT FLUIDS
THEODORE D. DRIVAS

ABSTRACT. In this note, we describe Arnold’s variational formulation of the Euler
equations as geodesic motion on the group of volume preserving diffeomorphisms.

Let M < R? be a bounded simply connected open domain, possibly with boundary
0M having exterior unit normal n. The Euler equations governing the velocity u(¢, x) :
[0,T] x M — R? of a fluid which is perfect and confined to M read

oru+u - Vu = —=Vp, in M, (0.1)
Vou=0, in M, (0.2)
Ul—o = uo, in M, (0.3)
u-n =0, on 0M (0.4)

where p(t,x) : [0,T] x M — R is the hydrodynamic pressure which enforces incompress-
ibility. We shall sometimes refer to M as the fluid vessel.

The Euler equations have a beautiful geometric interpretation. Let 2, (M) denote
the group of smooth volume-preserving diffeomorphisms of M which leave the boundary
invariant. This acts as the configuration space of the fluid, labelling particle positions.
Perfect fluid motion is governed by the ODE for ¢ — ®; in the space Z,,(M):

®,(z) = =Vp (t,B(x)) (t,2) €[0,T] x M,
Oo(x) =2 reM, (0.5)
P.(-) € 2,(M) t € [0,T],

In these equations, the acceleration (the pressure gradient) acts in keeping with its role
as a constraint to enforce incompressibility. The system can be thought of as arising
from d’Alembert’s principle of constrained motion, namely ®; € %, P, € T, P, (the
tangent space to &, at ®, consisting of divergence-free vector fields tangent to M) and
d, e (Ts,2,)* (the orthogonal complement to the tangent space consisting of gradient
vector fields). Said another way, the acceleration (the pressure gradient) is orthogonal
to the constraint (that ®; remain in &,). The system can be considered as the
definition of perfect fluid motion.

Arnold interpreted the ODE for ¢t — @, as a geodesic equation on Z,(M). To
understand this view, fix 71,7 € Z,(M). Then, for any path ~. : [t1,t2] — Z,(M)
satisfying v, = 1 and v, = 79, define the action functional

i ] Shuopasar (06)

We take variations of o7 in path space as follows. Consider a smooth one-parameter
family of paths ° : [t1, 1] — Z,(M) for € € (—1,1) with fixed endpoints 7;, = 71 and
Y, = 72 and where 7% = . Then we define the variation by

d

s/ = )

1

(0.7)

e=0
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In order to compute this object we need the variation of the path, defined by

(o) = (@) (0.8)

e=0

Fixing « € M, the variation 0v.(z) : [t1,t2] — T ()M defines an element of the
tangent space of the manifold at v.(z) (formally 6v. : [t1,t2] — T, 2,(M) defines
an element of the tangent space of Z,(M) along the path ). Composing with v,
dy o=t [ty ta] = TaZ,.(M) gives an element of the tangent space to the volume
preserving diffeomorphism group at the identity. Let X,(A) be the space of smooth
divergence-free vector fields over M which are tangent to the boundary. The tangent
space TiaZ,(M) can be identified with X, (M ). For our discussion, we require only that

for any variation defined by pinned paths as above, it holds

(v () = v(t, ), (0.9)

for some v : [t1,t3] — X,(M) with v(t;) = v(t2) = 0, and vice versa. The proof is
elementary as everything is taken to be smooth:

Lemma 0.1. Fiz . : [t1,t2] — Z,(M). The following two statements hold
(1) Fiz v : [ty,ta] — X, (M) with v(t1) = v(tzs) = 0. There is a family ¥° : [t1,t3] —
2.(M) for e e (—=1,1) with 7§, = 71, 75, = 72 and ¥° = v such that holds.
(2) Let 2 : [t1,to] = Du(M) for e € (—1,1) be paths with v, = v1, 7, = 72 and
70 =~. There exists v : [t1,ta] — X, (M) with v(t1) = v(t2) = 0 such that
holds.

