
MAT 203 : Multivariable Calculus Lecture 19

-

Green's Theorem
-

Consider some domain

N11
to define integration, we must give

some direction on L :

Convention : if ( is the boundary
of

a domain the direction is chosen so

I

that if you
move in that direction

,

domain is always to your
left

.

counter-clockwise .

-

Rule also applies to domains with hales

II
⑪



Consider first simply connected domain :

-11(k)),
Consider

o(P(x,y1dx + Q(x,ydy) = Pdx+ady

C

Theorem :
--

Sopax+ady=SFY -) dA
C

·

If = by , both sides are zero.

· If 4
,
Q are zero on the boundary,

both sides are zero even it I
Helps a lot to find integrals !

②



We will try to understand why this
theorem is true

,
with an emphasis

on seeing what the key idea is and

how
you could have discoved it .
-

miin two partsProof: divide
-

⑪
->

⑲Di
C

Will establish

D [Pdx+ady
= 13dx+ady + Sedxtal

I

-)dA=tY -(anti-an-

S



If we can prove
D and &

,
and

further that

jedxtady = ((-)dA i = 1
,
2

Di
Ci

They we prows
the theorem for the domain.

-

To prove ,
we note that this is just

a property of double integration
called

additivity . We saw it directly from

the limit definition of the integral.

-

How about I ?

⑭



N

- L⑪
->

Dk
-

M
C

tSpdxtady = ........
NKM MN

Pdxtady
= ... t S ...

NM MLN

taking the sum :

Spaxtadyebaxtady-dom. Th
"n" Min

s



Now note that

=---
Since the orientation of the line integral

has changed, so the sign is switched .

Thus
,

we have

Spaxtadytpaxtady-dom"
" "Win

- 2

= [Pdx + Ady

-
M

C

Since NKM and MLN make up C
.

⑯



Thus we established D and e

D [Pdx+ady
= 13dx+ady + Sedxtal

I

-)dA=tY -(anti-an2

Now
,
if

Paxtady-flat- I dA

and

Sedx+ady : -) AA ,
C

the

Sedetady
= SY) dA

I



What did we achieve ? We reduced

our problem to two problems that

are equally difficult . But now
,
we

can repeat We can continue dividing
our domain :

3⑲↳3ID2 43

-

/cIf we can prove
He result for each

piece, we
can get

the result by summing.



Let us consider one cell .

I a(X;,yi) IP
assume
twice

P(x
,y) , Q(x,y)

differentiable

P(x ,y) = P(Xi , yi)
+ EY(Xi ,(i)(X - xi) + 2x;,;/9-4:)

Q(x ,y)
= Q(x;,y:)

+ I 14:,i) (x - x, + 88(xi,yi)(3-4i)
↑

when size of cell goes to zero,
the

error gues to
zevo even faster

Rearranging : constant

P(x,y) = Pi
+ ax + by

Pi = 4(X,
,Yi)

- 4
,
/Xi, i) X ; -Pyli,YilY ;

a
= 0 (i ,i)

3 = (xi ,yi)
⑲



Q(x
,y = 9 : + ex + fy

9 : = Q(xi
,
3i) - /Xi

,(i) xi
- /X :,yi)y :

e = (xi
,
yi)

1 = &(xi ,(i)
-

Thus

o Pax + Ady
= &(P; + ax+ by)dx

C;
ci

+ fo(9: + ex + fy) dy
Ci

Now observe that

&F: dy = 0 Since Pi = Gx(Pix)
di

S4:dy
O Since 9i

= Gy(9: 3)

eig . (4: , 4 :)
= D(4

;
↑
,
9: 3)

and integrals of gradients over closed curves is zero
Do



Thus

o Pax + Ady=
C;

% (ax+ by)dx + %(ex + 7y)dy
ci

Now Jo(axdx+fydy) = 0
Ci

Since (ax
, fy)

= x(a = + 72) .

Thus
,
we found

o Pax + Ady
=

Glbydx + exdy)
C; ci

D



o Pax + Ady
=

Glbydx + exdy)
C; ci

Note

Syax=- area /Di) (weeeeved this
Ci

Sxdy - area (Di)

Ci

Thus we have

Pdx+ady)
= (e-b) ama(Di

-

((X
:,:)- :,i) ama(Dil.

⑫



this
requires careful estimates

Thus to justify as many errors

Pax +Ady
= I Pay-a i

are added up .
I

W

~ , :,gil-iyil) aren Di

:
Di

N=8
and size (D:) -> O

-> -)dA

⑪3



sationsofGreenstheren of inters are

D : x 710 , 43,0
Ex

· D

~C

x + y2 4

C
.

-~W ~
-x

Find

I = ((xy - zy3(dx
+ (- x + 3ydy

By Greens formula ,

I = (( -3x)
- x2 +6ydA

= ()( - 4x2
+ 6y2)dA

⑭



It is natural to evaluate the integral

using polar coordinates

D : 028 < M2 0. 112

X = r cost = rsind

T2

I
= ! ! (-4 rust + 6 visenO)

wordt

42

- ! r - 4 cos + 6si dr
dA

= Yz(-4cos +6)
e

(0528 = t(1 + 1076)

S,O =

= (1-10520)
Tz

= 4 ! 1-2-2cos(20)
+ 3 - 3c0)(20)) dA

Tz
= 4 - 5)coscodr]=-Exo
= 2π

⑮



mirationof Greens formula

- convention for

!
orientation .

But Greens formula

uses C.C .W KurMS

So replace by "-c
-

c"I
Im :

-Patady-C
,

Thus
,
if = ,

then the integrals over

C
,
and S are

the same.

this can be useful l ...
⑯



Ex P(x
,y
= Q(x

,y
=

-

:
x
2 + 32 x

2
+32

D
denominator gues to zero

--> faster than numerator

C
as X

,y 50 ·

Functions not
bounded at Zero !

Makes finding integral over curve conbeiniy

origin tricky . But
x
" y2 - x2x - (224)
-

- E* =

(x 2 + y2) (x
2 +32)2

= 0 !

Except at one point
,
10
,
01
,
where makes no

sense - Indeed :

Spdx+ ady=" it - costdt
C O

= 2π#y Thus Green's theorem
C

does not apply .
I



But now consider
,
for any other contour C

,

o3
de

! IRemark : We computed for

7
unit circle

,
but it could

be for ze .

18-I) Paxtady = SS (dA
D

=0
Since (4

,
a) isnic

Thus
,
for any

such contour

OPdx+Ody = 2π .I
This is the basis for the theory of complex functions!

⑬


