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Lecture 1: ①
-

The Euler equations ( derived in
1757) for

velocity vector field next) : rxlRt→ Rd

internal pressure
field plat) : rx IR

"
-7 IR

V

• conservation of mass ( incompressibility )

Tf . U = 2
,
U
, -12,42 t .

. - toddled = O

• conservation of momentum (Newton's second Law)

f. ( treat u -Du) = - Ip

These are supplemented with

• initial datum no for the Cauchy problem
• boundary conditions : e.g . IT

D=
E- it, HID periodic

or u.info non- penetration
consider a particle yr

¥tXIai=u(Xtcaiitl

a.
qq.ca,

⇒
e in =

- Tlpcxeeayt)
m a

= F

t

dettlxe-expffr.ua/s,slds)-- 1

Energy conservation on smooth solutions :

ddtfloluidx = - tofu
. (u.putxp)dx= -pfnu.tl/'zIuftP)dx-.---eofnn.nCEiuftp)ds--o .

El



②
pressure :

• enforces incompressibility at the motion,
recovered from the velocity field

duc Zu tu - Pu = - Xp )

- Dp = I . In .ru)

. defined up to a harmonic
function . by the above .

To determine the pressure , we require boundary
conditions (e.g . periodicity I mean zero) .

Vorticity .
W = ( 2243 - 2342

,
236 , - 2,43

,
2,42 - 224 .) = DX U

geometric meaning : gives an axis and strength of local rotation

using the identities

• In .HU = wxut It lull

• xx (wxu) = (u -Pl w - Cw -D)u ( since ¥ : %)
one derives the evolution 7

347 Aw + u.tw = w.ru . #t#f^
r

Nute : if u - druggy
,
424.gl ,

O) then

w = ( o
,
o
,
It . Lu

, ,y)) ,

It := f-2,2,)

⇐ a.wtu.tw - or

iyft4:b
"""



①
Kelvin theorem: The circulation around the curve Clt)-Xfce)

is conserved by smooth 3D Euler flow
,
i - e -

I § uh -de = o tf t >o .

It
cut

⇒Bht
.

mm : erin

:÷¥÷:i:3.
" """"

Remark : In fact
,
the circulation theorem holding for every

rectifiable loop characterizes smooth solutions of Euler.
T

Prout parametrize Ccs) : Eo
,
→ C

. Then

Xtc ) = E Xtccesi) : se Toit) }

xffujllti.de = {
'

ucxtcccss) ) - day Xelccsi ) ds

✓
(HUTU a) Cxtcccsi)) =

-Tlpcxtlasd)

dttxfujlttde
= & Itu#Kisi)) ' das# cess) ds

1- !
"

u ( Xtlccsi) ) - adj ucxtcccssllds
← = IIs Ruthlessly

= O . ⑧



DHe¥dox : in an irrational Euler flow
,

④

the drag force on a body moving
with constant

velocity relative to the fluid is zero !

"

planes cannot fly in an involutional Euler flow
"

- #

-e mean
I #-
Eulerian picture Reality

solution : one must take into account friction forces
between adjacent molecules .

,
i.e . Viscosity-

C. L . Navier (1822) and G. Stokes (1845) derived a

model for this under the assumption that the shear

stress is proportional to the symmetric part of the gradient:

Hutu - DU = -Xp + VDU + f
p . U = O

• the parameter v> o is the kinematic viscosity of the fluid

• the function fait) is an external body face
.

• widely accepted model of Newtonian fluid flow
, arising in .

the joint limit of small Knudsen number and Mach numbers

Rigorous Quastle - Yau (1998) from Lattice gas model

derivations: Saint - Raymond ( 2003) from Boltzmann

Spohn (2012) from molecular dynamics
under assumptions



④

Non - dimensional,> a ton ( physical laws hold independent of crack)
• U : characteristic velocity of the flow , e.g vous ff lur)

"?

