
MAT307: Advanced Multivariable Calculus

&

Potential fields : rector fields which are

gradients of functions

E(r) = Yf(r)

# (x,y) = (7,
(4,3) , Fy(x,g)

The function F(x,) is called the extential.

Ex : F(x
,y)

= (x,y) f(x,y) = z(x2+y3)
-

47(x,y)
= (x ,y)=

Observation :

OBSEdfl-f)
A

D



To see why this is
,

let's introduce a

parametrization of

C:= CH acted

cal =A (b) = B

Ed = SEE). d
A

= If (H). d F(H= (x+), y(t)

= (Fx (x(,y() + y fy(,y()

by chain ruleb

=(f(x(, y(x)d
+

Fundamental theorem : differentiation is inverse to integration
of calculus
= f() - F(A)

D



Thus
,

as soon as we know the potential
for a potential nector field

,
we immediatly

know the work done by it along a

cove by evaluating the potential at two
end points.

T

E
·

B

&FE

↑

%F . dr = f(B)-f(A)
,

Ext

-11

F .di

Thusdo does not depend on C
, provided

C connects A and B.

⑬



In 3d
,
the same holds.

F(F) = DF(r) = (Frify , fz)

GE .dE depends only on A and B.

C

-

Example : Fis = -=
A

#↑ looks hard ...

But: consider Firs
= En = ( +y+ ET"2

1 = (x
,+y ,x) =(*)=

Thus

[Ed = f(B)-f(a) = TBI in
D



-Integralalong a closed curve

# = Xf

Dh GEdr = FID-fIA)
=o as A = B .

Hence OE . dr = 0
,

integral of
a potential field over a

closed curve is zero.

Note : F=
Work done moving
a body along a closed

⑳ curve in a gravitational
field is zero.

⑮



Most perpetual motion"
machines are based

on the idea of moving
a body in a field

on a
closed curve and hope to get some

work done. For example

chain

Shortest_g longer side
heavier

heavier part should
slide down

side, Desi

due to gravity and

thus lighter
the whole chain to

cause

turn and to produce some
work (by gravitation).

But
,

according
to our theorem

,
the

gravitational work done here is zero !

Nothing will be done. Oh well...

D



Suppose the vector field ECE) is such

that

GE . dE =0 for any closedcurve
C

ThenIt ispotential .

This is the reverse theorem
to what we

now know
,
thatf .di =0.

C

Roof : T The above field E is such

thatSE
- dr is path independent.

ig
A

SEd =S d
D



Indeed, to see thisConsider the following
curve C

D D= and
[ together"

A

Call that closed curve from A-A, D .

Now , Since D is a closed path, so

F .dr = o

changes sigasentation
D

reversed

but ↓
Gd =SFdr-S
D

Thus SE .dE = SE . dr.
-

c and C are arbitrary
,
thus integral does not depend.

D



& We want to prove that
# is

potential . To do this
,
we must produce

some potential function, 7.

Define the function f() as follows.

· Fix A = (0,30) and vary B= (x
,9)

define
f(x, y) = F(B)

= SE -dr

C

where C is any curve from A to B.

=
(3)

A= (40,40)

By D , this
integral does not depend on the

curve
, only on

the point B . Thus it is

well defined.

⑨



Suppose # (x
,y)

= (P(x,y)
,
Q(,y))

.

b

GEdi=ST(x,y(t)xH)
+ G(x

,y()y'T
b b+ h

,)()=b+ h

Wherewe)PHyA
segment with
unit speed
.

Y'H) =

Thus 3 + 4

f(B) = f(B) +(P(x(y
, y(+))d

+

= f(B) + P(B)h
But

- fif = P(B) = Py

Do



Similarly
B'= (x,y + h)

-B =(,2)

we
find

of Q1y
D

A

Thus Xf = (P(X,4)
,
Q(x,g)

= E

and we found our potential field by

computing the Integral of E along any

path connecting A and B = (x, 9).

Two questions
· How do you

know if a field is potential.

a How to find
the potential function.

D
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-Conditionsof
potentiality ofa at the

field

How to know if it is potential ?

Two problems :

D which properties are necessary
for potentiality?

Namely , what
are

the properties common to

all potential fields?

& Which conditions are sufficient?

Namely, if a
field has this property,

then it is potential ,

In particular, properties
that are

pler than integral along every
closed curve

is zero"

D



Suppose F(x,y) = (P(X,3 , Q(x,3) is potential.

This means that there is an of so that

P(X,y) = &(x,y)G(x,y) = (x
,y)

Consider LD-f andAy

But partial derivatives commute (Clairotthm)

so that

=
Thus , given

a field in the plane,

you can look at E and
If equal, the field is potential.

If not,
then the field is not potential.

