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How do fluids move in the Platonic ideal ?
7.

M⑬ q = 404

· State of the fluid is a differmorphism, preserving
volume.

de StiM : det x d = 13 = SDiff(M)

· The motion obeys this constraint
,
but is otherwise free

Diff ↓ Tif
= God : nM-M 24 : 0

,
n. ulm= ob

1# NpSpiff = Expo4 : p :M-I3

&Spit D'Alembert's principle Euler equation

De NpSpiff EX
G + U

.XU = -XpJ↳ SDiff X u = 0

-



2.

The Euler equations : "Flow of dry water" - Feynman

2n + n - Du = - Xp
X.u = 0

D Local well posedness for utC"* Global in dim 2.

(Holder
,

Wolibner)

Conservation of Energy midx= 0

We call this good situation "not turbulent"

& Finite time singularity in dimension 3 (Elgindi)

Moral : Cannot stay in the non-turbulent regime forever.
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What does turbulence look like ?

Wetwater governed, to some approximation , by the Navier stokes equations

↓

Eh" + uDn = - Xp" + ~Dur v =

Re
X. =0



How does turbulence behave ?
4

Studx = vSidx-E "Zeroth TThe

Termed anomalous dissipation. Necessitates Mulproughness



↑

Practical Ideal Turbulence
5

M = π3

-

E numerical simulation
of spatially periodic turbulence
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Observations on ph order Structure functions :

Besor space
he Bio iff

Sle) :=xtel- net & Sple)=e

that Se) : 12 For some 32T0 gives [ precompactness.
As such En

,
where h is a weak solution of Euler.



Kolmogorov's 1941 theory Chomogeneity, isotropy , self similarity) I

~

SYe)-(ge for Ittp
,
11] "inertial range

- Sp - (334

For instance
,
Sit)-1E ECK)=-E



Kolmogorov's Y5 and 413 law (modern interpretation ( J

Theorem : Let i be sequence
of Navier-Stokes solutions.

Suppose Subro has a uniform & Modulus Ple=PS cell,

If n-> n in ?, there exists a monotone sequence 1000 sit.

limsup/+ , 4) > Pu
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Sple) :=xtel-de
M

-

-

Sp Sk-

-

&
⑨

-

# law
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g

-
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-
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<Suywl = "I derivative in Onsager49 understood
10

this as a
deterministic thereshold for dissipation . Duchon-Robert:In

&ER) + X
. (ii+plu) = -DE]

,
Dini = evia

#theorem:(i) Let u be a weak sl in u Ten Dini =0.

Thus
, Yp>I for

all pp3 for anomalous dissipation to exist.



Il

Proof : Let Gl be a mollifier
,

and Gell-table) . Let Me= U * Ge
&

mollified Ge+ Pue = -Xpe-X
. Te

Eneron S = cuou- yQue

Resolved Gltel") + X . (ER+ Pe)Me + Yete)
= Due : Te

30- 1

energy e
Commutator o- 1

25

estimates 1) Duelly IB
1) Fellp

p7, 3

[ii 3
Y- 4

Compactness Emel+ Pe)Ue + Yet (+p)u as

Pp17 0

1DUe : Felly - 130 -> 0



Negative side of Onsager's "Conjecture
Il

113-solutions of d=3
· Convex integration has produced C

Euler which do not conserve energy
(Iselt
,
DeLellis
, Suckelybidi)

This holds also in d=z (Giri-Radul

o Critical case C is completely open !!

· Solutions are quite pathological, Energy is generically non-monotone

Theorem (DeRosa-Tirni) Fix <10). There is a complete
metric space

X : = En : nsolves Euler3 & LICY In which the set

Y = Su + X : ESindy @ BU(I)
for any open If [0,133

is residual .

Anomalous dissipation unstable below dis.
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Sle) :=xtel--
M

-

-

Sp KY=- Ep
-

Onsager's
bound

-

# law ↓
-

Y
- ⑨

I I I 1 1 1 1 11 7
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Sle) :=xtel--
M

-

-

Ep -
-

-Reatdate-

-

1111111111
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Intermittency ↳ largestt
14

Sle) :=xte-

that the fluid is intermittent
Definition : We say

if Ep = cp for all p.

· K41 theory is not intermittent.

· Real fluids are intermittent !
M :

odels
Kolmogorov

· log-normal : 3p =* -Ep(p-3) ,
M

= 0 .25 1962

a Many guesses:
· 8-model : 3p = E + 3-D)(1-3)

,

D= 2
.
8 Frischeral on

· log-Poisson : 3p= + 2(1-14) She-Leveque 1994

a= 0.. 185
·
mean-field : 3p=41 b

,
= 0 . 475 Yakhot 2001

o 0 . 0275
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Landau objected to Kolmogorous non-intermittent theory
based on the spottiness of turbulent energy dissipation.

* Se = -*] * Y .S = K9]e)
*
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Menerean -Sreenivasan (1991) estimated dissipation to take place
on a fractal set of space-time dimension o 3 .