• L : characteristic length in
the flow

,
e -g

. domain size or

period

Note
,
all the terms in NS have units of acceleration Luiz .

Non - denationalizing ut Ulu , x → 4/2
,

t → thru

Itu t u.RU
= - Ip + I Du

Re
p . u = 0

The non- dementiaat number

u. Tu

Re = UI re -
v vDU

is the Reynolds number . It measures relative strength
of inertial forces ( nonlinearity) and viscous forces :

• bacteria Re = 10-5

° blood flow Re = 10£

• MLB pitch Re = 105
8

• wake of blue whale Re = 10

a wake of Boeing 747
Re = 1012

:

Note : in experiments , one often uses the Taylor - scale Re

Re
,

= If ,

I -

Typically Rep> Re
.

f"""



⑥
Van Kairouan

vortex street
behind cylinder . Re = 105

Van Dyke ( 19821

Frisch ( 19957

Wake behind
two cylinders

Re - 240
Frisch ( 19957

Wake behind
two cylinders

Frisch ( 19957 Re -- 1800

Homogeneous
turbulence
behind grid .

Re = 2300
Frisch ( 19957



Goals and obstacles for Mathematics ①
-

• in real flows turbulence is generated at boundaries .
However

, universal statistical features a-d small scale

behavior are expected to hold away from
walls .

• given the complexity of the flow ; it may be
unreasonable to hope to make pathwise predictions .
Instead

,
one may hope to predict averages / Statistics

Physicist & Engineer Approach

• perform accurate experiments and simulations

• provide phenomena logical theories based

on heuristic principles and data fitting
• often do not formalize precise statementsquestions
about turbulence since they may be hard

to prove and one may give counterexamples

Mathematician Approach
• prove,

from first principles ( from NS or E equations)
some experimental

"

facts
'

. Due to the immense

complexity , these are often of a conditional
nature

.

• Identify constraints on solutions of PDEs

which make them "

physical
"

or

"

observable
"

.



Observables and Averages ( Idealized setup)
⑧

• to achieve a nontrivial statistical steady state
,

one drives the fluid with a force acting on
low modes ( large scales) .

Typically f - f-Cx) or f = ocxidwf .

• example of observables F of solution U :

kinetic energy , dissipation rate, structure functions

energy spectrum . . .

-

In theory :

• attractors : long - time averages
T observes

← solutions

Ifan) = F'Ix f f Fluitt) It close to or on

attractor
0

• statistical mechanics : ensemble average, is steady state

{ Ecu,> = { F "' DMR! ergodic invariant,
• Ergodic hypothesis : these two concepts agree

note : sometimes f. ) includes spatial awe. Follows if
homogeneous.

Practice : • (finite window) time average once reach equilibrium
.

-
. ( singular data) achieving equilibrium is hard

,
can result
in roughdata .

• (Taylors hypothesis) l - Ut
relates timedspace lags .



Anomalous Dissipation of Energy ⑨
-

The fundamental postulate of Kolmogorov 's 1941 theory,
the

"
zeroth law of turbulence

"

is a non
-vanishing dissipator

as the-70.

Itu tu - Du = - Ip + VAU tf e. u = o

For dimensions d73
,

the only known a-priori
controlled quantities which are controlled is from

H'zlui ) + D. ( ultzluptp) - up 'ziui)= - v ul
'

t f. u

provided the solution is smooth . Thus

d
*) ft ftluldx = - r f Mul

'
dy t ffudx

Id Id Td

Gives apriori control of the solution in

u e LIK. hit H'× .

Levay ( 19347
used this energy balance for a

suitable approximation scheme combined with

a compactness argument to prove existence

of a global - in- tune weak solution of NS

• These satisfy f ) with E .

