
of a parallelepiped=volum-
consider three vectors

, ,
-

not lying in the same plane .
↑b
CI↳

⑨->

be

Let : These vectors from a right triple
-7

look at ,
b from the

If you -> and you have

view of vector a

to rotate a counterclockwise to

align with Es
,

then jais it is a

right triple .

-
Ti 5 if clockwise ,

Mon

ru Ins ,) is a
left triple .

I

⑩



E .g .
1Z

**
-eI

Si, ,E) form a right triple

:T
isk

Ci
,
i ,i) form a fett triple

⑪



...
It = parallelepiped

-
1 "--II :-
-

Det : The signed volume of I defined

by nectors , ,
is

usual volum if Fais ,i) is right

V(a ,5 ,i)
=
of triple

leftE
- usual volue

if
triple

What properties ?

1) Va? )=-
VI5 , , )

-- v(a , , )

--VII, , )

Since (ii) is right trible , then

15,) , ca,,s)
and is !

are left tripes .
Be



On other hand ,
↳ 5
-

IVa ) = VCE
,
a) *Ent

->

= VI , , )

I all right (or left)
triples

.

There are 6 total permilations of

Ca ,E) . 3 are right
and 3 ae left .

Volume is always the same .

3 cases signed volume is positi

↳ cases
~ / is negative

⑬



2) V(ks ,i)
= 4 VIE , ,i)

V ,k ,
i) = 4 VIE , ,i)

v15 ,5 ,kE)
= 4 VIE ,,2) .

3) Va+ ,
5
,
2) = Va ,5 ,

El +Vail

Proved in
the same way as in

20 .

draw the two parallelpipeds
,

and i5 ,
I
.

Their difference is some prism .

same property for
other stats :

via
,
It a, )= Wa ,5 ,i) +

(ai
, ,
)

via , +a)
= V .

ca
,
5
,
i) + V sai , , )

⑭



4) Vi
,
i ,k)

= 1 J unit cube)

VIK , ,
5) = 1 3 right triple

v(j ,i)
= 1

v(5
,
i ,) =

- 1
left triples

v(E,Y ,
i) = - 1 3

v(i ,,i)
= - 1 degenerate

I any
two are same, e.g .

Vi , ,i) = 0-

f
volume is tero
-
= (a

,,
92 , 93)

B = (b
,,
bz
,
bz)

=

a
,
i + a + 43k = b

,
i + by + by

I = (c
, ( , (3)

= i + xY +ask

v , , ) =

V(a
,
i + 125 + 4

,
k
,

b
,

i + b
,
4 + b; xi + xy +34)

⑰



v , , ) =

V(a
,
i + 125 + 4

,
k
,

b
,

i + b
,
4 + b; xi + xy +34)

=27 terms 13 + 3 + 3)

=V(n ,

i
,
b
,

i ,c, i) +

v(a
,
i
,
b
,5 , x, ) +

.

v (a,, b , , c
,
E)

C

yo x
- a b ,

c ,
vii

,

4
,
5) + .... dabs Ve , ,E)

-
= a

,bis Vi + a, ,zV(Y ,
k
,i)

I

- -
- Rab, V(5 ,

Y
,
k) + an,,

VI , ,i)

-
- a
,
b
,
VI17 + as b,

C
,
VIE
,Y , i)

= n
,b2(y

+ 43, + azby , - ,by- Rab,y - 44

D6



V (a , , )
= n

,b2(y
+ 43, + azby , - ,by- Rab,y - 44

This Funny formula turns out simply to be

the determinant !

Ia
as a

s IV(
,
5
,
2) = b2

2
, 22 3

Let us write

=c 12 h

expand t -

an 1 aldetermine
e

to
last
row

+ ↳ 1 : I

⑫



Let us define a vector

Email =DI? i)
,
-I' , al

,

I' )
with this

,

we have the formula

V( ,5 ,z)
= E, ) .

But what is the volume geometrically ?

=
is vector

normal to the plane

a E of parallelogram
(a);

-

- -- call it I .
-

a ·-↑
I,-- Moreover

=----
· IIEll= / area (5)/

o
direction is so that

(a , El
form a right triple

⑯



Now
,
we see that

-
Parallelpiped

defined by
/ne
~E- ..... (,,)-- I->..........> -W↑-,-·-
-

...
L

V ( , ,
) -(area of base)

. (height)

=E.

= Ell Ill cost

Ei
1

-nd

Da



Thus
->

VIE , , s
= E. - E. I

This holds for any
I
. this

7- -

E =FL
E is a

vector orthogonal
to place

-

spanned by ,
b whole length is

to the
area

of the parallelogram .

equal

We shall name
this quantity :

->

E , ,5)
=
a < b

Cross product
-

Do



the formula is

x = 1. a)" + 15., 15 +15) E

(symbolically ( I I
- I a.

b
,

b2

T)=(x).
Example : a

= (1
,
2
,3) i

= (3 , 2 ,
- 1), = (0 , 2,3)

-

i I
-

=

M

2
= 12/i-1?+ /Eat I I I

32-7

=( - 3)= - (
- 1 - 3) +2-xk

=
- 8i + 10 - 4k

= ( - 8 , 10 ,
-4)

in+2. = (-0
,
10,4) · (0 , 2,-3)

= 20 + 13 = 32

Since Vas ,
i) zo

,
5 it is right triple .

⑪D


