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?;÷i!¥i:Eia①
In R

Hutu.RU
= - Pp

I. U = 0 in I

on
aru .ñ = 0

Every solenoidal 2D velocity can be represented by

u= # 4
,

it _- f }:)↑ rustmamfund"← ↓
←
1 {4--1}

Thus
,
U is pointwise parallel to

isoline of X.

N -Ñ=o on 21 ⇔
✗ = const on 2h

Vorticity has one component
w→= WE - - th

I w = It. U
= 2. uz- 24 ,

•

in terms ◦t streamfunction w= At
?⃝ ?⃝

2+w+u-D°-⇔wo(✗tu= # D-
'

☐

w it -_u( Xt)



IanttÉn : ②

Energy : { { luidx = 0 ← uses u -ñ= - o- Id
57 - U = o u I

←
d-

Casimir, : at fflw)d× = ◦ It continuous f. 112-7112

or

in particular HWCHHLP
= Hwollh.pl/-pc- Eliot .

Momentum: ¥ { Udx = 0 ← on 1=11-2
,

d- ✗toil] ,D

These facts allow one to define a dynamics

THEOREM : Let R≤ 1122 and % c- C.
✗
(r) Then there

exists a unique solution WE C
✗

(1-0,0) ✗ b) with

114411¢ ≤ ( gye✗P(c"%%t
/a)

Gunter
,

1926

11M¥ Lichtenstein
,
1925

In fact / Yudovich
,
1963 )

,

if woe tics then the exists

a unique weak solution we 1×11-0;x) ✗ A) .

Moreover the solution depends continuously on the data; ie.

Wo
" *→ w;

then WH;w◦
" ) *→ . wlt ;w◦) .

Yudenich space is very important for longtime behavior!



?⃝

stationaystates.strnctnreandlinistabi.li/-y-
defined by

u.tw =0 i.e. Dw and DX ane

co linear
n-7^-4

Here are some special families

⇒"
i

,

'

i

,
UH, g) = V41 ex shear flows

€i#
Ucr, 0) = Vcr ) lo circular flows

Another large subclass of stationary states
are

w = FIX) f- c- Lip

Then
,

the stream function is determined by elliptic problem
4=1--14) in r

outwit 4=0 on 2s

This equation can hate
,
none
,
one or many solutions

depending on F. ( consider, e.g, Fen
- Xx ) ?

QUESTION : when must steady states conform to the

symmetries of the domain ?



④

*.ro?.i:iii:ii:..imeI
DX FIX]

where Fo satisfies

-X
,
T F. 447--0 or 05%4×1 ≤✗

Then
,

wo= DX, is orbital] stable
in

L2 under the Euler dynamics .

Such flows correspond to local maxima or minima

of Energy on is ◦vortical sheets
,
i.e .

I := { w : 7 4 c- Diaper sit . w=w◦◦¢}
Wo

THEOREM : Let CM
, g) be a compact two-dimensional

Riemannian manifold with snooty hdry 2M .
Let }

be a killing field for g tangent to the boundary .

If UECHM) is Arnold stable
,
then L}U=0 .

i. ⇒ :

i ÷÷ ;
• if M is periodic channel, u is shear

⇐n • it M is disk or annulus
,
u is radial

• if M is spherical cap
,
u is zonal

• if M has no boundary , I U
Ñ Other

Results : Hamel
-Nadirasvili

,
Gomez-Serrano , Park ,Shi ,

Yao



sta→fiit dimensional families ⑤

THEOREM :(choftrnt-svi-ak.to) Leth be an annular domain anÑf
consider a non- degenerate Arnold stable steady state .
Then each vorticity distribution function in its neighborhoodcornespundstoaunigu.es/-ationa.ysta#-adjitoit)

%◦= { w : w = wg¢ , ✗c- Hp 'M}

THEOREM:( Constantin - D- Ginsberg ,w) Let r≤ 1122
be

a bounded domain with smooth boundary and let

Uo be an Arnold stable steady state on or with

• Uo has a single stagnation point in r

•

You
= § de

{4:c}
/ "%

← ✗

Then
,
there exists {=E(U◦,r) such that for all nearby

domains Ir
'
- r / ≤ E and all functions If - I / ≤ E

there exists a diffeomorphism f:D → r
'

s .ᵗ . 1

detests 1--1.

