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Detailed Outline :

Lecture 1: . Equations of motion and basic properties
• High Reynolds number behavior

, exp .
& numerus

• Kolmogorov 1941 theory
• Landau 's Kazan remark & intermittency

Lecture L :
. Onsager's conjecture and dissipate
weak Euler solutions .

• Examples of rrauomalous dissipation
"

or convex integration constructions
• Burgers
a passive scalar constructions .

Lecture 3 : a Transition to turbulence

• Kolmogorov 's flow problem .

• Stability of laminar state at How Re
' '

• Instability of laminar . state at
"

high Re
"

Lecture 4 : (lheshulkin & Sinai )

° Bifurcation to stable secondary furs
near onset ( Yudenich .

'a long time behavior of ideal fluids
near laminar stinks.

• Miyagi instability and infinite tin growth

( Koch
,
Nadivashvili)



Transition (Dynamical progression ) to Turbulence ①

Consider the ODE

• Ft ult) = Flutes)
h (O) = Uo

the variable u-ult belongs to a linear space
H called the phase space

and F: H → H
.

Two cases :

• finite dimensional H = Nd
• infinite dimensional H = a Hilbert space .

217 fluids fall into the latter category with H -- Ir
or # = H'o (depending on regularity of external force)

L! = { ut LZCITZ) : e
- u -
-

o }

H'
o

= { u c- H' CITY : au - o }



②
Fences = F- (ult))

,
4101

-

- Uo

• We are interested in the t → a behavior .

• Generally Flu) = Fycu, for some parameter fu .

long time behavior will depend strongly on

y .

The role of fu
will depend on details of system.

Here is a schematic of STAGES : ( Landau)

① For f small , for Yi , there exists a

unique stationary solution
u= Us

, ,
ie
.

ai.iiin.is#sI:iie--:iaitraotsau.sitsJ
UCH → u! as t

-so .

③ For larger p , y ,
< f

a

Yz ,
other

solutions at * I appear , yes
,
Uss , . - - -

and u ! loses stability . We say a
bifurcation has occurred at

µ= µ ,
.

The new solutions are typically stable and
each have a basin so huh -7 His
fur some i- 2,3 . . . .



③

③ when q
is further increased

, 1424<43 ,
a Hopf bifurcation can occur . In this as

the flow doesn't become stationary but rather

:÷÷÷÷÷:÷÷÷i÷÷:÷÷¢CttTl= loft) .

Apriori, the value
ya ,

solution 4 and penult

are all unknown and a detailed analysis is required .

From this point , we can either a Feigenbaum
,

cascade of period doubling : ¢; win peaadg 2T
,
I'T
,
.

.IT
or

④ For larger y , y , Cy C 44 Invariant tori

can appear ;
i.e .

ult) - 4ft) → o
where ¢ is a quasi periodic solution of CHA)

414 = glue , t , . .
.

,
wut )

where y is periodic with period 2T in each

variable and Wi - YT
,
am rationally independent

heal numbers .

Flow looks chaotic
,
but fourier analysis shows system

has discrete frequencies.



④

④ For y
> Yy ,

the flow is chaotic
,
a stage

when uan looks completely random for

all time
.
Fourier reads a wide - band spectrum .

One can show

UCH → X as f- → A

in the sense

dist ( uhh , X ) → o as C-→A

Thigh
Here
,
X is an invariant subspace of It

,

' ie .

SIX ) = X H t > o

where Sf is the semigroup of is = Fehl .

The set X
may be extremely complicated

(fractal) with complex geometry (non -smooth )
.



The Kolmogorov Model
⑤
-

Analysis Seminar 1958
"

Theory of

dynamical systems and hydrodynamic stability ?

