
Lecture 6:Multivariable
Calculus

Curvature
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Suppose we have a parametized curve
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What is the length of the surve ?
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↳assume differentiable

=Il (tr) (tito)l + Il H
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) StartpI

+.. + 11 tres (tr-tr-c) I

= I Holl (t ,-to) + 11 (till (trt,) + ... Instaltn-)

But this is just an approximation of an integral !

mastirti-gl to tw

-> I 11 (5) /I dt
.

Mus
,
for curves such that c

has continuous

devivative
,

we have

length of curve = Yilldt ·
CH(a = + (b) a
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In coordinates : it = (x(+) , y(), z(+)

-

-S x + ly'x + E x)2
dt

- 'A

The problem with this is that rarely
can

you
evaluate this integral in terms of

elementary functions,
even for simple

curves like ellipse or parabola !

However
,
in principle , the problem is solved,
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Leng the parameter on a curve

-

-
A F(t)

D

A curve can be parametrized in many

ways
,

e.y, replace
+ by 12 .

sometimes
,

changing parametrization can

the length
help to evaluate , say ,

la quantity independent of parametrication) :
b dhit

I -

IMindt = /
->

In Ill I n'() dt11

A

h(b)

H = E (n(r) - I childh
-Andht)
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There is one privaledged parameterization
Arc-length parametrication

S

~ind

-A +

S = length of
the piece

of

the curve between points
A and P.

If H is given by another parameter, t,

then s is a function
of that parameter .

H act b (a) = A (s) = B

Define

S = SANTIldt = length of curve
from point A to

point 4
= I (t.

SH is increasing , consider the inverse +=+(s)
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Assume that S known and

I =(5) is such that

th of curveleng
Ess, and Ecs2)

is ISz-sl
.between

Consider derivative

d F(sF(s) =

Es

Note that 1) (s+4) - ECs)/l =h
h ↑

-> ↓ Ess+4) length of segment.
LIBL- if I is smooth--

Thus
- angly between curve and line -o as ht0 .

Ill stal-Essill -> I as he

I

Mus
lim li-iss"= 1 .

11 Fis Il - h= w W
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Consider
dF

= (s)
.-

↓S

Theorem : F .

= 0
,

i . e& + F

Proof : We know 11 EssII= 1
.
Thus

-

1 = 11 #(s)I2 = F(s)- F(s) -

This
0
= G, Fis) · F(s) + Fix - Fis

I
2 Fis -FCs) = 0 . E

Fis
-#iceF + Yes, on

water·
S we may

write

d

isTs
= 1All is
with 11N(s11I= I D



The rector Fish is called the principal
-

normal (vector) at the point [(s)
-

Iss
-

~↓ Essse
↑kapps" is the curvature
--

Fess =
is iss

19SI can be thought of as the won rate

of the vector F(s) as one varies s

Imoves along
the curvel

.

Ies
· directed in direction

~C that curve IS concavefr-
is
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Examp↳ : Ests = If cost , fant , of
-

Z
l

I I M = (-fsint, /cost, 07

---
-~7 y

L
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To find the curvature
,

we must change

to the arc length parametrization .

*
*
is not this parametrication .

To this end , we find
t -

SH = STEnldt= +Ecostdt

↑ O

length from =I !" + = te -

0 to -

Thus +1s)= I Sinverse function) .
I

Now parametrication
EisI : (19s) = /9

"(E )
,
9 (8) ,0



(S)di (- in(e), cos (e) ,0- I

dS

IAll = I = Fis
I "1s
11

1 F(x) = (-G(s(f) ;-- sm(s) , o)
↓S

=1 Ess = IzE(s)
S

where - (-cos( , -sm(f),)

Note that I = .
And
↑

=
+ by definition .

I
-" =

-

e
Is

DI 19 -7~-> T(5of

moving
with waits speed

curvature -> o as 800, Since a large circle

looks approximately Straight-

Generally y such straightforward computations not possible... o



Decomposition of acceleration
-

4 =4(5)

S = length I~ curve

~ Ess

-

7

M
A go

11Fiss/l=1 /velocity)= FCS
, I

speed
Fis . FCs) = 0 Orthogonal

fu I

F(s) = KIS c)

↑ ↑ principal normal at
Ecc

curvature
11 (sill= 1

.

