
MAT 203 : Multivariable Calculus Lecture 18

-

ofsimple bodies- 3D domain,
enclosed inside a
surface

Consider a body which is analogous to a
&

donain of type 1 in the plane

B z = f(x,1)=geneBody B in between

two surfacesthe

B : (x ,y) = <

f(x
,y)- z- y(x,

y)

Our gral is to compute the volume

of this body .

①



Mu

z = f(x,1)=
e

body up
into thin vertical

columns .

I

the volume of one of these
columns is approx

Cheight of column)
. (Area of Basel

= (y(x ,y) - f(x,x) dA .

Summing up
the little columns and taking

the area of the base to zero
,
we have

V(B)
= $) (g(x,y-7cx,xi) dA

If we are lucky, this reduces to iterated integra? &



Ex : Volume of tetrahedron

I B : x30 , 940 , 7310

I x + y
+z<1

n D : x %0 ,
970

--/D- x +y 1-- 3
an

X I>k y
= 1 -x

D/hIx ,3) = 1 -y - y " NS
n-

g(x ,y)
= 0 -

VIB) = S) x
- Y -y)dA

= !
" "

(1 - x -y)dy) dx
I

=j(z -x2 - 11 -+12]dx = i)x -xdx

- I ! xdx = = = 6
③



Volume of unit Ball
-

B = x
2
+ y

+ z < 1

Base (projection on xy plane)

- unit disk, D = x
2
+ y

< 1

2 + x
2
+ y = 1

1 - x
2
- 42

=> z =
=

B : x
* y = 1

1 - x2 -y27
Fryz

-
↑

I

f(x
,y)

q(x,3) in
-Gvisi-sected tox

-jaxi e
⑭



a

1 - x 2
I = 2 dy a = r

ae-yz

a2 - y2
length of

sesment.

er

- Area of disk #g
of radius a

↑

circle of
- Ta

2
= Fil -x) radius 9 .

Thus

v(B) = i)(1 -x)dX = +12 - 3)
- I =I

Volume of unit
ball Cradius 1) is

*

Archemedes did this 2 . 5 millenin ago .

He essentially did
the same compulation

without machinary of calculus .
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Lamina : what is it ?
e

plane,
solid plate D

f(x,y) D
with variable density
914,3) (thickness

of0 material) (4)

example of Lamina is a door.

Mass of Lamina
-

M = S f(x,y)dA
D

⑯6



Imagine x-axis

is a solid rod .

Balance D on it .Momeax
acting on it .

~ Because of gravity
......

there is a force

moment is
-L product of the

My
= ()yTix,y)dA

&

furce and distanc
Dr to axis of rotation-

Similarly moment wort. Jeaxis

My
= () x f(x,z)dA

D

center of mass :

15
,5)

I-
If you put

it on

L the xraxis then the

total moment is zeroyajit X = i j
= MMx

I



you can balance the

(5,5)
lamina with a support-i at center of mass

& at equilibrium

class of problems : given a domain

D and density - , find
all these things .

Example : 9(y,y) = x
2

-

m = () + dA
= jax) ag

I#= = jax(+( - 2x))
-it

-(4x 2 - 2 +3)dx
= 2 -

= !

⑧



Now he find moments

~

I
is odd funchaMy = ST y e(x,xdA

D - integral is symmetric

-Sax(, x y) = 0

My = (7 * fix , zdA
D

-Jay( )
I

I

=
x3(2 -2x)a + = )(+ 3 - 2x")dx!

= - =
= to

Center of Mass :

(x , 3)
= (10)

= (0
.

6
,
0

⑨



Moment Inertia
-

t
ungularvelocity

~7 I

-
rotate

Energy -21
w

S

↓..
Kinetic -

/ A'Il~↑ moment of invertin

depends on axis
of

I rotation

rotate (speed) for
rotation

v
--↳I Ix = ()y2 q(x,y)dA- ~

↑ ~inetic energy

Iy = () x fix,ydA
-

Example :

Ix = Sy xd= I'de
as

=(dx(x2 - (1 -x) = (ax(x2 - 34+ 3 x4-x)

= I -

,

- !) = go :

D



Iy
= () x xdA

D

-J'axix"dy=Iax(R-2xx) x
1

= - I - I 15

Iz
= Ix + Iy

rotating ground
zraxis

E
Kinetic energy ·

2

#
each particle is

dm WIE ,
- Ty

= di wi( x
+y)

Y

Iz
= () (x +y)dA

= I x Ey .

In our example Iz= st+ is =
I
90

⑪



integralin polar coordinates

polar coordinates
of (x,4)

* Clength of , angle of
C

I = x y
v = 11/1 ->L
x

=

r cost
-

& = arctan (2)
y
= ~ S in O

↑
works in the

right half plane.

modify to arocot(s)
in

upper
half place, estc.

In curtesian coordinates
, simplest

domains

are rectangles .

In polar coordinates simplest domains

are acr b 2 = 0 = b

I=,
⑫



SConsider Air ,
adA .

What is dA ? approximaty
a rectangle

↑L
-

-> dA
di#a~d↑-

i
-

Log
dA = rdrdO .

Thus

ISSIr,adA
= Stir,as -duda.

B



Example
D : 0 ? r 1

E
- & = I

SSYdA
= SS rcosOrdd

I

- vorsondado = Y, 0 ~dudaEn O

-

I

=I so do =
-

Tr

⑭



House shoe*
D = a r = b

I - I O ? Il
f(r , b)

= 1

center of mass
of horseshoe (5

,
5)

Trz

m = SCCdA =
ardo

= rdr= I a
Teb

Mx = SCT3dA = GrsiOrdrdt
D Trz

b

n ~dr dO=/smO()
do

- ! - Try
-

Yz

= a sadt=

-

z

⑮



My
=

S) + xdA = Trcosordrdw
D

-coso (a) do
- Iz

= E(b3 - a)

4 ↳3 - a
-

-

X =My= 3 b- a2

5
= 0

⑯



ofball

B : x +y + z = 1

0 ? r = 1

,D : x2 + yz _
in polar D : OIO = 2I

z
= =r1 - 2

-y

VIB) = /S2 Fi- dA

D

-

↳

isrz wordtS !
O

I

= 4π ! Frer
dr

S = v

,
as =2rdu

= 25!
is ds = 2 rds

=-2 11- s ! =
*

V(Ball of radius R) = &,
* R3-

⑪