Consider the Mohon of a

two - dimeatonal fluid
,
periodic

with period 2542 Ila X

and period htt m y
'
. Fix d>o

,
L> 0
, 870

On ITI [0
,
ziva
,) x ( o, at L)

consider
/

It ut u - DU = -Tp t v DU t y f
p . U = O 2tL/d

{zudxdy
- O atL=Nr

The forcing f is taken to be an eigenfunction
of the Stokes operator : A - - IPD

Af
,
= Xf
,

can be constructed from eigenfunctions of Laplacian
f THE, where -Dq

,
= Xq
, ,

fax -_ o

example

( s :c .mn) or (
" "oh") n.me N



⑥

(Arnold and Meshalkin
,
1960)

Vorticity equation : w= It . U = 2. Uz - ku ,

←
DEE XE*

J w t u - I w = u Dw - JK q ,t

Representing u = Tty by streamfunction it
,
w- A.4

ABY t TCU, BY) = u 154 - yxq,
Jca, b)

= Tta - Tb

Note
,
this equation admits a laminar solution :

I = IT
,
9,

since
,

u II = XE,
,

TCI
,
DI ) -- XJCI

,
I ) - O .

The velocity corresponding to this solution is

a- i. t.EE'. :( "nos )
This laminar flow is the unique steady state when

y
-% is small

,
and is the global attractor for all data .

µ
is order parameter : instability , periodic.in

- time , turbulence . . .

Exceptional (trivial case) : when X is smallest eigvalue,
"gravest mode

"

is unique global attractor for all 1420 !



Real World ①

bukhov
,

"

Kolmogorov flow and laboratory simulation of it
"

( 1983)

Virtual Reality

µT simulations done on my personal computer

using public ally available code writer by

f- fusion ) Navid Constantinou



Arnold
,

"

Kolmogorov's hydrodynamic attractors
"

Iggy ③

Uppes Kolmogorov viewed the sequence
of

bifurcation picture as one possible
"route to turbulence

"

quasiperiodic flows with 2
,
then 3,4 . - r

( 2-tori
,

3-tori . - - in phase space) appear subsequently .

Kolmogorov asked if an infinite sequence of

such bifurcations could occur within a finite

parameter range (as in logistic map picture)

NOD : Ladyzheuskaga (19827, II
'
yashenko ( 1983) .

dim
#
(Attractor) E 's G

" ( it log ¥)
"

where G = Hfllptz . Constantin - Foias - Temam ( 1988) .

dependence expected sharp (agree 's with Landau 's D.of arg)



Arnold
,

"

Kolmogorov's hydrodynamic attractors
"

Iggy ⑨

0

Here
,
we try to build up the picture .

AHractorpimenslono.ES#HTRe--o/Re-Rey Re - A

fixed point first transfer
349 Kolmogorov 1941

attractor Meshalkin - Sina, 49611 Onsager 7949

Yudenich (19657 247 kvaichhau
Batchelor

Phase 1 Phase2 ? ? ? ? ? ? ?? Phase a.

PAINE :

theon: there exists µ*= I, such that for all

µ
" ft , the laminar solution is the

unique stationary solution and attracts all

orbits as f- →o . If tix . . true
for all µ .



PHASE II : ④

THEOREM : ( Yudenich 1965) . Let LtCol) . Consider

Navier-Stokes forced by posy with 870 on IT} .

Then
,
there exists a critical Gra shot number µ*k)

which is a monotonically increasing function of a

satisfying

L'Fo ¥4 → r2
,

L'I , paid → o .

"

:÷÷÷÷÷÷÷i÷:÷÷÷÷÷÷÷÷÷:::÷÷÷±÷:
(3) For ly - f*lKl, there exists a two-dimensional

manifold of stationary States which bifurcate from

the laminar state and are linearly stable.



Yudovioh 's Bifurcation , and its fate ④

Elements of the proof :

step 1: express nonlinear problem and its linearization as

- eigenvalue problems on the Hilbert space
H2

t -- Yu ( 4
-

cosy) statuary.

Then the perturbation 4 satisfies nonlinear equation

£4 =p sing 2×14 to 4)
t

p
Jct

,
Aol)

Its linearization heads

£4 =p sing 2×14+154 )

These read NED ) = ¥4
5147 -- fu ¢

in H2
,
it,glue

-

- ftp.tdg .



Review ode Bifurcation Theory ④
-

Gail -- XU egg in Banach space X

ca) G -107=0

Cbl G is compact
Cc) G is differentiable at u=o with compact A

- Gto
.