F⑤±,

and ✗ = Hoof
' defines Enter our' nearby to

" '

solution

% = { t : 4--1%4 , 4 c- Diff,nÑ



wanderinyandinfinite-timebow.iep ⑥

THEOREM (Nadirashvili
,
91)

.
Let It be

the periodic channel
.

There exists a

vorticity } E tf and numbers 270,1-70

such that for any
WE f with +7T

1W - } Ip ≤ E while 115,1W) -311,
> E

Let v be an Arnold stable steady state with the

property that vk.pt v4.*: For simplicity take Caouette
*= (E)

.

Take h set . he

He≥ 's & 1%51 .
#

set } = - It 8h for feet . Take eat and

g. c- 1
' with lyle ≤ 1 and set w◦= } + Eg

F- 4¥ 3/4

4.1m¥" r⇔÷xie)t
↳

Thus length/jlH) ≥ Hz . Thus, lit
)nsuppÑ≠∅tt>21T

Similar construction shows that /Ultlci ,✗7t✗ .

Infinite time blowup ! Kiseleoisueroik
,
Denisov

, Zlafos , Elgiadi - Jeong .



③

Instabi1iᵗyinstronghorms_
THEOREM : ( Koch

,
02 ; Margulis

- Shnirelmar,-Yudovich ,
◦8)

Every stationary solution In c- C
'
/
✗

of 2D Eater

whose Lagrangian flu-map is not time -periodic (isochronal)

is nonlinear-1g unstable in C✗
. Specifically , HM , E

> 0

thee exists F- TCM /E) and a solution wct) = Stub) Sit.µ⇔,,≤gµ,,µ,,,,,m
To prove this result

,
one exploits shearing . Denote

YIH = 11 Xi
'

ka
,

¥ v14)

* " "" ≤ ° ᵗ" " " "" "" " " """"""

t=o

↑ 1-=L⇔¥1- =3

Example : ( Elliptical vortex )
characterized in

11=17+4
,

4 = (E)
2
+ (g)

2 ←
Remark :

neighborhood of
the

disk.

LE There exist WE ⑥ ( 01T; C) such that

11%-511
,
✗ ≤ E while HWCT) -Toller 7 C µ (T)

✗

E



r -



-

⑦

THEOREM ( P - Elgindi , 2022)
: Let w* be a L2

ˢᵗ""ˢᵗʰ%ˢᵗʰ°""""÷""^""different boundary travel times . Then 7 E>◦ st .

{ w◦ c- Bets) : it . ¥
" E- to}

-1
contains a Denise in BelWr) .

adapt Nadirasuili argument get CHI-7
v1

1170-1-1
,
- % Clt ) It woe Bgcwxr) .

I EA : Assure

Fix 8111 a.t . flt / [ (f)
✗
→• .

Then 7 a dense set

of wo in Be s.t.su#1wj-?ygfpn---
• . let

Uri { w.tk : s¥÷¥!¥ > N }

By lower semi continuity of St :D → Ch
,

Un is open in
É
.

top

Koch: given Wo c-Bq
,
and my Tik

>°
,
7 } sat Black

and 15+1%+971 7 { Katt . Take kisnull and 1- large

so I HÉN . then '¥¥" -41N -7 woe}ᵗUw
.

That UN dense e- C? Let B be ay
ball with B- c- BE .

§ is a complete metric space , Uoyniz are open
and dense .

ÑUwnÑ is dense n § .
1
,
Baire catering turn.



-

⑨

THEOREM ( P - Elgindi , 2022)
: Let w* be a L2

stable steady state with a region on
which

the vorticity is a strictly monotone function

of streamline near isolated maxima .
Then 7 270

Dw*,{ ÷ { wo←Bdw*)
: luuctlcx 7 Étt }÷

open and deni.ge in BelWr) in C'F-opdogy .

E.g. monotone shears ;
Poiseuille flow w*=y .

Idea: eyploi't form of Lagrangian stability

1414in) -4*14*4-111 ≤ Er
* i

10*(44-1) - 0*14×-11-111,2 ≤ It

"

2D fluids are rough at infinity
"

- Dennis Sullivan



The limit of t → a . ④
-

btw + U- P w = o

since twenty
= Kolp , the vorticity weak -*

converges at long times : wlt;) → Ñ
.

