
MAT203 : Multivariable Calculus Lecture 2
-

the next operation, cross product , is more interesting .-

It is defined for vectors In 3 dimensional

space,
and 5

/

and their cross product is
-->
X

a third rector a b
-

To explain this operation,
we require several

preliminary concepts .

Right pairs
of rectors the plane↳

- I I pain of
nectors

two different types of pairs .
(a, )

consider the angle between vector a and 5
which is smaller than i

.

hon should we rotate a soconsider which direc
that it's direction eventually coincides with 5

.

(a ,5)
counterclockwise clockwise↳ Ya
-
·Y letpair

p

r right pair



If (a ,5 forms a it pair then

(5
,
a) is a left pain
-

and conversly .

Different pairs
of vectors are either right

or left,' unless the angle is 0

-

I and b have same direction) or angle

is 2i (2 and B are antiparallel) .

These are degenerate cases
.
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Signed
-

m parallelogram

sayaparallelogre is defined by vectors

-1---- 1

b / -
->I E

consider the signed area defined by

A(,5) =
/usual area if ) is right

I- usual area if (,) is left

positive area is just area of piece
of

paper .

negative area is if you
make a hole in

shape of a parallelogram, you can count it

as negative area (it is what is deficient

In the whole sheet of paper) .
-



Signed area behaves much more regularly
than usual area .

How to find it ?

Let us look for the formula
.

We will do so step by step by examining the
properties of thi function .

unlike dot product
Properties of AC ,5) I-

8 Ala, )= - A 15, ) (anti-symmetric)

because if you
take a right pair

and

change places
,

then (t
,
a) is left .

E ACK
,
B) = 4 Al, ) for keR

1

If painis- since and ...
- (a)

I~ of parallelogram right they
->↑ T i b) isI is proportional Ika
,a

to sidell , it
left if k

if k positive follows negative
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2) A (
,
k5) = kA(a,5)

3) A (5+
,

) = A (, ) + Al5,)

A ( , 5
+3) = Al, ) + Al,E)

distributive property .

If :
R

consider 3 vectors
,
a
,
5
,
I

S
- Q

- ...
A(+B, ) = signed area

W of OPQRExp
O I

= +B

- ~ ~ of OUSRfit
A(a

,
) = Signed area

- --a U-
-- P

O &= a+5
.. S A (B, ) = signed and of&

R
I-n
... UPQSs - Q- ~

~ BeC ->I U --- bII -
oE+E P
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T A(, ) + A (
,
i)

.......M- P
O
-

the difference between this area and

that of OPOR is that we added

ARSQ and subtracted AOUP
.

These two triangle are shifts of one

another
,

thus have same signed area .

Here we considered simplest case when

all pairs of vectors are right , and so
all signed areas are simple areas .

One needs to consider more general configurations,
but it is the same (after more work)

.
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M4) I A(T) = 1
I↑1. ... Since (ii) is a right pain--I

A(j ,3) = - 1

A (5
,i) = 0 (degemate parallelogram bass

A (T ,T) = 0
Zero width)

-
Now we may devine the formula .

Suppose a = (a
,,
az)
,

= (b
,
bz)

A la,= Ala
,

+ az , b ,
4 + bei)

= Aca,, b ,i) + Ala , , kil

+ Alazy , b)+ A lazi , b , i)

-
I

= a , b, ,i) + a
, bz
Ac

,
i)

x
- 1

+ an *Y ,I) -acb , A lisi)
- a

, bu-azb .. = /a determinant



We have our formula :

Aca ,5)
= a

,
be-9sb ,

= 1, 2)

We can see the origin of determinants
- S

at least In 2d . It is simply the

signed area of parallelogram .

the usual area of parallelogram is

1 I ))
A absolute value ·
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Example a = (1
,
2) B = (3

,
-2)

-

An, ) = 1 .-2)-2 . 3

- 8
.

Since Ala
,
5) is negative , it means that

I and B form a
left pair .

-

I I rotateClockwi paie7!
This is the concept leading to the

cross product ,

⑲