Consider Ss { cause Rex X : ufo
,
tu = GUT }

DEF : A bifurcation point X* is such that any

neighborhood of (¥0 ) there is a point 144 ES

Bifurcation points must be eigenvalue, of A

by implicit function theorem
. Reverse not true but

THM ( kvasnoselskii ) suppose Ca) - Ccs hold and that

X* is an eigenvalue of A with odd multiplicity .
Then X* is a bifurcation point for Fai - Xu -GE]

Global refinement by Rabinowitz
.

• To obtain information about multiplicity of eigenvalue,
we study also adjoint problem and find ecgenfunc
with same X and not orthogonal to original eigenfunction
⇒ X simple

• ( simplicity in subspace)
. Consider ¥ah= - th

eigenvalues : X - K
'

eigenfunctions Sh Ckx)
,
cos Ckx )

T 9

geo = alg mutt -2 odd
]

even

simple in even and odd subspaces
.



• we restrict to even and odd subspaces to ④
construct a simple eigenvalue

• We apply these theorems in the setting of

X - Ite Ho
'

G - N
,

A - L
.

I I

• To construct eigenfunction , note any such is a

linear combination of

4ncx.gl = eianx E cancan, e.

im 't

ME TL

Then Cu = dm / ( K2 tri - D with lean &

*) am dm t dm- i - done , = 0

with
z (Ktm't

'

Am = --
°

µ K ( K2
+m2- l)

one derives characteristic egn .
'

Fly) : = ÷ =
- as

* *) La, .dz
,

.
.
- I

2

1
11 Converges by
- Van Vleck Cove-yes@
a
,
t 1-

an
+ a- theorem and

as' '

; love- hard on an .

µ is
a real root of CA) iff da solves * *)

du# O



④
PHASE A : (aspects of it )

Kolmogorov 's conjecture move precisely

V- I.

Arnot 'd
1991

,

1999
,

2004 .

THEOREM :(Babin
- Vishik) Forde (oil) and y 7 4*-14*12)1983

22 LL ) I dim # ( Attractor) E L ( it a"4) .
\

dimension of unstable manifold of laminar steady state .

"i:o
# of boxes of side length 21T in Zeta by HT rectangle .



Consider only steady States I
= Fu , F- Iz

④

steady { y
( ri -DE - Pp ) = 175 + Dci tf,

NS
I - un = o

f uidxdy = O

-2
Ha

THEOREM : let {uY3po be a family of H'( ITI )

steady solutions of Navier-Stokes . Then ful
"
-7 UE

strong in H
'

as y → A whine nee H2 solves

UE . put = - Ipt
→ . WE = O

f UE dxdy - o
with the additional

constraint
, lltlutllp E HAUE# E X Kaine

T
,

Remark : o to normalize
,

Kolmogorov suggests J=V
• nonempty : applies to laminar state (saturates

I - Imf, .



④
Numerical observation : By following on branch

of the bifurcation diagram .

←

seems to converge
to elliptical vortex pattern .

On right : assuming solution is 2 modes and

saturates lower bound . Not solution

except when L→ l.

Conjecture : F a sequence
of steady NS solutions

with non - trivial but shrinking basin of attraction

as y -70
. Thus strong Kolmogorov would be false

.

Arnold - khesin (1999)



THANK - YOU HB
•

Did not have time to cover

a long time behavior of ideal fluids
near laminar states.

• Mixing ; instability and infinite tin growth

( Koch
,
Nadivashvili)

• Wandering solutions of Euler

Nadir ashv.li
,
Shnirelman

( Khe sin - kuksin - Peralta - sales)



④

LEMMA. Let Keane coil) . Then * *) admits

a positive root y* =p* ( k) and it has only
this one root . If k > I

,

there is no root .

Lemma : let a c- coil)
.

The problems

kIH=T4 EEEI - II
have exactly ¥1 positive ( as many negate)

eigenvalues Yy . Each as. multiplicity two.

THEOREM . . There exist exactly Lat) positive numbers

oey.
"'
e fame - - E pines

which are points of bifurcation for NS. Each

corresponds to a branch of eigenfunctions

- X >-yo
'm'

> - -
- 7 - Mf" 7 - p!

"
> 0

.

are also points of bifurcation .
The

spectrum also contains the intervals :

Ciii .ci
"
)
,

Cy.
":*" . .

. . gu.
" -"

in.
"
,

If m is odd
,

tncludes Lpfm , o) . Also reflections.