NWo) = A weak-* closure of { Siwan
,
t≥t}

t

t >0 END STATES.

GOAL : Understand the structure of Shewn !

Le The kinetic energy is weak - * continuous
,

i.e
.

wj
- in ⇒ Ecw ;) → Ecw)

Thus
, energy is a robu-stin-ui.tn, Eliot Elwes

on other hand
,
the Casimir

Iflw) = { 5- ( WH)) dx
are not weak -* continuous unless f affine .

In general we cannot expect

Iflñ ) = ?, Iflwlti) = If two) .

If f convex
,
we have

If (5) ≤
liminf Iflwlt)) = Iflwo)
+ →✗

"

Enstrophy
"

is lost due to fine scale mixing .

CONJECTURE : ( Surat 2013 ) : Generically , orbits {www.arehotpeeapat .



①
IÉEeryy
If we- Ñ then

Elwo) = Eco)
, Noli ≥ 1516 .

Can the energy go to shall scales? (Fjortoft , 1953)
2

Edo) :=É -2
lñin't I ¥11011,2 ≤ ¥, 11%11,2

n≥K
"

spectral blocking
"

: energy cannot pile up at small scales .

In fact
, energy is ohed to cascade to large scales

/ Maassen
,

Clerck
,

van Heijst,
1999 )



④
Saturn 's Hexagon

Jupiter 's Great Red spot

observed first by Galileo in 1665

1-
exist ≥ 356 earth years ! !!



⑦

:

%



④

:

¥



1- →a
→

MYSTERY : How can one
understand

this apparent decrease of entropy
#

g. µ µ, ,µ
, , ,,

,µ,

④

at least if one
looks at velocity fields .

* loosely interpreted,
some measure of the

diversity of a
set in the space

◦t

all possible velocities .

* while diversity in the space of velocities

appears to decrease
,

the entropy of
the

corresponding Lagrangian flows are likely

Increasing ( Shnierelman
,
1997 )



someNii.net?redictions-

N*im;iEaREI:Thevortxityisevey-tw/E)→ §w◦:=É as 1- → 0 .

i.e. r+lw◦) = { } .

FALSE : on 11-2
,

we must take % ="

11-2

but Elñ) = to -1-0
.
Thus in -1-0 .

NAivEE : the end state minimizes

object to fixed energy .

Icw) = { fw2d✗ Ecw) : Eo:= Ecu)

Both I and E ane quadratic in w
. Minimizing

Icw) - ✗ Ecw) ibjields

w= * = -4¥
←

large

when ×
, is the first eigenvalue of D.

scale

"vortex
"

Mix / defined by reducing enstroply) to max degree
consistent with fixed energy .

Why choose minimum eustruphg? Theory of selecting
( Bretherton & Haidv.ge/ 1976)

Note : for decaying Navier-Stokes,
NCZ appears true .

( Foias - Santi Schneider -Farge
,
pralthaeus et al . . _)



☒
statisticalltyd-dy.name

L. Onsager , statistical Hydrodynamics , 1949

Joyce -Montgomery considered point vuvhcieg
N

N

was = f-[ 8x.it) -¥ Sipe, ≤ E- f-
i. i

N 1

I ↳
↳ Tv ↳⇒

Under assumption of ergodicity of point vortex

dynamics on energy surface
↓

and hypothesis that entropy ↓ ←

5. = - fee knee - fl- Ine- ←

a
~

be maximized ( property of thermo . equilibrium) predicted

- 814-Yt)
- e- w

=
- 4 = e

814+4-1

when 0 and µ± enforce energy
and net -11 circulation .

When 840
,
describes agrigahun of

vortices

Negative temperature states



See Egink - Sreenivasan
,
2006

Note to L . Pauling 11945)

letter to C:C .
Lin ( 1945)



statistical Hydrodynamics cont .

_¥t
,
Somme-la - - -Miller

,
Weichman

,
Cross
,

STEP 1: ( Approximation )
Infinite dim phase space finite dim phase space

It An
e.g. point vortices, Galer kin approx ,

discrete cells .