• It ut it,× then interpolation gives UEL! W!"
⇒ f - = -

hinbrot 74 )



④
what is known is the equality ( Dachau - Robert , 2000)

A. ⇐ lui ) -117 . ( u ( 'http) - up ) limp- paid
+ u. f

where the exit) - distribution DEUT is defined by
a weak form of the Kairouan - Howarth - Mon in relation :

DEulcx.tl = L'If 4/174, Ir) -frucx.tt/8rucx.t7l2drpd=OCde-ueP)h-7--
where frucxct) = ucxtr

,
t ) - unit) and open -- tea 4( I ) .

DIR show the distributional limit of It
, objects

is independent of the choice of ol .

Moreover
,
it is nonnegative .

Pyroot: Let he be a Levay regularized solution :

Huet ( Getty) - P Ue = -Ppe tubule .

Then
,

me → u weakly in LIE, n LEHI,
and strongly in Itp . Thus

DEUT = L'Io vltluel
'
- v h7ul2

For
any 4 e CF

,
470
,

the map at ffcriuludxdt
is convex and lower semi -continuous writ. the
weak topology on ht H'× . Thus paid 70 .



Understanding the detect distribution :

HU t n - IU =
.
. .

Let U= Ucxst) and n
'
= next r

,
t) . Note

l-70

{ fate = t f Ge un ' dr → I Sini
Devine equation for UU

'

- Alun
' ) = u . ( u

'
. # u

' ) x n ' . In -PUD
= u . ( u

'
. # u

' ) t n' . div ( n ⑦ u)

= u . ( u
'
. # u

' ) - uoxu : Xu
'

+ div ( Cau ') U)
.

u . ( u
'
. # u

' ) - uoxu : Xu
' 'Bru)

}

= u . ( cul - n) . In
' )

= u . ( free . D U ' ) Th, ucxtrl = Tlrucxtr)
- Dr Sru

= u . ( Sru . Dr Sru ) = u . dwrl Sru ⑦ 'Sru )

= - Sru - dur ( Sru ⑦ 'Sru ) - n ' . dur (Eu ⑦ Sru)

= tzdnr-8.uls.nl
') - I dw×[ lull

'

Sru]
'

-274 - u
' ) = - tri [ Srulsrui) t Thi J

¥5 - paid



④

Thus
,

for weak solutions of Navier-Stokes
,
we have

¥ Eft) = fpfujdy-vfltuidx-ff.ir dy
Td Td Id

we define the energy dissipation rate (per unit mass)

ETUI = ftp.uidxytvfflruidx)

Experimentally , the zeroth law of turbulence

{ =
liminf { [ u] 7 O

v -70

Non - zero energy dissipation in the inviscid imit ! !

REMARK : 3D Phenomenon !
Theorems say

AD cannot occur in 217 flows

without boundary and smooth forcing.



④

Sreenivasan
,
1998

Pearson
, Krogstad,

de Water
,
2001



Kolmogorov 1941 Theory
④
-

Assuming
• E = life to Eke > o Zeroth law

• feznucx) = ulxtlz) - UCH homogeneity

has same law for any xe IT
? and

and
any zest

fore
isotropy

in the inertial range : ly k l K
L

• there is a unique exponent h>o g.t .
self

SHIU has the sane law a, yhgeznu ,

similarity

Montour h=V3 to be consistent with 970.

Predicts:

• lu=v3" E-
"4 (only length scale written

,

Mel)
molecular diffusion dominates

• For pill , define the longitudinal structure function,

Sp
''ll) - fffyeucxi.es

" diddy - Cee)"3
ITS SL

where C. ) is an ensemble long -time are .
• 41514 law holds

site) =
- II Cee) as Re → a .

for l in inertial range .



Numerical & Experimental Evidence ④

Iyer et al . 2020 Chen et al 2005

3j-f.7.lu:7
"Isil) tip ,

- es) # us. p

log (Eel

pipe flow Re = 230000 DNS Re -- '1300

Sreenivasan et al
.

1996 Iyer et al . 2020

Sj'll ) =
- Is Cee)



Landau's Remark and Intermittency ④
-

Famously , Kolmogorov predicted

Consequence of
73

- 5/3
Elk) - E k self -similar theory⇐

2/3 11

seeing spies - cell
"
?

