
MAT301 : Advanced Multivariable Calculus Lecture 10
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f(x
,y)

= (n(xi+ yz)
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To represent graphically,

· (x , y, f(x,y)

# - it done for all

prints , you get
a

surface.
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Ex : f(x, y) = X+y

IX / J , z) axis form right triple

isaplaySt is x+y.M
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Ex : f(x, y) = x + y2

F
- parabloid ofrevolution

Y

Ex : f(x,y) = Xy
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Another way to depict function of two variables:

Levelcurves

f(x
,y) = c

different?
diffrent curve

↑
defines a curve

Ex :

f(x
,y)

= Xy Xy
= c defines

hyperbolas.

-
↑

gives a rough idea
of the

behavior of the
function.

⑪



For a function of 3 variables
,

the graph is in the fourth dimension,

so impossible to draw. . Level curves are

levelsurfaces
.

Sometimes these can be

imagined Deg . if spheres or tori) but

In general it is difficult.

f(x
, y,z)⑭

⑮



Partialderivatives

f(x) & derivate studied extensively
In calc I and It

f(x
,g) - 2 variable

Letn: (x ,y)=y)
f(x,y

↳
f
(x,2) =th

-Fly

Geometrically
Yactslikea parameter

,a it
of 1 variable.#

at
was a function

I In "X"

X is parameter, diffrentiating
now In variable y.
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Ex f(x,y) =X3y

is = bystat

Notation : When differentiating a function of

one variable, we write :

x
For partials, we

write

I
T

special symbol, not "d".

Ex : f(x
, y) = entig chain rule,

,

= e(y) * holding
y constant

= e (ii) E, (2 +yz)

·e
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For functions of three variables we have

Ito
Ex :

f(x
,] ,z) =1+2)

Fin
O

=:itzy in
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#hearapproximation of a function

1-variable suppose f(x) is differentable and fix
is continuous

M
: tand

f(x+h) = f(x) + f(x)h Approximation
by linear

function
means

f(x,th) + f(x) = f(x) + R(h)

where

All to as he

Distance between the typically
curve and tangent goes
faster than distance blu inputs

as Square
S



Expansion of solid bodies as you raise temperature

-

F L(T)
L/T) = diameter as function

of temperature

((t +h) = ((ii) (1 + (h)
a is coefficient of linear expansion

I dependent on material
Not onby
linear size V(Toth) = V(To) (1 + th)
Increases,

also volume 8 is coefficient of volume expansion

Claim : 6 =3 d

Is this an experimental fact?
Nol It is a theorem using linear approximation

&

VITth) = VITO) (1+ <4)3 = VIt) (1 + 39h)

f(x) = x b f(l) = 1
f(i + a4) = f(1) + +'s176h

f(x) = yx2f'()
= 3
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Eovariables : if derivatives exist and are cont .

f(x + u
, y+k)

= f(X
,y)

+ If(x, y)h + Ex,2

Ex : f(x
, y) = In (x +y2) x = 1

, y
:2

↑ (1 , 2) = In (5) = 1 . 609438 ...

h= 0 . 1
,
K = 0 . /

= =p

(1 ,2) = 5 =0. 4 (1 ,2)= = 0 .8

f (1
.

1
,
2 . 1) = In (5) + 20 . 1)+ 10 . 11

= 1 . 609 ... + 0 . 12

= 1
.

729438 =

Japp

y = (n(( . 192 + 0 . 112) = 1
. 726331 Changenent

Yapp-y =
0 . 003 Corder of square of 0 . 1)
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f(x,y ,z) cout. differentiable

(0, Yo , Gol .
If 141

,
11
,
111 small

,
then

=(oth , Jotk, z + 1) = F(x0
,40 ,z0

+ (40Y0 ,20h +(0,,0)k+Me

This is the linear approximation.

Often the most efficient way
to find

the value of a complex function.

Notation

= 0xf = f

of = GF =

= Ef
= Fz
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Ainrule :

1) x = y(H) f(x, y ,z)
y = y()
z = z(k) F(H) = f(x(t)

, y(H) ,z(H)

t -> ++ d+
= very small (infinitesimal) change

X (H) - X(+ +d +) = * (t) + x()d+ - Linearimation
y(H) + y(z +d+) = y(t) + y(t)d+

2(t) -> z( + + d+ ) = z(H) + z'(t)d+

f(x
, 7 ,z)
= f(x +dx

, y +dy , z+dz)

= f + fydy + fydy +fzdz

= f + 7xxd+ + fyydt + +zz'dt
Thus

F= fx(XH
,yHzA + Lify(x(,3 ,z(

+ z'(Hfz(+ (+), y(t),z(t)

⑬



Ex : f(x
, y ,z) =
x+y + zu-

X() = cost

y(t) = Sint #( = f(x(H, y(H,z(t)
z(x) = t F(H = f

y
x + fyy + +zz

Ex : 2 x Eg : zy , F2 : 22

X = -Shut Y = cust z1 = 1

F'() = - 2 costs + E st cost + 2

= 2t -

X + y2 is constant

#
on the Helix

.
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Ex : f(x, ]) but X = x (4,
2)

y = y(u,v)

F(un) = f(x (4 ,x)
, y(u,v)

E =
(n

,x
-> (n + du

,
v)

x (n ,v) = X(n, )+ (v) du

y(4 , v)
->

y(4 ,2) + /4
,
0 du

X =x+dyyz y+dy
F(u, - F(u , v) + F(, )dx + Fyluidy

= F(v) + Fy(n,) Fluidu
Thus + Fy (4 ,v) By ( ,v d

EF= (xi,yu+ (x(4 ,y()

OF (x(,2) , y(,4)+ (x(u ,+, y(,x)
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Ex : F(x
, y) = x

2
+ zg2

X = UCOIV y
= usinv

F(u
,
u) = f (x(,4 , y(u ,01)

= 42 cos + 242 Sinv

8xf = 2 + GX = cosu Ony = Sinc

Dyf=y OX = - usin Dry = u cos

#F = 2coV (ncosv) + Y sur (n s

= In cos2 + Yu sinv
?

&F
= In cou (-using) + Pusmu (ncoV)

Ov

- In cosuscar + Yu cosuscuv

= zu2 cosu Sir .

⑯