STEP 2 : ( Dynamics)

dynamics are defined which present energy and

phase space volume [Liouville than )

STEP 3 ! /Entropy maximization)

let Ho be space of states with same energy as no
A microcanonical ensemble (invariantmeasure on Ho)
is predicted as a stationary state U* by demanding
available phasespace for given state be maximized .

Ergodic hypothesis says finite dim system spends most
if its time near u* .

Critic : illegal transposition of limits 1-→ no
,
N→a

.

Works in systems hear-equilibrium , but fluid is fa
.

- Lyapunov functional
(shnirelman

,
1997)

- Wandering domains (Nadirushvili , 1991)

- integrable n -vortex motion ( Khania
,
1982)

infinite dimensional fluid is an "open system"

- Mixing : wits- Ñ but not strongly . (Bedrossian
,
Masudi)

- configuration space is unbounded diam ( Diffie lit?))=P



⑤Shnirelmanstlixingtheory
mixing operators Kflx) = f. Kcxigfcgdy
on ion

r

where i) klxig -40
ii:) fkcxiydg = 1 iii) f key, g) de = 1

or or

Example : Kcxiy = Sly - 9-4×7) , ¢ c- Ditty /r)

③ kcx.gl = I

set of all mixing operators on the called ✗
is a convex

, weakly compact semigroup of contractors
in Ucr)

.
Thus it defines partial order :

fty if 5- = Kg
f- g if thy and gtf .

For vector fields
, say Uhv if #uh # v.

Ru
.

= { u I will } A { Ela) = Ecu)} .

Note that solutions of Euler UH) c- R.no and

nnorouer any limit ult → ñ c- Ruo .

A minimal element very is such that for

all we Duo with why we have www.

Mixing is
"reversible

"

on minimal elements !



Lemay : there exists a minimal element w c-Ru
.

. ⑨

THEOREM :(Shnirelman
,
93)

(it any minimal element ot Duo is a

stationary solution of Euler equations

(ie) the minimal elements have monotonic w=FcX)

Namely , all minimal elements satisfy
DX = FCK)

for a univalent function F satisfying Arnold stability .

If Euler is
"

maximally mixing
"

then longtime limits are
steady stable states .

Three types :

Energy - excessive U
' . if vhu then

I Em ≤ Ein

if v44 then

Energy - neutral U ;
'

Ecu) = Ecu)

i
, if v44 then

Energy - defiant n Em ≥ Ecu)
i



Shnirelman 193) developed a theory of minimal
⑦

flows - maximally mixed vorticity affixed energy .
→ always exist . Constructed using Zorn

's lemma
.

→ are steady Euler Solus
with w= Fall,

F monotone !

Let

0 ={ woo ¢ ¢ c- D
,
CM ) } n{ E- = to}

% Eo Y

{ Sewn! %. ,E◦
,
r+cwi≤%

*

≤ §
,

{E-- Eo}

E.y : wo =
, ,
HUH

,

then
*
= {lwkiifw.tw.}

M M

ᵗʰ""""^"€"""""For any woe 5 with Eo
,
there exists w* , i

min

we II.
* f few) de

[on
oh✗

These are minimal flows
.

Moreover
,
F- € S.t.

Ecw) +HE - Eo))W* = wf [
•

1W'pH

No datum WOEX is isolated from equilibrium .

Theorem (Bouchet:) : extvemizers correspond to Miller-Robertequiibria .



②
t-xdudioysymmehrcequili.br#
Theorem ( Dolce - D.) Let M be IT !rñ✗-aB .

For any
shear flow Z⇒v :p and any 2>0,870

y } c-Capt
""% -2

I } - 21*-1 - g IEsuch that

and
*

contains no shear flows,
}
, Engin}

when E
}
& M

}
one energy

and mountain of } .

Remark : In particular
,
Euler cannot inviscid damp

for data of the form :

Idea
,
have E- approx point vortices, Energy ~ /ogle

.

but any Shea-flow on its orbit has energy = Oci)

since may value E-
2 distributed to a set at most area E?



②

Instead
,
this is what happens :

Quasi steady , but may
have undying

periodic or quasiperiodic structures
.

Returning to the Mystery . .
.



④
Decrease of

"

Entropy
"

for ZD Euler

É

C.com/-ctURE:(Sve-ac,2oi3)Feeicw-;the orbits { wits}
,→, ,

are not precompectinl? µ

the collection of weak-* limits of the orbit {wits}÷.ie?::::::.:::::::J..:::..::-:::..:i
e.g steady , periodic, qaasipeoiodic . . .

