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We are interested in the turbulent dynamics of ①

slightly viscous flow governed by incompressible NS :

Hut U - DU = - Rpt VDU
x. u = 0

exhibiting anomalous dissipation

Elo) - ECT) - vfotfhyuihdxdt 7 E 20 .

fonjecetue : Turbulence at small viscosity exhibiting anomalous

dissipation is described by singular weak solute, of Euler

Aut P
- Cuore) = -Rp , e - u -- o

posses ing at
most 43 of a derivable .
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To study energy cascade in weak solutions
,

Tech =/ Geert ucxtvldr , Geert -- Ed GIF)
Id
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Uklx) = IP
, ,g[ u)

projection onto low freq.

If HE 474 ,
then
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de Co
since fluid's# dxdt - fiuizddxdt\
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I 124 Ulp lie
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⑦
course - grained dynamics :

Hie the - DUI = -PPI - T - Telugu) -
fan. 2A Boii
u.lu -Du) team) := Fou

- Tre Ee i
'

"

Then
,
the resolved kinetic energy satisfies A:B

{ 4. lute't 7. (⇐ hieitpe)
-

net teen,u5u) = - ITEM
ITEM = - Dae : tolu,u)

Recall
, by Calderon - Zygmunt theory D-

'

IED is a bonded

oke -ator LD -7 LP ptcqns) . Thus hell ⇒ p = D-
'
D T( u u)

tix
E L2!?

Theorem ( Duchow- Robert 2000) : If WE Plot ; P )
,
then

-

- Mus - - le'T. Item

= IAM't P . ( (Elul't p) u )

in the sense of distributors

Re : One can show also that with

Debit = He { a Gkcr) - Sru Israel
'

that

ftp.uy.LI. Dead
in the sense of distributions .



④

Theorem:(Constantin - E. Titi
,
1994 ) If we Voit; I ) and
H

t

{Itsuki dt f C Ill ,
"

third of a deviate he ;

then ITEUJ E o . No anomalous dissipation .

Proof :
Depuy = I ↳a Glen) - Sru lsru"

Ill

T 3 l-70

Thus ftp.uslydt E Italy ! 3 → 0 .

° Ill

Remark : at B means net and say?.T.us/seulLpAUEL3l0iT
; B
*

( Td ) ) 5743
.

Remark : what is regained for the theorem is

T
3

UEL?
,*

and fin, fkfeu
" pdt

o
-

→ o

let

This is the sharpest criterion known for conservation
.

43
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Colin)

ut Ilo,T:B (Td)) critical Onsager
3 space .
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Landau :

1942 the rate of energy dissipation is intermittent
.

I. e.
,
it is spatially / temporally inhomogeneous .

Thus 3p should not be a constant multiple otp .

i. e . not L'
'

lot ; B
'
e)

.

Meneveau & 1991

Sreenivasan
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.
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Dennis ( yesterday) ⑨

THEOREM : (Ise It , 2018) : Let u be a weak solution

of Enter of class ut LP (of ; B "p3 '
-

) for some pz3 .
i.e

.

,
U has a 43 derivative in LP

,
then the

distribution ITEM

- Tiny IAM't P . ( (tzluitp) u )

is a ( signed ) measure . If
,

furthermore p >3 ,

then this measure is absolutely continuous with respect
to the Lebesgue measure and its Radon - Niko dym
derivative is of class ITEM E LE!} .

Thus
,

if u has Yg derivative in LP p>3,

then the energy dissipation would need to

take place on a full measure set .

This
,
in accord with Landau 's remark

,
would

contradict experimental evidence of intermittent

dissipation . Rigorous version of Landau 's objection !

Best experimental measurements suggest dissipation

takes place on of set of Hausdort dimension D. S3
SS

Men@veau & Sreenivasan 1991 2.8



①

Remark : Proof does not give
absolute continuity

in the case of p
- 3 . Indeed

,
inviscid Burgers

ne LILL? n Bk, )

,

"
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i
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and the dissipation takes place at just the

shock locations (not absolutely continuous) .

