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MAT307 : Advanced Multivariable Calculus Lecture 22

Surface Area
-

S : z = f(x,y)(x ,y) = DCIR2

S

↳
How to find the
area of this piece
of surface?
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S,

divide intoFwith lines
parallel to X
any y axis.
n

D = U Pi
i= 1

What is the area of the piece Si ?
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Let's find area of the surface Si :

A(si) = A (Si')

where $%' is parallelogram spanned by
hand?

where i = (4
,
0
,
7(xith,2) - f(x,gi)

~ = (0
,
k
,
f(x, yi+ k)

- f(xi
,
yi)
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i = (4
,
0
,
7(xith,3) - f(xi,gi)

= (4
,
0
,
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,
14: ,gi)h) = i
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f(x,Yi+ k)
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,
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= 10
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we further approximate :

* (parallelogram ) = Al parallelogram ii)
spanned by spanned by

Now
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= 11 m + i'll

ijkmy = (n0 Exn = + 7,hky
- fghk, nk)

o K Fy I
1 - fx ,fy , 1)4k

All)== =Ut

~ Alsi)
⑪



Als Alsi)=F

=)F dA

Triple:

"D
= 3 +5 + 13

f(x
,y) =

xi + y2

Paraboloid
Al = 3)

A

r = +T
dA

~dr de

I

= it ! Fotodr
sir
ds = Irdr

= it!s +d) = +y + (4st16 ="
- 1)
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Ex : D : x + y<

S : z = Fx-2

Als=) + Lis + 1 A

i
dA

-! rando

-
- Area of upper hemisphere

= it
------

-
=> Area of whole sphere = 4t

This is a result of Archimedes !
S



Surfaceintegral

S = z = f(x,y) (x ,y) + DCR2

Ex function on
the surface S.

!->byy
D

N = x

Amn(si) Gl,gi) inesto blind a
andent
of surface

.

If G : 1
,
we have the usual area.
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FF S is a warped sheet of metal,
G can represent the thickness of the

sheet . Then Gads is the total

volume of material making up
the sheet.

thickness
↓
-

9) Gex,yEdS = &F G(x,
f(x,2))dA
~

-

S x
area

as=fi+edA
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Example S : z=g2

D : x
i
y
= = p

*
G (x,y) = f

= constant

f(x,2) : Nop Fy:Fig fy:eg

mass = & Amea(s)
= g &f + 1 dA

= f()EdA = Eg Area (D)

D = ETRg .

Thus ds = EdA.
⑨



Now we find center of muss.

Moments relative to x-y plane :

Center of Mass

Mxy = Szeds y = My

Myz = (S xgds =M
Mxz = f) yed

~

May
:
Seeds = (gEdA
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Myz = Syeds = Yirosty in dr do
S

2 It

= Si) cost)red

= er
Myy =

0 also

= = Mrz =

-= Mit =
E = My = ER -

L

It is natural thatFig =o as
the

come is rotationally symmetric . Thus
,
COM

it were somewhere off
zaxis

,

it would

more ifcome is turned. But a turned one

is same ascone ! D