Proof. To establish the first direction, define the family 7° : [t1,t2] — 2,(M) by

@) =t @), ) = wla). (0.10)

Since v € X,(M), by Liouville’s theorem it follows that det(V~s(z)) = 1 and thus
V¢ € Z,(M) for all e. Note that L~7| W= — 47|, = 0 since v vanishes at those times so

that 7§, = 71, 75, = 72 Accordmg to deﬁmtlon i, it follows ([0.9) holds.
In the other direction, define

v(t,2) == (95) ((35) (), (0.11)

so that 47 (z) = v°(t,~§(x)). Since 7§ preserves volume, again by Liouville’s theorem
we have that v° : [ty, 6] — X,(M) for all € € [0,1). Moreover v(t;) = v*(t2) = 0 since
d%%i = d%vfg = 0. With v := 1", the claim follows. O

With this in hand, we arrive at the formal variational principle:

Theorem 0.2 (Action principle for perfect fluid motion). Let ®; , ®;, €
2,(M) be configurations of the fluid at times t; and ty with t; < ty. A trajectory

D, : [t1,ta] — D (M) is an perfect fluid flow, i.e. u = P, o ®; ! satisfies equations
(0.1)—(0.4), if and only if ® is a critical point of the action <, i.e.

5 [P =0, with ~ §®;, =0, 6P, = 0. (0.12)
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Proof. Compute the first variation
t2 . .
S [P = f J Dy () - 6@, (z)dadt
t1 M
t2 .
= f J Oy(x) - 6Py (x)dadt (using that 6®,, = 6P, = 0).
t1 M

According to Lemma [0.1} §®;(®; ' (z)) = v(x,t) for some divergence-free velocity field v
which satisfies v - 7oy = 0 and v(#;) = v(ty) = 0. This in hand, using that ®, * preserves
volume and ®,(M) = M we write the variation of the action as

5. [P = £t2 JM O,(®; (2)) - v(x, t)dadt. (0.13)

Assume first that 0.%7[®];? = 0, namely the action is stationary on ® under any variation.
By Lemma [0.1f(1), the object (0.13) must vanish in particular for vector fields of the
form v(z,t) = f(t)yY(x) for f e CF(t1,t2) and ¥ € X,(M). Thus

ozﬁbﬂwmmm o) = [ @) vioa (0.14)

for all v € X,(M), f € C(t1,t2). Since g is continuous in time, we may take f to
approximate g on [t,ts] to conclude that g(t) = 0 for each t € [t1,t2] (the fundamental
lemma of calculus of variations). We deduce for each t € [t1, 2] that

0— JM Bu(®7 (@) - p(a)dadt, Ve e X, (M). (0.15)

The arbitrariness of ¢ € X,(M) together with the Hodge decomposition allows us to
conclude the existence of p(t,x) : [t1,t2] x M — R such that

®,(z) = =Vp(t, Dy(x)), Ve [t1,ta]- (0.16)
Since Oy(x) = (Oyu+u- Vu)(Py (), t) where u = &, 0 ;! we see that (0.16) implies that

u solves Euler. Contrariwise, if u solves the Euler equations then ((0.16)) holds with p as

the pressure field so that 6.#7[®];? = 0 by (0.13) and v € X,,(M). O

Next we show that for short times the Euler flow minimizes the action. This fact
was pointed out by Ebin and Marsden [8, Section 9]. The following version is due to Y.
Brenier in [4, Section 5] or [6], Proposition 3.2].

Theorem 0.3 (Perfect fluid flow minimizes the action for short times).
Let ue CY([0,T] x M), pe C([0,T]; C3(M)). Suppose that T > 0 is such that

T? < n?/K (0.17)
with K := SUPye(o ) SUP a7 SUPYy =1 ¥ - V2p(x, 1) -y. If (u,p) is a solution of the Euler
f and @y = u(Py, t) with ¢ = id, then

[0]f < ) (0.13)

among all 7. : [0, T] — D,,(M) with v = id and vy = 7. If T? < 7?/K, equality
holds if and only if v = ®.
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From a geometric standpoint, the pressure gradient is the second fundamental form —
encoding how the submanifold of volume preserving diffeomorphisms Z,,(M) sits inside
the ambient group of all diffeomorphisms (M) [13].