87

Why is spottiness of energy dissipation linked to 2**?
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&ER) + X
. (ii+plu) = -DE]

,
Dini = evia

↑ Radon measure

Theorem : (DeRosa-D- Inversi -Iselt) Suppose UtEx
,
+
weak solution

with dim (suppD[u]) = U =(0,
d+1)

·
Then
,
for all p>3

St
. UtLB

> 1- P(d-1

· netB ED Sple)- > 184 with P

Since E = 1 ED -E . Thus
,

if Ude
,
then

we have a quantitative
deviation from k41 prediction Ip4.

· For P =3
,

there is no deviation

P
· If ne Lax

,

then VId+ -#1 which is sharp (DeRosa, D, Enversi
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Sle) :=xtel--
M

-P Kate a

Ep -
-

----
1111111111

P
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Estimated U = dimluppT) from JHU database gives

V 3
.

85

Menerean & Sreenivasan value was 3 .
87.



The intermittency result follows from 2)

Theorem : (DeRosa-D- Inversi -Iselt) Let +Bi be a

weak solution of Euler
,

for some p + 53
,
D
,
0+ 10
, 13) ·

Let D be its dissipation measure. Then

· D + Bo -1 in spacetime
↑13 ,

%

· D is absolutely cont
,
want. FLV for any 230

S.

t.

> 1 - (d+ -U)

· The numberzo appears
due to the anisotropy of

*xT
=

- Din]

uma = (Emi
,
E + plu)
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Linear Toy problem
:

Proposition : Let 2+ 10 D
,
pt(1,
b)

.

If V : M-> IRN de Ve Bio
and M

= divV is a nonnegative measure. Then

(i) -Ba
(ii) McG For all Us . 271-E(N-V)

· This is optimal, i. e. I measure p
and sets site

+B S- IRN

and

M(s)70
and dims=

where
c = 1- (n -2)



22

Linear Toy problem
:

Proposition : Let 2+ 10 D
,
pt(1,
b)

.

If V : M-> IRN de Ve Bio
and M

= divV is a nonnegative measure. Then

X- I

(i) meBP
E trivial

,
by definition

(ii) McG For all Us .

271 - EN-V)

Proof of (ii) . Assume ItY(A) =0 for some 8 to be found.

For any
so
,
we find a covering ACUBr, with

E.

On each ball Bry
,
put a smoth cutoff X.,

and set XM : Max Xi(x)-

Then X + Wi
. Up to

small loss *

Then
B = (B

*
~ (w)
&

p(a)-(xap = 11x1w (s******
for any Y < (x-1 +N . This completes the proof .
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In the case of Euler .

D =
- VR) - dir((+p)n) := divexV

Guided by
the previous

observation
,
want to prove

(*) ( ( +p(n) = Ba a 1RP+

Then absolute continuity follows as in toy problem.

For ut Bot, (
*) looks False! However by abstract

interpolation, one can still prove
I Br without using (

*)
P13 ,

3

divex operator
is net elliptic .

Thus divi doesoi
Note : The

zo
wor

map Bergio into B
Ply ,

3
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Lemma : Fix pp,3 ,
oth

.

Let ue L* Bo be a weak solution of Euler

with energy dissipation measure DInT .

Then DIuJEB In spacetime

Remark : (DeRosa-Tione) Shows this is sharp . Namely , I uncountably many-

weak Euler Solutions nelBp Sit.

·

Din]BB &
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Lemma : Fix pp,3 ,
oth

.

Let ue L* Bo be a weak solution of Euler

with energy dissipation measure DInT .

Then DIuJEB In spacetime

Remark : (DeRosa-Tione) Shows this is sharp. Namely , I uncountably many-

weak Euler Solutions nelBp Sit.

·

Din]BB &

To establish this improved regularity, we aim to find a splitting

DInT = Drin] + Dn]
where

1) Diins11g-1, +- ld and 11Dillype
-

X,t

Then, abstract interpolation of Banach couples gives

De (W ,L = Base



To obtain these
,
we use a new

(distributional) identity :
25

- Dini = (2 + upDEl + dir Q + ch

where

El= In-uel
2 II E'llpresen

30

q = (( + P-Pr)(u
-) Il QIlgz l

35- 1

a = (n
-up) · diste + (n-ue) @ (n

-4e) : Due I'll j l

Thus
,

if Din) = (2+up DE +
dirQt and Dus = C,

11 D
,willy-1 ,

413
-12 and 11 Detaillesser

Not quite what
we

want
,
as 20 and3o are unbalanced,

but crises by optimally balancing
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Questions & Directions

· Exhibit a weak Euler solution with lower dimensional dissipation,

saturating our bound. Note recent work (Giri
,
know
,
Norack

can prescribe D as an arbitrary smooth function.

· Are there conditions that quarantee lower dimensionality ?

· What can be said about EpiP for p + (1,3).

Thank you for your attention !