His exact 4/5 th law ( rigorously justified by DR 00)
Siler Lee) .

Lets call 3p the scaling exponent at small scale,

Sp
"

er) - kept

Landau :

1942 the rate of energy dissipation is intermittent
.

I. e.
,
it is spatially / temporally inhomogeneous .

Thus 3p should not be a constant multiple otp .



①
← laboratory

Meneveau & 1991 boundary layer
Sreenivasan

←
atmospheric

surrogate : boundary layer
a- tats

'

subject of

many attempts
to

Use renormalization
group . Suess in

←
Kraichaaa model
when small param .

Frisch
is either Vd

1995
or d ( Holder index)

FalKovich
,
chertKou

,

KolaKotov , Lebedev,
Bernard, Gawedzki

kupiau@n .
Models :

Kolmogorov
a log - normal : 3p = Iz - Iz p ( p -3) , y - 0.25 igbz

• b - model : 3p= Iz t (3-D) ( I - Iz ) , D= 2.8 Frisch etat
1978

• log - Poisson : 3p
=

Eg t 2 ( I
-F) Is ) she - Leveque 1994

• mean - field : 3p tap a- 0.185 Yak hot 2001
b - CP l b = 0.475

C = 0.0275

NEED : mathematical framework to impose constraints .



PUZZLE : As v→o (Reto)
①

✓→ o
Hutu - DU = -Pp + VAU tf

→
zu tu - Du = - Pp tf

which conserves energy . How can E 70 ?

Generalized description : weak solutions

Idea : replace PDEs with integrated balances :

cons .

Hole Cox
momentum .fm/,z(u-2t4tLuous:P4)dtdx--0..4=o
cons ¥1,24 - P 4) dtdx-0.zyyc.co
mass

:
NEED ONLY : Utttix



Onsager 's conjecture : ④
-

Weak : If u is a weak solution of Euler
'hot then Uin the class Ctcx ,

conserves energy

strong : there exists an Euler solution with uec
""

such that energy is dissipated

strongest : Euler solutions as in Irony) should
arise as vanishing viscosity limits of

Navier-Stokes
,
ultimate goal : prove

v 11742 dxdt 7 E# 20 Hv>o

Constantin - Nicol 12018 )
,Foundations : why . weak solutions ?

Divas- Nguyen 110191

Thai. It sale ) Ecllls , SHOR
) for it let z u

'⇒

Then every weak
limit n'→ u in It, is a weak solar .

DNS data

Ige- etat
2020



/

Weak : energy conservation for c'
"t ④

-

Recall
,
for
any

C
'
smooth incompressible v

tf, V V : PV dx - fvivj 2ivI dx
-
3
It

= fpvi ai
dx

=
-¥, 2- Vi

'II dx = 0 .

Thus
,
if ne C:c ; is a strong solution of

Euler
,
then kinetic energy is conserved :

¥ fluzIdx = flu u) :Dude = 0
.

What about weak solutions ? Formally

¥, ax = fcptzvjsdx
IBP justified if u is

"
y, - differentiable

"

.



[

Energy transfer through scale ⑦

Coarse - gracing

Tech =/ Geert ucxtvldr , Geert -- Ed GCE)
yd

or

Uklx) = IP
, ,g[ u)

projection onto low freq.

If HE 47L
'

then
X l

Elt = L'Io Edt = f'I. fhieidx
-
d

11

= fi: . E.HI = II.a future'dx .



21

Dynamics of large - scale energy

Jette t D - the #Tle) = -TIPI - P - te la, u)

closure
D. Telugu) := e

- Tee Te ← problem!

If tfuecx.es/2dx---flTeEu7dx.ITeIuJ---l7u-e: Telugu ) .

It
l

L . F. Richardson



We just proved : energy is constant on Eoff ift ④

eh?. f.
"

f Teeny dxdt .