Proof. Since (u, p) is an Euler solution, we have ®,(z) = —Vp(®,(z)). Note first

SO = Al + || ) (@) = ot = o 1. (019

The last two terms are negative for short time. Indeed, by Poincaré’s inequalityﬁ]

A[® — A JJ"Dt (2)[2dzdt > 2T2f f 1B,(z) — () 2dadt.

On the other hand, since ®g(x) = vo(z) and $7(x) = y7(x), we have

f J By(z) - (By(x) — 3n(x))dadt — f f By(x) - (By(w) — () dadt

- jM Vp(®,(0)) - (@ila) —4(a))dadt
Since the pressure is twice differentiable, by Taylor’s theorem we have
pOu()) = p(@1()) + Tp(B,(2)) - (@1(e) 1 (2))
+3(@a) = 3la)) - PpYi(0) - (@1(e) (o)),

where Y;(x) is on the chord connecting v;(z) to ®;(x). Upon integrating, using the fact
that v, and ®,; preserve volume, we obtain

- f fM Vp(@i(2)) - (By() — (x))dadt
j j (1) — () - V2p(Ye(x)) - (@(x) — () ).

It follows that

Py () - (Dy(2) — A (x))dadt| < f f B, ( (2)|?dzdt. (0.20)

Thus we obtain the upper bound

1
[P < A 5 (K- —> f |y (z (z)[2dadt, (0.21)
whence for T < 72 / K we have o/ [®]|l' < @[y]] as claimed. If equality holds, then from
(0.21)) we deduce So §0p [ Pe(2) — (x)|2dxdt = 0 so that 7 = ® as claimed. O

Remark 0.4 (Failure to be a minimizer). The condition on the time is sharp
in the following senses. Consider the two-dimensional example of solid body rotation, i.e.
u(r) = zt. This is an exact stationary solution of the Euler equations having pressure
p(z) = %|x\2 on a disc domain. The corresponding flowmap is ®;(z) = Ry mod 2, Where
Ry denotes the (counterclockwise) rotation matrix by angle 6 € [0, 27) about 0. Brenier

fIndeed, consider any absolutely continuous curve f : [0,T] — R? with f(0) = f(T) = 0 and with
df(t)/dt € L*([0,T]). Using the Fourier serles representation of f together with Plancherel’s theorem

we find immediately that || f(- )HL2( 0.1]) < S H sTIAC )H2Lz([0 T
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[4] points out that at time 7" = 7 (a half rotation of the disk), there fails to be a unique
minimizer of the action. Indeed, the action does not depend on whether the rotation is
clockwise or counter clockwise, both of which are geodesics connecting these two states.
Note that since V2p = I we have K = 1. Thus, at exactly this moment, T = 7, the
condition is violated illustrating its sharpness. For T' > 7, there exists a shorter
path (just rotate clockwise) and thus after this moment, the original fluid flow is not the
minimum of the action any longer. We remark that solid body rotation has a cut point
at T'= 1 — see [7] for further discussion of this geometric notion. It is also an example of
1sochronal flow: one for which the Lagrangian flowmap is time periodic. Geometrically,
this corresponds to ® being a closed geodesic in 2,(M) [16].

Remark 0.5 (Euler as geodesic motion on %,(M)). We now describe V.I. Arnold’s
geometric picture in greater detail. Formally, one can view the space Z,,(M) as an infinite-
dimensional manifold with the metric inherited from the embedding in L?(M;R?), and
with tangent space made by the divergence-free vector fields tangent to the boundary of
M. We can define the length of a path 7. : [t1,t2] — Z,(M) by the expression

L) = f )zt (0.22)

t1

We formally define the geodesic distance connecting two states v1,v2 € Z,(M) by

dist = inf 2L 0.23
isto,on(o,m) = b £ (0.23)

¥(0)=n0, Y(1)=7
A geodesic curve ®. : [t1,t2] — Z,(M) is defined to be one so that for all ¢; € R there
exists a 7 > 0 such that if t; <ty < t; + 7 then

distey, ) (®(11), B(12)) = L[] (0.24)

If additionally the parametrization by ¢ is chosen so that |®,(-)] r2(m) = (const.), then @
minimizes the action among all smooth paths connecting ®(¢;) and ®(¢3). Indeed
by Schwarz’s inequality, we have &[] > (Z[7]i?)?/2(t2 — t2) with equality if and only
if |¥¢(-)|lL2(ary = (const.). In general, according to Theorem (0.2 perfect fluid motion is a
critical point of both functionals &/ [v];? and Z[v]?. It is, in fact, a geodesic according
to Theorem although as we say in Remark it need not be the curve of minimal

length for long times.

