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Compressible Euler System ①

f. 112%112 → Rt ,
u : 112%112 →Ad

,
E: 112%112 → 112-1

mass : Jtf + div ( ng) = 0

momentum : Wgu) + divlfuoxutpt
) - o

energy
: IgE + div Up +E)a)

= 0

The energy is decomposed

E = Ignite
9 ✗

internal
kinetic

this system is closed by declaring the

internal energy is related to the pressure

e= P
,

g- ¥ > o : adiabatic index

This is the ideal gas
law : py=nRT

,
F- I

R=Cp-Cv
,

e. = Cup # .

Thus

P= Xp -a) gT= (¥ - 1) e
= to-De .



②

Define the entropy (per unit mass)

Sigel = log (F)
Remarkably,

for classical solutions

2-St U - 175=0 .

Then the entropy satisfies
the conservation law

¥4S) + D. (gsu)
= 0 and > o

for nonideal
fluid model

As long as
the solution Cpu, E) remains smooth,

it can be replaced by the system WARNING :

not right
2,1 + t.HU)

= 0 aftershocks!

Wu) + D. If u☒
u t PI) = 0 this is what

is implicitly done

2- Ips) + I - ( fsu) = 0 when propagating
isentropic shock.

with pressure
function

pigs) = flies



③
(D)Theorem (Buckmaster, D. , Shkoller,

Nicol , 2021)

open set of

From 1 smooth initial conditions
at t=o
✗
ID

✗ isentropic
• There forms a Hitlerian poeshock at some

1-* 70
where U*,f*f C'

↳
.

• The blowup enjoys a fractional
series expansion

f.afflict = Cot
C
,
X
"'t Cz ×

" }
+↳ ✗ + 0K4g

After the pveshock, the solution is continued

as an entropy producing
shock with properties

• Shock front { ✗ =y1t)} along which

312

Eun - It-¥
'" ftp.I~lt-t.j

"

FISH - It-¥

• A characteristic surface for U ,
{ ✗ =yzH) } ,

has

p, f, SEC
}"

cusp
whereas he CZ

weak contact

• A characteristic surface of u - C
,
{ ✗ = y.HR has

fined" cusp , 5=0 and ped .

weak rarefaction



data

.

%#÷÷:*



④Previous works ( in brie#
-

• Landau and Lifshitz asserted existence

of weak singularities , no examples .
• Id hyperbolic conservation laws

(scalar and systems) have a long history .

See Dafermoslzoioj .
These methods allow to

continue solutions past singularity but do

not give detailed structural information .

• Magda 11903) evolves a preexisting shock .

• Lebaud 119941 did first study of this

for a reduced model ( isentropic), but

did not investigate cusps . Follow ups ,

Che- & Pong , Kong 12001,2002), Christodoulou
- Lisibaoh 120164

• Christodoulou""studies irrotahonal development

outside symmetry completely . Discovered cusps,
but not the right jump conditions

and this physics .



⑦
Shockforimaton
Let c- Frog be the speed of sound

Introduce Riemann variables :

w := Ut £ C
,
Z:= U - Jc

,

a:=

Then the system for Ip ,u , s) is equivalent to

Tfw + tzdxw
= Fp (w -2-50×5

Its + ✗22×5 = 0

4- 2- + X
, ZZ

= Fp (w -2-50×5

where ↳ = Utc, till , X
,
_- u - C

Original system is recovered by
U = Ulw , 7,5) f. = few , 2- is) E = Ecw , 2- is)

If s; constant ,
Slt) - const . Thus if 2-0--0,2111=0

i.e . Then Utc _- ¥ w and set ¥-1
by changing§t §wtw2w=0 time



⑥
Burgers equation
erTfwtwdxw

_- o

WI = Wo timer
f- o ¥☒I

.Let Y be characteristics

d

d-tyltil-wtyltixl.tl, Zo '# ✗

Then
'd
DFW (214×7,1-1=0

So www.tl-wocx)

and thus yft,✗1= ✗ + twolx)

since 4=2,w satisfies wo

J+W✗+wd✗w✗= - w?
With /till f) = It twolex,

First singularity emerges
from label ✗ *

at

which Wo
'

# is mostnegatiue .

Time of

blowup is b-
*
=
'1-Woll#

i



①
Typical
situation :

" '" =
- ✗ + ×

'

µ¥wollx) = - I +3×2

☒* = 0,
Woll#-) = -1, Wo"c✗*)=0, Wo"{✗*1=070

geu in that it is stable under perturbation .