ITD

Thus
,
for a weak Euler solution arising as a

zero - viscosity limit ( Dachau- Robert 2000 )

→
ain't f→o Cc ]

In 9

÷:*.÷÷.÷÷÷÷÷÷÷÷
Rigorous form of Kolmogorov 4151M law .

Y : - ÷, Ssa .. Chu -it - I. TEN

Kaneda et al 2003 Iyer et al , Loro .



Whenever we show Ttetif → o , energy is conserved .
⑨

How should we measure regularity? Besom spaces

NE Bpo' for ps, ,
-

p
UEL

itt {www.sieFV-llkl
Note : Spee) = Kdeeullip .

THEOREM : ( Eyak 1992
,
Constantin - E- Titi 1994 )

let me 2310 it; 13,9011T
" ) ) A C. Cost; L2CITY )

with 0743
,

then

tfdlulxitll'dY = I {gluocx , I 'd x HtHgt).

idea: Follow , from commutator identities

Telugu) = f Gen Sru ⑧ Seu - fGen fru#Gen fru
Tite = - te f Glen Sru

mean . nie
: team .

⇒ lady
,

e'
"Muir;



④
This proof can be connected to NS, and made quantitative :

THEOREM : (Drivers - Eyak 2018) if {u
"

}
, > o

and of Coit?

%! 11Wh ↳ Bogo
ex ⇒ ftfvithildxdt Iv .

Id

Thus
,
if dissipation decays slowly, there can be

no uniform boundedness of Navier-Stokes in Bfi?

Experimental evidence robustly points to Euler singularities.

MATHEMATICAL GOAL
-

dissipative (1) There is data well
,
T20 and 270 Sf .

anomaly T t
's

ffultluidxdt t f) Day dxdt > E
o Tt' o I3

weak

c.mpudnes,
( 321 The family { Ii 3

, . .

is compact and

along subsequences converge to weak Euler

Onsager (3) These Euler solutions exhibit constant

Conidae mean flux f # a-g) =L and live in LIB 'S"?

Moreover, this behavior should be generic ( statistically stationary
regime



Some Consequences of Onsager Theory ④
-

• 4/5 th law is rigorously justified if Eu9 compact n P
• Intermittency constrained :

3¥73 a Zp E 173
"

. :

Multifractal formalism : ( Parisi -Frisch)
-

Assume local Holder exponents hunt [hmm
,
hmax] .

Set Sch) i g y : hey, eh}
hmu>0

,

hnaxcl

Dhl = dim ( Slu)
By definition , for x within distance rot Shh)

,

lucxerl -hey, I n th

Fractal x : distcx.su)- r ) n r
""

,

keyed-Dh)

hmat

Spiel = T Iseult
'

) n f quoi e
" + K"

~ e3p
✓min

where
in ( Splc)) n

kn
- = int { ph tklh))3,5 e-70
in Ce) h

Legendre transform

DH) -
'ft Eph x Cd - sp)} .

Used to show
"most probable

"

exponent h
.

- 0.34 ("safe"%:#I



2.5.50
Connection with Kolmogorov spectra
213dg law ⇐ - 5/3 law

sale) - fflucx-iezt-ucxlidxdwlz.nl Eck) -- feed 81k
- Ipl) 1511412

got-1yd

By Wiener - Khin chin theorem

sale) ~ l
"
⇐ Eck, ~ f-

Gtl)

5=1/3 Elk, nE3E% ⇐ Saleh@I}

Recall
'

13 is the Onsager exponent , which is
maximal regularity consistent with anomalous dissipation.
In 641

,
all l

" hare 1/3 derivative
,
so these are

connected .



• locality'te: one can show that
④

energy flux ITEEUJ
has contributions primarily from a band of

scutes [e - S
,
Its] using

Littlewood - Paley

Egiak 2005

Constantin -Cheskidov - Friedlander - Shvgdkog , 2008

• Linkbetween Lagrangian reversibility :

THEOREM : ( Drives
,
2019) Let mePlott; P ) be a

weak Euler solution
.