FIGURE 1. Depiction of the geometry of fluid motion.
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The above discussion is somewhat formal in that it ignores issues of regularity required
for precise definitions of the variations. To make things more precise, one may consider
the group Z;,(M) for s > d/2+ 1, which is a submanifold of all H* diffeomorphisms of M,
see [8]. The L? exponential map is defined as the solution map of the geodesic equations:
it maps lines through the origin in the tangent space at a given diffeomorphism onto
geodesics in the diffeomorphism group. More precisely, at the identity we set

expyq : T, — 7, expygtug = Yy, teR (0.25)

where ®; is the unique L? geodesic (at least for short times) starting from id with velocity
ug. We note that in any spatial dimension, exp,; is a local diffeomorphism near id and
in two dimensions, it is defined on the whole tangent space. The study of analytical
properties of this map is the subject of the classical work of Ebin and Marsden [§]. This
framework opened up the possibility to ask purely geometric questions about fluid motion,
such as those concerning the existence of conjugate and cut points. See [14] [19] [7]. We
remark also that Arnold’s geometric viewpoint has since been generalized to accommodate
systems such as compressible and quantum fluids, by the inclusion of an appropriate
potential related to material properties of the system. See the recent survey [11].

Remark 0.6 (Two-point fluid problem). The principle of least action suggests the
following ‘infinite dimensional Dirichlet principle’: given two isotopic configurations 7,
and 7, € 9, construct a perfect fluid flow connecting them by identifying the shortest
path between them in the diffeomorphism group (in the L? metric). From the above
discussion, if such a path exists it is automatically a perfect fluid flow. This problem
was first investigated by Shnirelman [I8], where he proved that if d > 3, this variational
problem does not have minimizers for all pairs of configurations 7, and 2. In d = 2, this
is open even in the following relaxed form:

Open Problem 0.7. Let M < R? be a domain with smooth boundary. Does there
exist perfect fluid flow connecting any two isotopic states v1,v2 € D, (M)?

See also |10, Section 4.B|. In particular, it is not known whether the image of the space
of incompressible vector fields in &, defined by the L? exponential map is the whole
group 9, i.e. that any such diffeomorphism could be realized as a time-1 value of some
solution of the Euler-Lagrange equation. It is a question of accessibility of the entire
configuration space by perfect fluid flows. If Question is answered in the affirmative,
it would represent a hydrodynamical analogue of the Hopf-Rinow theorem for the group
of diffeomorphisms. The difficulty is that this group is not locally compact. However,
Misiolek, and Preston proved that the L? exponential map is a covering space map on an
open connected component U < Z; of the identity whose L? diameter is infinite, cf. [15].
This is a consequence of the fact that exp,y is a nonlinear Fredholm map of index zero,
see [0, 20]. An affirmative resolution of Open Question (conjectured by Shnirelman
in [18]) would result from showing this connected component is the whole group. We
remark finally that a different but related question is that of finding minimizers (shortest
paths) connecting the states 77 and 73. The existence of conjugate and cut points
along geodesics generated by simple steady solutions on M = T? having streamfunction
¥(xq,x2) = sin(nxy) sin(mzsy) (Kolmogorov flows) [14] [7] indicate that the minimum may
fail to be achieved at late times (see the numerical study [12]), as was conjectured in [17].
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In view of the fact that classical minimizers of the two-point problem need not always
exist [I8], Brenier introduced generalized flows, which are a wider class of (stochastic)
objects over which the variation problem is always solvable [4]. Shnirelman used this
idea to show that any sufficiently long geodesic in Z;;(M) will contain a local cut point if
dim M = 3 (a point such that shorter paths can be chosen arbitrarily close to the given
geodesic in the manifold topology).
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