Blowup occurs at time 1-* = %.io>
= 1

.

Recall yftx) = ( I -f) ✗ + + ✗
3

Consider 1×1*1 . Since wcx,1) = Wo (214×7)
3

and 214×1
= ✗
,

21-11×1 = ✗
"3 = sgnlx) 1×143 .

Thus wlx
,
1) = Wo ( ✗

"3) = -✗
"3
+ ✗

T
ceases

to

be a difleg
-

-

-2141
)

but still
"

home 0
-

-
,
w ,

we should expect precisely C
"
cusps to-chr.cn]

arise from generic initial conditions ! [13511,12%21]
NOTE : woe - ✗ + ×

"
gives C

""

cusp
for any n72

.

Can be smooth , but not generic .



1-
y

④

¥÷÷+÷i÷÷÷÷w.
classically away from

the shock front and

weakly across
,
to conserve mass

,
momentum

and total energy .

tE÷pt
Shock front : I C Rdx CT,,Tz]

orientable hypersurface
yH)=×

ti

"J vi. 5, E-

ugg, ,
,

E- { ✗ =yH) }

spacetime normal

: 1- jltl , 1) .

space
across the shock

,
the solution jumps

IN = F- ft
,

. .
. 5

"
-

- Hye
in

a way consistent with mass
,
Momentum

, energy cons .



Note if ☒

Jtg + 2×f = 0
,

f-- gu

yltl d
IT

d

d-+ If DX
= ¥ fpdx + Id fpdx

IT - it yltt

= just - f) + frdtfdx
IT IT

yltl
= jlt)IgI] - frgxfdx - fQfd✗

- IT ylt)

= justify -1T€ ]] = 0

Thus we arrive at the following conditions

speed of
mass : iylt) lift] = [[fit] shock

determined
momentum i iyltlpu)) = LIFUZTP]] to fix one

of these .

energy : jlt EEN = FLIP+ E) it] Other two ?

Rankine - Hugoniot conditions



Deterministic development : Lax entropy conditions

2+-1 @+ c)2, = ( 11 Utc )
-Pti

µµ=✗}
movement

→
fjlt, 7-7

of

information dtt
-c) DX = ( 1

,
U -c) - Pt

, ✗

Recall ñ= fight, 1) is shock spacetime normal

yltl = Kt

*
E. = { ✗ -1-1<=0

}

to

h.CI
,
at- d) to

,
n - ( 1

,
Ut ) to

,
n.CI

,ut-ctt-on.li
,
a- - c) to

,
n.CI

,
n
-

ko, n . 11
,
a-+ it >0

Physical entropy conditions :

¥ fpsdx To ⇐ FISH >0

IT

ltheoreni.T-orweakshockylax-phgsc.ca/entnpyf



①

Y' It) IgM = [[guy]← speed of
mass i shock

determined
momentum : iyitlputt = If "

"
+PDT production of

energy : jlt GET] = [[ (p+ E) if]←
Sit on shock

Recall the Riemann variable system :

Tfw + cut c)dxw = Fp (w -2-50×5

Its + U 2×5 = 0

Jez + Cr
- c) 2. 2- = Fp (w -2-50×5

holds to either side of the shock.

µuÑ=Epui-PAIN⇐
E
,
Cui,w+

,
5,512--12-+1=0

HIKED = Elp+ E) UHHH E
,
Cui,w+, 5,512--12-+1=0

Regard wFs+, 2-
+
as given , solve coupled 6M

order polynomial system for 5 and É .



①We express

⇐wid - EET
,
Ent - w

-

-wt

lemma : there exists exactly one real root

consistent with entropy production
.