KISI shows how fast the direction
of

Eis change as s grows .

I
is aiof curvaturef(s) =

k(s)

⑪



Meaning of radius of curvature :
2 curre

R
circles to C⑧

tangen t~ at p -

each circle is an approximation to the

curve a at 4 · For different circles
,

the quality of the approximation depends
Om the radjus 01 the curve .
e

In 3d
,
it can be in different planes.

Among all the circles
,

theme is one

that fits the curve C the best . for plung

curists?
/dist between curve and circle -o as /C2
approach 4.

. Quality of approximation is the rate
.)

Its radius is exactly -
,
radius of survatur.

⑬



Dynamically , as you move along the curve
,

you feel acceleration which feels like

centrifugal acceleration which matches

the centripetal force as if you

move along circle of best approximation .
-

If you compare to the force for

smaller circles
,
it is smaller .

compared to larger circles it is larger.

This circle is called

angcircle

↑

means Kissing . the circle is so

close to the curve
,

it "kisses"

We return to this later .

⑬



Given a simple curve

x() = cost #y1 = 2 sint

->
ellipse .

the

Already · it's impossible to express

length of the curve in terms of

elementary functions, so we must

adopt a more
robust approach

Consider a generic curve

(t) = ( + 1) , y(t), z(t))

In principle,
we can define the length

difficult to

sit : I l It. compute

= NE ll = HIV 1= :VIE this is
known -
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I = A = A (chain rule)

- / since I = v(H)

Thus we can express
unit fangent reator

by velocity divided by abs - value of velocity

d ↓ AF
= it (win )- -

dS as/dt ↓t

I ar ] (Leibnitu rule)= ! -↓It I

~ IVAR IE viel

- V 1 a On ove hand
...-* v2

on other hand ...

->

I = 1 W
.

⑮



Thus we found
t

-
+ I = K N

-- V
v5

Isolating
:

is a = s + ko

~v

N

i = ↓ +
v2k-

V I
= ThisNote tha
-

= F
.

-
lookscell petal furce.L

V
-= * + K is Speed" (incans) :
a

unit normal)
↑ scalar acceleration (comp of hon

accerva

x along the roud
·
- a =

=
+

w :

D



We must extract from here K and .

a = F + u2k T .

Crossing with I
,

we find

T o-x i = Fx +
vk xw

- vkFx

As I is a usit tungent, and is
t

normal
,
orthogonal to

B = F x (binormal)

is orthogonal to both I and
T and length 1.

I
B = 10 , 0 , 1)

= R

I 17 For the unit circle

o⑯-2
It is the same for all-
points on the circle

⑬



Thus we
found

Ex = v2k5 .

->

Now we find K . Recal Y = v T ·

x = vF + a) =
vk

.

/Exall
= v K /Bl = v K .

Since 1151= 1 . Thus

k = Fall 11 +all
-

18113
-

(8 . 2

Now we can take any parametric
curve
,

Est
,
find EC = "'I and H

= "H)

and thereby find the curvature
.
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Example : zx
cubic I

= (t
,
t
,
+)

.
z= x
+ ......

-

Eith = I'll - 11
,
27
,
3+2)

3z
-( = &" ( = (0

,
2
, 6t) parabola

2

y
=X

i ik
x = I I 2t 3+

2 I =i(12+ - 6 +2)
0 2 6t

- i(6t) + k(2)

= (6 +2
,

- 6t
,
2)

. = 1 + 4 +
2
+ 9 +

Y

-367+ 4

k(t)

(1 + 4t2 + 9
= 4)4/2

Note K 10) = 2 .

⑭



How to find the principal normal ?

Return to our formula :

a = F + u2k T .

We know that

x = vx5 (since x
=0

Nor

I
,
i
,
i) form a right triple .

of orthogonal unit reators

11 #11
= /EX = 11511=(

x = B I. =0 F. =0 .
=0

-

BI
-

but also since we took I
and turned them

x F =
o - -> ~

T B II ->
-

x = I > it

Do



Thus to find i
,

-7 ->

N = Ex T

=x

-(x)x E (since B = ivxa)

= (x)x

->

L vx
v llxy ,
X lusing ="=)- -

Mous we found the formula

T)x (since
i 1 x C->

So 11 x ( xa) I
N -

11(* x a)xll
=

I ll I x ll

-I