-

Pirot: Recall that

-Tins Iam't P . ( (tzluitp) u )

= L'T. true : Telugu)

when Teenie - Fine - Te # Te

und

Ies Ge#f Gen - tea GLI)
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Thus
, by Hitlers inequality with Zp -- tp tf

l Telly, F " Tlv!! ' 't!!
"

s
- '

lull:p;" . ) (e
" tulip;-)

3

{ lUl¥pY
,
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Consequently
,

the
sequence { Fetid } ego is uniformly

bounded in LPM independent of 170 .
ter

Thus
, using pas, the weak limit Tiny - 4.7. Item

is a Radon measure . More explicitly by CA ) and

Holder (with the characteristic function of K as a factor)
,

for any compact K and any test oft G-Ck ) :

K 4
, Tampico.in#d,lfckk4llcoluPuIpYs . - .



⑨

Moreover
,
uhh p>3 ,

the measure Tfa] is absolutely
continuous with density function in L

"

!?. .
is

This follows from the duality characterization of L .

Namely , if qe ( 1,00)
is the dual exponent

Iq t Ip =L ,
we haul

Koti 'T'">piano.is#dylscHlL+.!uPuIBY" ' .

By density of test functions in 24 we have

that ITEM is in dual of his
,

which is LI!?

Question : can this argument be quantified :

If the dissipation is supported on a set of

Hausdorff dimension D ,
must af B

" ' °

Satisfy
for some E - Ecp)

that
P

Op E E (D) TV3 fu-
p >3



④
In fact

,
the information on the support of the

dissipation can be used to get information on
the

smguppwt of h
.

THEOREM (Ise H
,
2018) Let u be any

weak solution

of Euler in the class at LP
, Btp" for some

p > 3 that does not conserve energy . Then u

must be singular on a subset of spacetime with

strictly positive Id -11 ) - dimensional Lebesgue measure
.

This shows the necessary complexity
of singularities

in the Onsager endpoint class .

Corollary : Any solution with al p > 3

Singularity which does not conserve cannot be LIB"p"?
Consistent with all available evidence!

LEMMA : Let u be a weak solution of Euler

in the class L:* .

Then the distribution ITEM

- Tiny IAM't P . ( (Elul't p) u )
has support contained in the singular support
of u relative to the critical space LIB!"

" ? ""



④

DEF : the singular support of a relative to class

otdist . X is the complement of those points q - thx)

for which F an open neighborhood Of of q on

which U is represented by a generalized function

of the class X.

Recall :

lulpph.rs := lulypx III ,
"" he
Irl
"3

and Bp
"
' ""M

is the class of all distributions set.

1am Khl - tr) - ul'll Lp = o
-

o

Irl -70 1h43

• The singular support of u relative to I,Bp" ' "
"M

is a subset of the usual singular support of
u as a distribution

.



④

Proof of theorem assuming
lemma :
-

Let ME l?
,×

a weak solution of Euler such that

elf) = { flukiest'dx is not constant .

Then the distribution ITEM :

- Ting If 'm't P
. ( (Elul't p) u )

is well defined
,
and is nontrivial (not zero dist) .

For a solution of class Mt BE Bp
"3F

with p>3,
we have that This is of class LPI. .
Thus

,
for ITEM to be non

- zero
,

the support of

This as a distribution must occupy a closed

set with positive Lebesgue measure .

Since the non- trivial support of Itai gives
a lower bound for singular support of u

as a distribution
, this concludes the proof.
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Proof of lemma: ④
-

Let nella, be a weak Euler solution
,
so

that petty. . Let q
be a point in

the complement of the S.s. relative to ¥3 :3 '
"
.

That is
,
F auf user neighborhood of O s . f .

ne t't Bz
"" " co? .

Let de Cicco)

lion true : Telugu)Then by - IT in] e -70

fol, -Tais}p , ' L'Fo f 4 Pie
: tecyuldxdt

where
, by assumption, t't Bz

"" " ( O? .

Note :

T

¥1 Kd, - This)µl them:3" ldlcoflthielpltekislp.it
Note

, integrand is bounded by 4h13pm, .no , which
is integrable

.

Moreover
,

a.e . t one has that ult . .) t BI" '
"

belongs to closure of c
-

in 13¥37 no-m .

For each such t
, Lugosi' e'

- "'

lying → o .

Combined with ltelu.nl/pkfc1eir3 , we have

(A) i 0 by dominated convergence theorem.