Then
→

F

Thug - ten:{{ lsxtfrit
' - rik

,

list:#Erin - rik
,

#
-

where it ? .s= Ie( XIs , s ) .

Note : Itai = ETUI 20 in 3d

Tfa ) = - Ifugao in 2d
,
small- scale forced

time I} 3D kg}
OR Or

a 31
Uses rigorous version of OH- Mann - Gawedzki relation ,
noted by Juha et al (20141 to link with irreversibility .



Flexible side of Onsager 's conjecture ④

THEOREM ( Iseult, 2018 , Buckmaster
- Delellis - Szekely hidi-V.ca/lq)

Let e : Toit → IR be a strictly positive smooth function .
For any deco , 43) ,

there exists a weak solution

he C
-
to,t7xT3) of the Euler equations with

ftzlucx,e)Pdx = ect) H te Eoff

long history : Schetter 1993
,

Shuirelman 1997
,
2000 ,

Delellis - Szekelyhidi 2009 - 2011
,

2012
,

Buckmaster- Delellis - SzekelyIndi 2013,2014

Built off ideas of Nash- Kuiper Theorem and

Gromov-su - principle - 43¥: Ks?.ie:4?::Yn97eIsi
.

)

IIIs : Inverse Renormalization group
( Frisch )

• Stages so
,

S
,
,

. .
.

,
Sg , . . . adding

ever smaller motions ( zit → 25
,
-7 . . .-72%-5 . - )

Ith t T - thou ) = -Ttp t T - te
lg Eq le le E

te - Fouse- Te Te 70
.

when Tre - Ewe, e
"" tick, and l :- 29

Must show Teg IO
as q-20 .



STEEL : ( coarse -grain ing). Take output of stage Sq .,⑨
and apply F)

eq
.
Filters out scales Elq .

EP2 : ( Euler dynamics)
• from previous stage ,

have approx solution
to Euler

which is fattened in STEP I to kill a"

frequencies 229 .

GOAL: Improve error from being sun by letting it

evolve in time I develop smaller scales

• evolve on timescale 4ha where e-I? search.

✓
evolve Hz of

T L

-

TTTT T .° A
glue blue

S3 : ( small - scale perturbation)

To compensate the
"stress from previous stage

by adding small scale perturbations at sq

at scale 2-E . Amplitudes are used to reduce

stress . Analogous to Nash's isometric embedding
const.



Remarks : . Because the equation for subsolutions
④

-

is highly underconstrained
,
it is

Subsdohkol
easy to construct them .

\
. An iteration process reintroduces

U

weak solution high - wavenumber oscillations
,
perturbations

f designed to cancel low frequencies
high they CB.m.w.vn 't

ogallala us
of old stress .

introduce a Difficulty lies in controlling error
stresses

. Accomplished by judicious
in passing

to terms

weak limits
choice of building blocks .

• oscillations introduced in highly non-huge

way ⇒ infinitely many solutions
.

• Solutions ane
"
monofractal

"
in that the velocity

has just one exponent h , which can be Ys -
.

They have
"

Kolmogorov - like spectra laterite ) .

• Notable recent exception : Buckmaster
- Magnondi - Novak

- Vico
,
21

Solutions with > kg derivative In L
' b't ←43

derivative in Is constructed . Towards more realistic flows!

• High degree of non-uniqueness! Dissipative Euler solutions
do not provide a predictive theory alone . Must consider viscosity

I



Examples in related models zu -12,#us
-0

-

① Burgers equation : u : Tx IR
"
→ IR

Aut u2x5=va# ¥2,
UZ

Remarks : a for u>o
,
model is globally well posed

• for v -
-

o

,
model shocks in finite time

.

~ → ~ → z
what happens to the dissipation aftershock forms ?