- Theorem : ( Svensk) For any woEP
,
Idaho) contains

an 12 - compact orbit .

- Both conjectures are
" true in a neighborhood

Special equilibria ( Bedrossian & Masmouidi)
Ionescu & Tia



④
Non-Zero net angular momentum -

Zero net angular momentum

conjecture: (Molin ,Virani)
: long time behavior

tracks integrable point vortex motions !



Thank - you !



DetouronIsochro-F.ws w=FCX) ⑧

conj : ( Yudenich) : the only constant vorticity
isochronal flows are elliptical [F → domain) .

Coni : (D- Elgind:) : Y simple connected domains
,

F- a unione isochronal flow . ( domain → F)

Theorem ( D . - Elgindi) : For slight deformations D
'

olddisk domain D
,
F a unique isochronal flow .

Proof : Cohea fovuyla :

{ 4 :c }
""

= $ "
" "

⇔1-et to be isochronal . leg . elliptical) . Then
all

4 c- Oµ, have equal enclosed area

A- ( { + ≤ c }) = A- ( { 4. ≤ c }) = * ◦ C

Since elliptical isochronal flow
is stable

,
DY - const,

D D
'

✗
◦
◦ j

'

Yo
*

Constantin - D. Glasby
DX -- FIX)

Near ellipses , all steady states are unstable !



Vari_anaAppr-EeqaeesCw.tnMiche1ePokee@LetOwo-szw.o¢
,

+ c- D
,
CM ) }

0
%Eo

= Owo n { E = to}

clearly : { Seiwa}
≤ %

, ,
Eo

1-%

a {E-- Eo}
WOE.

= §
*

71%1 ≤ g-
*

Remark : if wo is Arnold stable then DIE# = { Wo} .

ᵗʰ""""""€"""""For any woe 5 with Eo
,
there exists w* , i

min

we II.
* ffcw) de

[on
oh✗

These are minimal flows
.

Moreover
,
F- € S.t.

Ecw) +HE - Eo))wµ = wf [
•

1W've≤ 1

No datum WOEX is isolated from equilibrium .

Theorem (Bouchet:) : extvemizers correspond to Miller-Robertequiibria .



Proof relies on the following characterization

if ✗ = { f : Ifl# I }
←

Shnirelwan
,
Bauer-Garbo

Suerak

F-
* ↓

%E◦

= { WEX : w - kwo for K c-K}

m
m
/ ↓ " _ ' '+ ≤ feet,

teen}
= { wtx : Sw=fw◦

= { wax : fu --fw◦ , Stan
≤ Stew taunt}

M M r M

w
.,E◦

= { well :fw=fw◦}
.

E.y : Wo =
, ,
MMM +1

,

then D-
*

m M

Minimal elements exist by weak-* compactness . They
are stationary since for any permutation of

cubes Q
,
& Qz
,

the mixing
kˢw= Ii -Du -1 Ewf

!qE(k%w*) = 167×1 - whiten)) (4%1-+7%1)
Qi f- permutations
I 0 on 70

aid Q , -

⇒ (with - Icy) ) (47×7-4%1) 70 a.e. ×,]
≤ ◦

Monotonic w=FC4) since

let wtx
,
ktk

,
wi-kw.J-k~c-ks.to w=Ñw ,

iff If CW ,) = If CW )
for a strict . caw. f.



23J

Shnirelmansconjeture
• Numerical simulations indicate

that the longtime behavior

is not typically stationary ,

but rather some
time dependent

solution . - periodic , quasiperiodic
etc

. .

• This indicates that Euler is not a completely
effective mixer

, leaving solutions
" trapped

"

in

time dependent regimes .

CONJECTURE : ( shrine/man , zoi})
The space of

E- compact louder Euler evolution) vorticity
orbits is

the weak -* attractor for the Euler dynamics

a Note ,
the space of compact orbits is at least

(Inviscid damping)not the entire phase space

(Bedrossian
- Masmoudi

,
Ionescu - Ia)

• For any w◦c- LT at least one long
-time limit

corresponds to a compact orbit ( sire ,-
'

at )