D



Ex : P = e"losy Q = e"smy

E = (P
,
Q)

24

Ey
= -e" sing Q = etsy

Since It E is not potentiala

But

P : e" siny
Q = e

+

cy

= excosy essa

They are equal, so E = (1, 2) is

potential . The potential function is

P = fy and Q = fy

foe"sny works !
B



What happens in 3D ? What is condition for

potentiality ?

E = Pi +ay + RE
Of

p= a = E R = Jz

From ↳ = fyx = fxy

= Pit
8 P

= f = Ex
- -

Ex
8z

-t= o

um-fz
e



These identifies are familiat, they are

the three components of curlF
k

carl E = iII
P

R

= (Ry - Qz , Pz - Ry , Qy
- 4y)

↑ ↑ ↑

OR= =

Conclusion: If #
is potential, then CurIE=o.

-

⑤



Note : -

E = P(y + Q(x,3) /

14 24 defines a
mester field in 3D

F = P(x,3) + Q(x,y) + 02

what is curl ?

cur-it) = (0 ,
0
, ax - 4).!I P Q

Thus 3D condition For potentiality reduces

to the ID condition :

=

⑤



Det : A vector field ECF) iscalled
-

irrotational if curl F =0 .

Morem : Potential fields are irrotational)

Is the opposite
true ?

o someextent
, itis trueingemana

eig ,
if the rector field is defined on all

space , then yes. But
in more complicated

domains ,
it can be false.

Det : Domain D in the plane is called

-

~simply
connected if it contains

no holes.

e . g. D = whole plane ,
half plane ,

interior of circle.

⑪ Not:D



·mplo but deepetaeast)
Vector field is defined everywhere

but at the origin . Thus
,
it's domain is

not simply connected.

Is E Irritational ? D:E ,Q

:+
-

-
⑯



Lets integrate
X = cost y

= Sint retarit.

&
24

GE .dE =JE-sat o

C
2

↑H cot d
= It. . .

Something is wrong ! If it were potential,
this should be zero !

⑨



Consider a function that looks like

it's potential :

#
q(x ,y) = arctan(E) X70

=)= = 4

= a

Thus E(x
,y) =
X4 if x0.

D



If yo

,
Now 4 = arcot ( *y) y30.

One can check that

#(x
,y)
= Do for 370 .

Thus
,

in right half plane ,
the potential

is defined by
4 =

arctan(*)

in upper
half plane

d = arcot (* )

In the overlapping region,
both functions give

same result-
D



In the left half place (x(0)

#
P = arctan(*) + π. x0

In lower halt plane (y <0)

iyy
4 = arccot(y) + I

#



Thus when we make a full turn

t
the angle becomes Git (not 0).

Thus
,

the "function" angle is not

a single function
.

It grows from

O to 25 in one rotation
,
and if

you continue it keeps growing

(if you want
to keep it continuous).

Thus it is not a function ,
rather

4(x
,y) ,

P(X,g) + Quit n + 2

are all "branches" of the angle.
⑬



For it to be a well defined function
,

must restrict the domain so that o

is single valued
,
for instance

-
Domain should have no holes ,

so

that I is defined everywhere and would be

continuously differentiable.

Theorem : If a field is irotational in

a simply connected domain
,
it is

potential in this domain.

D



Problem suppose F is corotational field.

How to find its potential firt ?

Example # (x
,g) = (4x3 + 6x2y , 2x3 + by2)

p = 4x +byya = 2xi + by

up = 6x2 , 0
= 6x2

&

=> X is
irrotational defined on all the

plane => potential.

There exists o such that P = St , Qbyf

If = 4 + by

=>> = (x
,y) = ((4x3 + 6xy)dx

+ C

- - -F
.**h4 + 2x3y + c

⑮

- so (= g(y)



f(x, y) = x* + 2xy + y(y)

Must find gly) .
Use...

=

It= 2x + y(s) But Q: 2x + by

here is where

irrotationality appears.
Thus - If done for an

L
2 Arbitrary rector

2x3 + g((y) = 2x3 + by field
,
will

get
g(y) = h(x,y)

=> g'(y) = by
?

incrasistent

=> y(q) = (6y2 + (
= 2y + c

Thus
f(x

,y)
= X" + 2x3y + 2y + arbitrary , since

P
, Q dont depend.A



example
F(x, T ,E) =

(5x2y,
X + 6yz

, 2y3
- 322)

DXF = = (by- by 03I I
3y x3+622,z2 = 10

,
0
,
%

Thus E is irrotational . There exists f suck that

fy = 3xy = F = xy + g(y,z) D

↓

Fy = x+byz fy = x3 + by
=> H

fz = 2yb - 3z2 Yy
= by2z
↓
- g(y ,z) = 2yz + h(z)

1 =x y + 2yz + h(z)
Fz = 2y + 4(z => 4(z) = - 3z2

h = z+ C
#z= xy + 2y3z +z3 This comes

&F = f(B-71A). A
is upinOD

N D