Exact Id solution : Khokhlov Sawtooth

uixi - I Ix - L tanh (Et))

{
- Lex Eo

x - L Ix E L
t

EYxits-vb.mil
'
= 44g, sech

'

( Ir )

4¥33 fix) , Due was - n' lol
= Ift.hn

.
mi::÷::÷÷s÷÷:*.global
• such Solus . necessarily dissipate .



Moreover shock solutions (entropy weak Solus) ⑦
with countably many shocks live in :

ne LILL? n Bk, )

,

"
:

i
.

" "
t
. ;

,

'

: i
.

" "
i
.

Since TABU E B "p"
0

,
pal

.

shocks live at the Onsager -critical threshold.

They are also intermittent . u -
- I

-

III !:

TfeuMY = IT lucxtei - ucxilPdx

-

- C - E) ( El
"
-i fit I

am
"

{ ¥
" oa

;;;
"¥.¥t÷.
¥7

>

Treatable =id.int?oiadwIMathematicalDneum-: E- Khania- Mazel- Sinai 4992,2000)

Unique invariant measure yo supported on entropic shocks,
realized yr -yo . displays AD & Intermittency .

Review : Bec - Khania
"

Burgers Turbulence
"

2007



P : let oeipixttd→ IR satisfy ⑦

&@
"

t n . DO
"
= r

Dok

Ti - U -
- O

OT = Oo
"

,

fookdx - o
f-- 0

Here
,

O
"

represents temperate or dye being
stirred

by the velocity U
.
Scalar

'

energy
'
is dissipated :

1- ¥1104
'

dx = - tf okidx
2

Even though the the velocity field
does not feature

in this balance
,
it is crating important to

the process

⑦ thews.
Velocity outs to filimeut the scalar, causing

170k to

grow and contribute more to dissipation .

Apn:?j!IL : k ! ) lioiydxdt 7×70
Donais - Sreeni 120051



0µVGorr$in95)Reovy
'turbulent

' velocity
"Utd

"

recoil

gives rise to
"Oecd

"

with b - If .

TEEM! Suppose ne L' coat; Cd ) , at co ,
B
, incompressible .

Suppose {O"3e>o is uniformly bald in Lolo ,T ; Cb ) ,
then

k IDO '42d×dt E c k
'

.

In particular
,
if f> If there is n

ss .

This can be refined under stronger assumptions

suppose we Licloiiw") nitwit ; i)
,

then

III. If IDO'T'dxdt -70
if b=¥ .

No (deterministic )
'

rigorous examples of anomaly !

kraichnan model : Bernard , Gandaki , kupien.ua ,
Falkovcoh , hebe

.

.de?
Stochastic fluids : Bedrossian - Blumenthal - Punahou - Shih Goro- I



( Drivers
,
Elgludi

,
Iyer, Jeong , 2020 )

"÷÷÷÷:÷i÷÷÷÷÷÷÷÷÷kfotflpokldxdt 7 X > o
[

where 410. d) .

k¥5 : • In our construction,
O
"
retains no Hilde- regularity .

Thus
,
in the endpoint case 8--0,2<1 , this

demonstrates the sharpness of the Obukhovcorrsitheoy

• gives an example of non-uniqueness to-

weak solutions of the transport quahon .

Simple consequence of time irreversibility .



⑦
Proofotthetheorem
balanced growth implies anomalous dissipation .

LEMMA
'

. If we Lef,Coit; W
'T)
,

Oo EH
?

and

¥tµ"0"d×dt=+o&k%"""%I?kftfmo.cl?dxdt7CEYloolp=X .

proof : Tiake Holy" , T -
- l - §.

tzda.io"-oyi-kfdo.co"-a ⇒ to
.
-aye fig.fi,

For contradiction
,

assume F ka -70 at tic! X . Let IT, CI

k fo"ioyI,dt= 1 . Note Tia -71 as k →a .

