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MAT3OT : Advanced Multivariable Calculus Lecture 1

Vectors :

What is a rector ? We can consider a vector as a

segment with an
arrow on

one end:

↑

B

The arrow is to show what is the origin , say point
A,

and what is the tip , say point B.

&

we can thus approximaty
define a rector as

an object having length (or magnitude) and direction.

Two vectors #B and P arequal
if and only if the figure ABDC is a

parallelogram : B

AT
i

P

C

This means that they
have equal lengths,

are parallel and have the same direction.
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If: B

↑ In this case ABDC is

H C
not a parallelogram -

B

P

- FiL

L↑

and is and JC are mentparnel.

To describe rectors (which have no spectied location

we may fix
a print of as the origin and

count all the vectors from this point.
X
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Some examples :

D Position rector.

- A

= position nector of the point A
A Irelative to 0)

.

o

-

2) Displacement Vector A how much and in

which direction T

was shifted

3) Velocity Vector
T
V

=of point moving along a curve,
i is

velocity vector.

4) Force rector :

force applied to a body Al

# eig gravity force

·
*
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If you have a rector
,

it has magnitude and direction

-T

a magnitude is denoted all
-

Il : II is the "norm"
-

on nature of the rector
,
magnitude is

Depending
measured in different units.

eig if a is a position rector,
Hall is a length.

The direction of the rector is denoted by angle

between
, say,

the positie direction of

e X-axis and the rector,
call it a.

⑪



Vectoroperations

1) Addition ;a + 5
-

llebgram
DeF1 : complete to ·

pararule
-

Parallelogram
G
-

diagonal rector = + (by definition)

Dot2 : take a and draw 5 starting
-

triangle
from tip of : -

rule third side of triughe =Ty
i = 2 +5 . =>
-

Since Ex is halfof
=> a

the definitions are equivalent.

However
, they

make different aspects of vector

addition conceptually clear.

⑤
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Properties-rector addition :

a) for any
two -
1/

a + j = 5 +a (commutative)

Pf : Obvious from parallelogram rule
-

· since the construction of

the parallelogram does not
a

take into account the order

of a and 5.

not hard to see
from triangle rule, but

obvious

From parallelogram unle.

ascogiative
b) For three nectors , 5, :

(a + 5) + 2 = a + (5+3)

Pf : triangle rule :
-

-= a + bd - -e
-
>

=z = + e = a
.+ f

->
-
E

These two properties allow to define sum of arbitrary
number of rectors .

We may omit parenthases and add in arbitrary order. D



Subtraction :
-
-

Let: -b =: C is avector such that +=

How to finda
I from tip of

t to tip of aE
->

T
-

Scalar Multiplication : KeR e

& kat is parallel toa
F

· llkll = (k) llll as a

· ka has the same
directionl if k is positive.

has opposite direction if K is negative
->

E
-
z

->

*

3
-

Zero rector : = AA no definite direction

Pet : 0= & for any
rector a.

D



-Scalar MultiplicationProperties

a k( +5) = k +k (distributive

b) (k , + (2) = k, +k

a) (kike = k
,

(k) = k(k, a)

d)0a = =
->

e) a - b = a + (-)b

All are straightforward to prove.

D



In order to make some calculations
,

we

must introduce coordinate representation of

rectus .

In
->

A I = OA
y.......

· X
., Y ,

are coordinates"I 7 of the point A .
X

we may
write a = (x

,%1)

X
,
and g, are components of rector

Standard Basis vectors
-

i = (10)
,
j= 10, 1)

#
⑳



a = <X
,,
Y)
,

b = (X2
,
Y2)
,

then

a + 5 = (X
,
+x
,
y , +y2) rector operations

2 - 5 = (X
,

- X2
,
3 , -32)
t

in coordinates

k = (kX
,ky , )

=( ,3) , 2
------

X

length defined by Kall :=+
Pythagorian theorem

We can similarly define all operations in

3-dimensional Cany d-dimensional) space.
length of main diagonal
for rectangular

a = (a,, 92 , 9a) ↓ parallelpiped

Dall =Na+ a? by the 3D Pythagoresh theorem
*

Z

Y
- ·

a2 D



Digression about high dimensions
-
2D

-Pack
x1 square

with circles.

Put disk in the

middle . What is

diameter?
↑ diagonal = E

E - I
= 0 .251

2# dam)) =-

8 corners,
I balls

5 - 1* --2
↳ diam (middleball) = 12 1 it 29

In dimension 10 the middle ball comes outofcuble !



- i = 11
,
0
, %)

j = 10
,
1
,07

Pictur

a
E = 10

,
0
,
1)

L
X

-
a = (a

,, ac ,
as) = a

,
i + a &

3

every
restor &I can

be represented as

linear combination of the standard basis nectors.

