
~AT 307 : Advanced Multivariable Calculus Lecture 1

Gradient ↓ = (x(]) is position vector
-

f(x,y) = f(z)

Lef: #(E) = Df
(x
,y)

= ( & (x, 9),g(x ,4)
= (x,y)i + G(x,x)5

Ex : f(x
, y) = x2 - 2g2

Xf(x,y) = (2x
,

-Yy)

The Symbol I is called Enable?

It is an ancient phoenician letter
.

It was supposed
to represent the head ofa bull.

Also symbolizes a musical instrument.

But for us
,
it is the rector of partials.

D



Linear approximation: = (x,y) = (0,You

f() - f() = fx() (x -x) + Jy() (3 -30
= Df (5) · (x-t , y -yo)

Since

DAC) = (F, (d) , Fy()

Thus
f() - f() Xf( :) · (v-)

In particular
Ex = Mf . Fy = Me .

B



PrectionalVerivative
i = (a, b)
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flvr+t ) = f(Xo+ +
a
,
yo + +b)

f(+) = Fy (ot ,y

+ fy (xo++a, yo + +b) b

tof
f) = F

x
a
+ fyd componeno

= DF(0
,%0

·
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Derivative in direction of a unit rector

Duf(Y,yo) = - Df(Xo
,%1) B



i = (a, b)

...... X lll = 1

.....
Duf is rate of change off as we move in

direction

Df . i = 11D811 /Ell cos &

-1209

↑ ↑When is andIf are same dimates

if i andIf are opposite directions

: Dufir is maximal if i 1) DfE

Duf() is minimal if -ulIDFIF
↑ i

.
e. and Pfi

antiparallel-

Maximal growth if you move along gradient.
maximal desay if you move opposite. D



Example
z = h(x,y)

z1

.
↑I--Y ----

----
--
I

To climb the fastest, you
should go

in the direction of If (X0
,
Yo.

to decend the fastest
, go in

direction

of -Xf (40,yo)
1]

#..

How to find a print where a function is maximal?

choose initial point, and
move up the gradient !

Basis of Encaientmethod in optimization. ⑮
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MAT307 : Advanced Multivariable Calculus Lecture 10

Tangentlives and planes

f(x,y) = 0

=Forenea
curve
at CXo

,
Yo

Equation forJurgent is

i = v ++

Recall then that

frottu Duf)
= Af

What can we say
about it if it is in

direction oftargent.

F Dof #O Since fly,gir dist frompoint to curve.

if I is not tungent, the
distancefrows with some rate.



For i tangent to the curve 38(x,g) =03

Dat() =0 .

=
XFI. = (Exify) ·i

Mis means
,
theaugent line equation is

Exf (X-Xo) + Jyf(y - ya)
= 0

is the equation for the live which is orthogonal

to the gradient.

The equation for the online is

Y = v + Xf(r)t

D



Example : 9x + 16 y2 = 25

=> (2 + (2) = 1

This is an ellipse whose axes
are

I
normal line

=
Let's find equation for tangent

line at 11, 1).

f(x,y) = 9x2 + 16y2
-25

Oxf = 18X, EyF = 32y
Vol, yo

normal

18(x - 1) + 32(y
- 1) = 0 line

=>G(X - 1) + 16 (y - 1) =0 targent line &
Df(Xo

,Yo = (16,32) X- 1 = 16+ or-0

= +Xf() y - 1 = 32t ⑬



~ifuction
In 3D : Tangent plane

surfaceIn 3D space

+
z I given by

it S : F(x ,yz)
= c

tangent place at For is in the plane, we
have

(X0
,
Yo,z0)/
T
.

Dif = 0 .

This means that

Pf() . i = 0

Df() = (v=) =0

↑
condition to be on tangent place

T

.

⑭



Ex: S : Xyz = 1.

F(x, y ,z) = Xyz-1

: = (1 ,2, 2) .

(note on S

MF = (6xF, 3>
F
, G2F)

= (yz , xz, xy)

DF = (1
,
:
,
2)

Tangent place T has equation

1. (x=1) +((y -2) + 2(z
-2) =0

Or

X + Ey + 2z = 3

Equation for the normalline is

X = 1 +t

S y = 2+ It
z = 2 +2t

D



Traphofa
faat the

F(x, y ,z) = z
- f(X,y)

i Fo Ex
z= f(x,y

Fy = - fx, Fy
= -fy , E1 .

X

XF(x,y ,f(x,y)
= (-Fy - fy , 1)

tangent place T. at 10
, 40 ,
f(40
,y0))

- fy(x0,Yo) (x -Xo) - Fy (4,40)(y -y) + (z
-z07= 0

rearranging :

Z-Zo = fx(X0,40(x
-yo) + fy(m0,40)(y - y0)

Tangent plane T at point No
,ye

z = zo + fx(to, yo) (x -yo) + fy(x0,70)(y - y0)

This is just equation for linear approximation ?
Normal line x= %o

- + fy (40,yo,20fo
D



Figherorder partial derivatives

f(x,y)
,

smooth (all derivatives exist)

also two variable
Fx= ty= are

functions .

Four second order derivatives

Exx= Exy= Fyx = Ex
,
fig : E

Example : F(x,y) = Sin (xy2)

fx = y(s(xyz) Fy = zyx cos(xy))

fxx = - yYsin(xyz) f = 2xcos(xyt) - yy(x)sx(xyz)
37

Fyx = Lycos( xy) - Gixsin(xy)

Ex
y
= Gycos(xy) - 2yxsin(xy2)

Notice
,
in our example , Ex-fyx.

D



This is ageneralfactl .

Theorem : (airot,) Suppose f, fx, fy, Exy,
exist and are continuous. Then

Exy = Fyx

Idea of Proof :
A = (x,])

B = (x +dy, y)

C = (y +dy, y
+dy)E D = (x, y

+dy)

note f(B) - f(A) = Fy ()dy
etc

=> f(B) = F(A) + fx
(A)dy

f() = f(x)
+ fx(Ddy

f(D) = f(A)
+ fy(A)dy

f(x) = f(B)
+ fy(B)dy

⑳



Consider

(f() - f(x)) - (f(B) - F(A))
= F]dx-fx(A)dy
= (y(D) -- fx (A) dy

EFyx (A) dydy it
(f(x - f(B)) - (f(D) -f()
= Fy (BIdy - FyAl dy

= (Fy(B) -Fy(A) dy

~ Fxy(A) dydy
Thus we have ?

Fyx(A)dydy =
f(A) - f(B) - F(p) + f()

fxg (A) dydy
= F(A) - f(x) - f(B) + f(

So Fyx(A) Fxy(A) ⑨



To evaluate mixed derivatives Exy orEx

numerically , we use the approximate
formulae :

Ent--
-

x

Fyx(A)dydy =
f(A) - f(B) - F(p) + f()

-(A)dydy
= f(A) - f(x) - f(B) + f(

In 3D
,
f(x

, y ,z)

7x = E by=y
↳ = 47

Fex : L Fr F 7xz =E ...

There are a different derivatives,

but mixed derivatives are equal

Exy : Fyx ,
Exz = fex , Fyz = fay

No new proof required... reduces
to2D.

Do