Interpolation:

lo -oil 'm E lo -oiledo- o't # E
"

lol ,j ,
on other hard

to'4µ 71101µs
- 1.otolith

> ( I -
2"
'

8) lotti .

The boxed terms give love- bound on dissipation contradicting
assumption .



With this in hand
,
we proceed with the construction .

④

Our building
block is

E- regularized Sawtooth

XERO
,Tz
-e)

said Sd" "
yecx-I.eejxe-FE.si 'M

'
'Ii

.

e

::

Enjoys Isil
,
El but 1541g - Ye .

Out of it
,
we make shear flows

Unix
, g) =

±( "o
' "" ) horizontal .

Fix and. .ae...

€4:" ) regs:[
t;
-

- Ii
,

n ;
-

- z
""

,
g.
semi
"

.

÷ an:* ⇒ mmmm
Im
too E-I



Transport by shearing is solvable :

¥0 t SCNY) 2×0--0 , Oleo - Oo

⇒ OH = E. ( x - t singly) .

Thus
,
at tj -

- Ii

Oj ix.g) = Oi, Cx
- ti sing) ,g) .

One can they show

• to;¥xcii" Holm Di÷÷!¥
• Hilux E Catti't't '

K

• 101ha.IO/itkcal9ilij .
Lemma applies . Note Hayao

- ¥+5 - k¥4011:p .
Moreover

,

for any
St Cod) :

Geass ,
'

-j
' "
horns ,

s jtini's -22
< a

once we
choose

Ocd =
I - I

.

S



Some open issues
-

Construction of u that works
for ad data

.

①
Randomize ?

② Sharpness of Obukhov - Cousin theory

QUESTION: Doe, there exist div - free

ne L' lo ,T ; C
-
( Td ))

,

LE ( oil)

and smooth initial data Oo

such that { f
"

} o
is bounded in

flail ;D ) , e -
'II

and

I

FYI! K loot 'dedt > 0 .

Note
,
as velocity gets rougher,

the scalar is smoother

③ Euler blowup
QUESTION : conditions on an

which would ensue anomalous dissipation for

Naver - Stokes .

Recent Euler Blowups? Elgindi Guo - 7



Extensions and Different Directions

Nguyen ,
Farge ,
Schneider ,
2011

• bounded domains : Ba-dog -Titi 12018)
,
Drivers- Nguyen 120187

HE BE'T interior) +
TECH ,

I] 2ft-o)

-← dustcart - V

///f///T velocity equivalencies

← Kolmogorov length

o
-
- Yz ⇒ v

't't' BL . Theory makes contact
Blasius -

-

auesmis:::¥r,::;÷::÷¥÷:::

Polymer Drivers - La
,
2019 ← polymer included only at wells

Rough vials : Mikki
, Teigen ← only near very special

flows .



Richardson 11926) : f µ ,
it, - x. (tip) n Et

} ④

Toy understanding : K 'll velvety Sean Cees
"
?

a 43
Ex - su ⇐ ( ssx ) ⇒ 18×4*3

£

Spontaneous - stochastic .ly :

Bernard
,
Gawedzki - kupcenan ( 1998 ) . . .

Gandaki - Verga ssola ( 2000) . . .

Eyauk (2006 .
- - )

Drivers - Mailly baev , Divas
- Mailgbaev - Rai betas oho

,
2024

ALSO IN SPACE OF VELOCITIES ! kraichnaa - Leith

Kolmogorov Arnold - khesin
1958 - 1959

Seminar



NEXT TIME

Lecture 3 : a Transition to turbulence

• Kolmogorov 's flow problem .

• Stability of laminar state at How Re
' '

• Instability of laminar . state at
"

high Re
"

Lecture 4 : (theshutkin & Sinai )

° Bifurcation to stable secondary furs
near onset ( Yudovich .) .

'a long time behavior of ideal fluids
near laminar stinks.

• Mixing ; instability and infinite tin growth

( Koch
,
Nadivashvili)