-

Exemple: a = (1
,
2
,
3) b = ( 3

,
-1
,
2)

a = = + 2 + 3 i
= 35 - 3 +2

-

- + 3 = 4i + x +5
= (4 , 1 , 5)

- (2
,
4
,
6)2d

35 - 25 = 13 :- 2 . 3 3 . 2 - 2 : (1)
,
3 .3-2 . 2)

S

= ( -38 5)
I I

Hall =N+= + +s = My

11511 : P + 22 =M+ 1 + 4
= My

D
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Not product : product of nector and vector

a = (a
,,
az) 5 = (b

,,
b2) 17 ? D

a (a, ac ,93)
5 = (b
,
ba
,
by)

Let : Dot product (inner product) is
->

-

a. b := a
,
b
,
+ 42b2 In 2D

: = 5
,

b
,
+ az by + agbs in 30

~

Properties: (Proofs

a) . 5 = 5. Cobvious from definition (

6) ( ) . =
.
c +5 . 5 (write in coordinates

RHS and LHS)

c) (k) . 5 = k (2 . 5)

a) = 119112 (from definitions)

E = i = 1

j = 1
- -

= IK . K
-
-

1)
= (1

,
0) . 10,1) = 10 + 0 . 1 = 0

D



First nontrivial theorem : geometrical meaning

Theorem : Supposea - R or IR? . Let of be
-

-

the angle between i and b

, (0 -> a - π)
-

9

Then 3. 5 = 19111b1) cos(e)

Note ; that the dot product of two nonveero vectors

& and B is 200 iff cos(e) =0 if 4: #12 :

e. g . The dot product is zero iff the rectors are

Perpendicular
it
-

Proof : Denote =

On one hand
,
by the Law of cosines
-

s ll" = KIR + 11511-21allbl cos(q)
a

on other hand :

2
= (a -b) . (a -b)

Il 112 = 1)9 -b11

= 11912 - b . a - a . b + 11b192
= Kall" + 11311 - 2 a b ⑬



hylebetween two rectors

a. = KallIIbI) cos &
- -

a . bE cost = -
Ilall 1161)

E & = avacos()
Such a C is necessarily of 4 & I.

-= (1
,
2
,
3) 3 = (3

,
- 1
, 4)Example :

i .j = 3 - 2 + 12
= 13

Hall = +4+ 9 = NY
11611 :F+ 16 =Es

as
-

Iall 11511=26

= 0 . 681

C = arcos (0 . 681) =
0 . 821 radians

= 47 . 050
degrees = #radians) · 180 degree

⑭



#plication : Cauchy-Schwarz inequality.
->

Given any
two rectors a and b

,

we have

1 .51 -> llll

with equality iff i
is a scalar multiple of

is,

or one of them is zero

Proof:. From the geometric meaning
of dot products

-

l. 1 = Hll/l/cose) -

> Ill

as Icosel-1 with equality iff &= 0 or i

in which case a is a scalar multiple of 5
.

If 4- (0 , i) ,
then 10914) Stricky.

E

Mark Levi's

cool physical proof! water heights hi in backets of wide wi

values. - Zwihi

n -
4 Evi - "n

-

h- by --

T ----

#
w
, W2 Wa Wy Wi

Potential energy :ymn =&Will



Application : Triangle inequality
-

For rectors a and 5,

l+11 - 1111 + 11511

Proof :
2

-

11 +511
= (+5) · (

+5)
2

= I11 +
25 .5 + 11511

-
> 151 + 2111111511

+ 16511

(Cauchy-Schwarz)

= (Ill + 1511)"

=> +11 > Ill
+B 1

th ittriangle is less

than the sum of

a other two- D



-componentsof a rector

ta
= = (a, 42)

a = . az= . it
=

↑ ↑
components given by dot products

We can also considera and i with 11.: 1.

Compa= (component of uni)

more generally, for anya ,
then

-

x T F I
-2 1151
&

-b

-

-
a = = Zib

comp -

I1lb

D



Projection ofa on direction of

-

a

Ta
=-

p 5
orthogonal projection of endpoint

ofa on the

T

direction of b

= Proje
How to find a

formula ?

Il cll = llall cos e
-

7 -

Thus c = 11 u where =
= Hall cos o it

+ +

But Halcos = Kalll cost
= au.

-

Tas

=.= =

&:
- D



For example a = (1
,
2) 5 = (3

,
4)

7

# Proje = 238(3
,
4)

b 9 + 16

= (3
,
4)

=)
All Formulas work in any

dimension.

Problem: Find the distance from the point
-

R = 10, 0 , 12
to the line through points P= 11,0,

0

and Q = 10, 1 ,
0).

->

Solution : Project PR onto the

Z - >

line V , 9 PQ

->i Proj PR =#, 0, D
.H, 1 ,
0 (-1

,
1
, 0)

>

PQ 11 (1
,
1
,
01/11 (4, 0, 1)11

-y

F = R- p= (- 1 , 0 , 1)
= - ( - 1, 1 , 0)

2

= Q - P = (1 , 1 , 0) Vector we seek :/ perpendicular to 4)

- ->
PR = PrEPR

= (1
,

%
,
1) + (2

,
:
,

%) = 1-ziz ,1

length of this rector is 11(-Eit ,Dll
= F2. D


