
MAT203 : Multivariable Calculus
-

Lecture 3

Emiof multiple variables .

f(x
,y) x

,y are real variables

either x, can be all real

variables
,
or defined on some

domain in IR2 (the planel .

ex
.

f(x ,y) = x
2
+ y2

2 variables

f(x
,y) = (n(x + 32)

-

zy
f(x , y)

= 2

eX

f(x
,y ,z) - ,+zy

variables

D



To represent graphically,

· (x , y, f(x,3))

* if done for all:
surface .

prints , you get
a

X

Ex : f(x, y) = x+y

1x , y , z) axis form right triple

L
(x , 1 , f(x,y))-

7
-: whose height is xty ·-

is a plane

....................
- I L

X

y =
-x

②



Ex
: f(x, y) = x

2
+ y2

:
↳ parabloid of revolution

X

Saddle
Ex : f(x,y) = xy -

E
sections along x= Y,

upwards parabola =x
~

along x= -y .. for x
, y>0 2: o
downwards I

=-x

X >0
, y <0
I <0

↑L X,y <0 f >

drawPiece the cylate x70 yC0 8<0

I



Another way to depict function of two variables:

level curves
-

f(x
,y)
=

c differenc 9
diffreent curve

A
defines a curve

Ex :

f(x
,y)

= xy x y
= c defines

hyperbolas.
C Lu yS & 270 -

/c -2/
c=
- 1.
↑

gives a rough idea
of the

behavior of the
function .

⑭



For a function of 3 variables
,

the graph is in the fourth dimension
,

so impossible to draw . Level curves are

level surfaces. Sometimes these can be
-

imagined (eg , if spheres or toil but

In general it is difficult .

-

f(x
, y,z)t (1-y+z2/2

-E- -I

5



Partial derivatives
-

f(x) I derivative studied extensively
In calc I and It

f(x
, y) = 2 variable

Hetn ((x,y) = lim
f(x + yy) - f(x,y)
-

h- 0 h

If

Jy(4,y) = 4 f(x, yth)
- 71+, 97
-

h

Geometrically acts like a parameter,
-

I
is now as it

1 - derivative
was a function

(x,y)

#,

=
const . of 1 variable.1 In x

"

↑ X is parameter, diffrentiating
now in variable y .

⑯



Ex f(x,y) = xy2
-

y is If
constant jy

= 3 x2y2 Yoisfact =2xy

Notation : when differentiating a function of

one variable, we write :

d f(x
dX

For partials, we
write

If 11

x Ey
-

special symbol, not "d "

y
Ex

: f(x
,3) = 2 chain rule

,
- -L holding

It = e
ge (gal y constant.

- eints(iyy, (2 +32
= -
x +yzze+32

D



For functions of three variables we have

~I 28 If
-

IX
I cy / Fz

Ex :

f(x
,y ,z)

=x+2)"

f(x, y ,z) =-
· 2y

2(x2+y2+ z232

- I
-- 132
(x + y2 +z

If - Z

I2 : +zy's in si !"2
+ z2

⑧



-approximation of a function

-variable Suppose f(x) is differentable and fix)
is continuous

.

:
slope : tan d = f(xr)

I(Xth) = f(x) + fixo)h Approximation
by linear

function
means

f(x,th
+ f(x0) = f(x) + R(h)

where

R(h)
as h-o ·

- 0

IDistance between the ~-
curve and fangent goses A ty pically
faster than distance blo Inputs

us square .
I



Expansion of solid bodies as you raise temperature

T ((t)
LIT) = diameter as function

of temperature

((T +h) = L(i))1 + ch)
a is coefficient of linear expansion

I dependent on material)
Not ruly
linear size V (T

.
th) = v (Tr) (1 + 8h)

increases,

also volume 8 is coefficient of volume expansion

Claim
: 6 = 36
-

Is this an experimental fact?

