
MAT 203 : Multivariable Calculus Lecture 17
-

Double Integral How much paint needed to
-

cover domain D
D h(x , y) is thickness

71 of a layer of paint

IM covering the domain .

It constant
,
then

-> Volume of I =(thickness) : /Area of
Domain)

(paint neededto cover

If hey
,y) is variable,

this is a new

problem. To solve this problem, we
have

a device called double integral .

-

assure h(x,y)
: constant In Di

amount
E of paint
to coverArasail - nexiyil an

W

Total Volume Sw
= h(xi

,
Yi) Aren (Pi)

①



Si depends on

o how we broke up
D into small pieces

· how we chaie point (i,i)
in Di

But in the limit n -b and

max size (Pi) -0
,

then Brt S exists (independent of above
choices)

and represents the amount
of paint .

We denote it as : infinitesimally
X small area

elements .

his Sw= S/ hix,y &A
D

⑫



Properties :
-

① I1 f(x,y) = g(x,y)
+ h(x,4)
,
then

$8dA
= SSydA+ShdA

& SScAcx,edA
= <// EctixdA .

D

these are Obvious from definition with

finite Sums ·

Called linearity ·

Es

"I SSAdA=SSA
,

dASSA

1 ,Pa
This property is called additivity.
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Ferratedintegral
B

:

ab <Syd
D

M* bi : Nexxi·
y5)
Bicy ? Yi +1

14 i
,

ISp . =(2
,

f(xi
,
Hil Amen (Di

# ( ,1x: illy; 5 ; )(x:- )

=If : 19) dy (Yit i

eF(Xi)
Reduce double =(F(x) dx

valinteg
to two

a

in -single tegrals .

=I"fixyldydx .

⑭



We could have first integrated in y,
and then y.

This amounts to switching
orders of sums ·

je xiyidydy=Sfixydady .

xocy<1
Example : D :

D

S
I

= S)xydA #

=Y !xydydx = I = dx = 4 (5- 1)
= 2 .

⑮



Example D : -14x13 O y < 2
-

/1-15)dA = Y ? (x-3(dydx
D - I

=
3

-j[2x2 - -]dx = Ex)
,

-0x !
- 1

- 18 + = - 24 - 8

-
- 14 + 3

These integrals are as easy or as

hard as integrals of functions or

I variable . Sometimes easy , sometimes

transindentally hard .

⑯



-minof Type I

D .~-~Fr
#
iii.

D : a x ? b
,
g(x)<y-h(x)

I
= 1) Ax,)dA

= Pegaplex

#"
I



e~~D-- E-
D : <Cy ?

d
,
Aly) x- k(y)

I = SFIx,MdA=Sxyax)dy

⑧



There aremisboth of Type I and s .

e . G .

*
X

//S

Di 0. x ? 1
,
0 .y? 1-x Type 1

D : Oxy21,
02X < 1-y Type 2 .

This gives a freedom - sometimes

easier to to computations with one type .

Another example

-
⑲



But
,
there are domains that are

neither type I now type 2
.

For example :

/Dill
In this domain

,
we can subdivide into

domains of Type 1/2 .

D2 , Ps-type I

D
,, By-typed

or

⑰ type
2
.

Any reasonable domain can be subdivideda
Do



Example

D : x40 , 320 ,
x+ y

<2

M

x + y
= z
I = ()xydA* =? da) ex-/D
-

=xx"dx
=x(u - 4x + xYdx

-x - yx + xdx = Y - =x + ]
= 22 - 5.2 +2 = 4 - ! + 2 =

..

⑪D



Ex
D is type I domain .

↓ 0 . y zx x
2 1 + 3/2

I = et2dA= ! ! cel dx dy
2 1 + 7/2

-jet ! c"dxdy
2

- ! 2y(e+
+
-et) dy

2

- (e -e2) dy = e ( e 2!- !)
= e(e- 1) - ze" - 1)
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Ex
D : x70 , 30 , Y,X-

both of type 1 and 2 .

//:
I = #g+ dA

= (a)) ene
..

change order (regard D as type 2)

I

= = jay)! dx) = g dy

Let + = 32 dt=Lydy 45°orp

↓

- = arctan(t) !! = arctanli
- I =

⑬