Moreover
,

if /Eiffel

1=12-71 = - Ccr
,
Kurd,z+) EIWTP -1 OLEN

')
2-

Ctr
,
Enid,Z+) EIWTP -1 OLEN

')
FISH =

is = ↳ to,kw%Z+) + O(EwÑ)
T÷FÉ← speed of sound attar-0

Recall Utc

btw -1 HÉwFÉz)0×w= Fr (w -2-50×5

Assuming time is short so 1kWh'M and

thus 12-1*1 and Iska so

4- w + (w -117%1)d×w = (
small entropic)
error

Wolxl = k
- b ✗
"3
+ (small error)181151



①Thus
,
for short time we say

Wlt, ×)
= wp.lt/x)--wo(y-it,xi )

where

ya, ×) = ✗ + t wot )

ex + 1- (k - b ✗
"3) + . . .

QUESTION : Which labels ✗Ft) fall into
the shock

at time t >0 ?

E- - - - - - - - - --- - - - -

↳
✗Tts ✗

+It)

We look for a such that ✗
+
(a) = yet], at

shock. Recall :

yin = Kt + 1¥"¥÷)
Then F- It) solve ✗ -1-1+1 = 11¥ )tb #Hits, thus

+

✗Tt) = I b( f)
"Z
~ +312

Thus 42

Ftw)) = wait-wait = 2b (bt) ~ t
'"



Thus
,

since ESU- TIED -Flip,
we find !

5,z-~É
" y=ktD0%¥in8 of6 Do¥fI
*

5--97=0_→ggwyyn.tl/2S--4Z-- °t t

t
shock front serves as Cauchy hypersurface
for entropy and z in the domain of

influence of the shock .

Initial data on { ✗ ← Kt} of type

0 ✗£0

201×1,501×1 = {c×% ✗ =kt

cusp singularity at ✗ -0 .



①
Tfw t @+ c)Hw = Fp (w -2-52,5

Its + u 2×5 = 0

4-
'

2- + Cu -c) 2. 2-
= Fp (w -2-52,5

y*¥I

*¥¥¥*5=0,7--0 5=0,7--0

For short times
,
near ✗ to

@ + c) ñ ok
,

U -7¥, , Utc ⇐ (¥27k .

Flows 7311-1×1 = ✗ tht

2214×1 = ✗ + tzt

7,14×1 = ✗ + Xpt

Off
,
I 42+13



④
Since entropy is transported : 2+5-14,1×5=0 .

g- Kt

*

El
"

5=0

0 ✗ + yzct)
set,× ) ~ { ( x- yzitÑ" y,µf ✗ I yltl

0 ylt X

C
""

cusp in entropy propagates with the

fluid velocity from the pre
shock

.



4- w + @+ c)Hw = Fp (w -⇒zag←
naively !
¢2
across yslt)

4-
'

2- + Cu -c) 2. 2-
= Fp (w -2-50×5

YIH

yµ,

'☒ g- Kt

But 2×5 acts as a force which is

integrated along transversal characteristics

Gain in regularity !
2- la-iyitytl-Z.la + It,

-Ht)

= of/+1025)(a-icxa-xjt-t.tt)dt
312

ñc It ly - hit. dt ~ a

c- + Kirti



③
Thus
,
Z and W both make 82

cusp singularities along { ✗ - gzlt)} .

SEC
>"

,
2- c- CK
,
we c?E

Miraculously , there is a cancellation in

the quantity a- I@ + z) which makes

UECZ (actually should be c%)

Uses
"good unknowns

"

9.we Jxw - perks 92=2×2
- ticks

.

Thus we call this a weak contact

discontinuity , since the velocity is
.

Slightly smoother than density & pressure .



☒
Across {t-y.it} a similar

phenomenon happens for Z,

✗ T 8,1+1
2- (✗f) = § y.my?Z.y,1tKx-cYzk-)

However
,
here entropy is vanishing, so

2- c- ¢12
,
we [

'2

,
5--0

Miraculously , the pressure again
smooth-

ped
thus we call this a weak rarefaction wave.





THANK - You I
0

real story . . .

2D Azimutal shock development