No ! It's a theorem using linear approximation

3

V15th) = V(To) ( 1+ x4) = v(t) (1+3ah)

f(x) = x f(1) = 1
f( + x4) = (1) + Isch

f(x) = 3x2 F(1) = 3
D



taviables :

if derivatives exist and are cont .

f(x+h , y
+ k)
= f(x

,y)

+ If(x, y)h + Ex,3K .

Ex
:

f(x
, y)

= In (4 + z2) x
= 1
, y

=z

f(1 , 2)
= (n (5) = 1 . 609438 ...

h= 0 . 1
,
k = 0 . 1

24 2
-2 =

x2 +y2 =-x2+ y2
/ 2

=0. Y (f(1 ,1) = = 0 .811 = 5 2

211
.

1
,
2 . 1) = (n (5) + = .0 . 1) + B . 10 . 1)

=> 1 . 609 ...
+ 0 . 12

= I
.

729438= Tapp

y =
(n (4 . 192 + b . 112) = 1

. 726331 chaineat
Yapp-y =

0 . 003 Corder of square of 0 . 1)
⑯



f(x,y ,z) cont . differentiable

(o, Yo , zo) .
If 147

,
(k)
,
1) small

,
then

I(Yoth , Jotk, z + 1) = f(x0
,90 , 70)

+
(40
,y ,20h

+ (40,y,zo)K + Yo,Y,

This is the linear approximation .

Often the most efficient way
to find

the value of a complex function .

Notation

21
= 2x1 = Fx

-

-X

ot = G7 = Gz

27
=
zzf = FE

3z

⑰



mirule :

17 x = x(H) f(x, y ,z)
y
= y(t)
z = z(H F(H) = f(x)+)

,y(t) ,z(H)

t -> ++ dr
very small (infinitesimall change

linear
x (t) -> x (+ +dt) = x(+) + x'(t)dt - approximation
y(H - y(t +dt)

= y(t) + yIt)dt

2() -> Z (t + dt) = z(H + z(t) dt

f1x
, 1 ,z) =

> f(x +dx
, y
+dy , z+dz)

= f + fidy + fydy + %z di

= 1 + 1xx'd+ + fyy'dt + 72z'dt
Thus

Fl = x'( fxIx1
,y,24)) + Cify(x(+), >(4 , z(+)

+ zit fz(+1+, y(t,z(t)

D



Ex : 11x
, y ,z) = x +y +z-

x (+
= cost

y(H
= Sint F( = f(x(H, y(,z(t))

z(X)
= t F(H = fy x + fyy + 7zz

+ = 2 x 7y =

zy , 7= zz

X = -sint y'= cust z
= 1

F'()=-2custsnt +2 st cost + 2 t

= It-

x + y2 is constant

-
on the Helix

.

⑪



EX : f(x, 3) but x = x (u,
v)

y = y(u,v)

F(u, ) = f(x(n,), y(u,v))
I

= ? = ?
84

(n
,
v) -> (n + du

,
v)

x (n ,v)
=> x (n, )

+ 2 (n,v)dU

y(4 , v)
-

y(u ,v) + 27(4,)dn
* -X+d4y = y+dy

F(u ,) -> Fin ,+Fl,UIdY + Fyludy
= F(2,2) + Flu,) fulydu

Thus + Fy(u,v)(4 ,V du

IE =08/xIn ,21, y(,) + 8 (x, y(,)
.

On

GF (xIn, y1, )+ (x1nit, ya,4)-

⑮



Ex : 714
,3) = x

2
+ zy2-

X
= U CO1 y

= uSinv

Flu
,
v) = f(x(n ,u , y(u ,v))

= cos +zu2sinv

2xf = 2+ GX = co, OuY= Sinc

6y7 = 4y 8
,x

= -using 8ry = a cos

IF
= 210sU(ncosv) + 4 scr (nscur)

04

=In cos2+Yu sir

2 F
22 cos (-nsm) +Pasir (ncov)

- -

Ov

--Zu2 cosusiur + Yu2 cosussur

: zu2 cos Sinr .

⑯


