
MAT203 : Multivariable Calculus Lecture 16

-

Conditions of potentiality of a weater
field
-

E = (4
,
a
,
R

How to know if it is potential ?

Two problems :

D which properties are necessary
for potentiality?

Namely , what
are the properties common to

all potential fields?

2 Which conditions are sufficient?

Namely, if a field has this property,
then it is potential,

In particular, properties
that are

pler than integral along every
closed curre

is zero"

⑪



Suppose F(x,y)
= (P(x,y)

,
Q(x
,y)) is potential.

This means that there is an o so that

D(x,y) = If(x,y) G(x,y)
= (x

,y)

CP 221
- -Consider
by

=

6y8x
and = by

But partial derivatives commute (Clairot thal

so that 84 8Q
- I -

by CX

Thus , given
a field in the plane,

you cat look at by and
If equal, the field is potential.

If not
,
then the field is not potential .

②



Ex : P = e"cosy Q = e"siny

E = (P
,
a)

8Q 4

E = "siny Ey
= esinx

- e

Since + E is not potential.

But

4 = e"sing
G = exxsy

0 ecosyI = ecosy ·x

=

They are equal, so E =
(1, A) is

potential. The potential Function is

P = fy and Q:fy

f = e"sky works !
I



What happens in 3D ? What is condition for

potentiality ?

E =
4 + a + R

Of

of R = Iz
-P =

OX /

a = 2
I

From B = 7yx 0 = fxy

-> =Cy
-P =2 I = fxz
Iz

-

24

-> 04it
6k Azz G = fyz
- -

82

== 0-> I ⑭



These identities are familiat, may are

the three components of curIE !

i j k

curlE= I 8x by 6I
P Q

= (Ry- Q , Pz- Ry , Qx-4y)
A ↑ oi

⑤ =
CQ = x =
-

82

Conclusion: II E
is potential, then carIE=0 .

-

⑮



Note: -

F = P(x
,y

+ Q(x,3) /

14 24 defines a
vector field in 3D

E = P(x,y ! + Q(x,y! + 0
-

What is curl ?
↑ k

i I

curlE= ! 6 , by 2z I =(0 ,
0
, ax4y) .

0
I P Q

Thus 3D condition For potentiality reduces

to the ID condition :

= I

⑯6



Det
: A vector field Ecrl is called

-

irrotational if curlF
= 0 .

Rvem : Potential fields one
irrotational?

Is the opposite
true ?

To some extent
, it is tree ins

in generate
It depends ou

big ,
if the vector field is defined on all

space , then yes . But
in more complicated

domains ,
it can be false .

Det : Domain D in the plane is called

-

simply connected if it contains
-

no holes
.

e . g . D = whole plane ,
half plane ,

interior of circle·

⑪ Nor: ! -In t.
⑪



ibut deep example

E = (g , yC
Vector field is defined everywhere

but at the origin . Thus
,
it's domain is

not simply connected .

E irrotational ? p =
y ,

a
=

IS x
+ y

= + 32g)
22 +y22

-
- x

+ y2
- L

(x+ y2

32 - x2
- -

(x 2+342 (2+ y4y2yaT tatia
⑧



Lets integrate
x= cost = Sint reta2n.

⑪---7C
GE .dry-sint at

C
2

+) et at
= zito.

Something is wrong ! If it were potential ,
this should be zero !

⑲



Consider a function that looks like

it's potential :

y ~

*
4(x ,3) = arctan(2) x >0

.

24
= ( ) : g

=
P

OX

2
= (1) = 1 - Q

H

64 x
2
+ y2

Thus Exx
,y

= X4 if x 30 ·

D



If 370

*
Now 4 = arccot( * ) Y30 .

One can check that

E(x
,y = De

for 320 .

Thus
,

in right half plate ,
the potential

is defined by
4 = arctan (2)

in upper
half plane

& = arccot()
In the overlapping region,

both functions give
same MSYH -

⑪



In the left half place (x<0)

Iy',x...8#arctanl

B=

0 = arctan (2) + i. x <O

In lower halt plane (y<0)

yuy&

d = arccr+(y) + H
⑰



Thus when we make a full turn

I
the angle becomes hit (not 01.

thes
,

the "function" angle is not

a single function
.

It grows from

O to 25 in one rotation
,
and if

you continue it keeps growing

(if you want
to keep it continuous) .

Thus it is not a function ,
rather

4(x
,y) ,

P(X,y) + 2n n + 1

are all branches" of the angle .
⑬



For it to be a well defined function
,

must restrict the
domain so that a

is single valued
,
for instance

XxxP .#
Domain should have no holes ,

so

that o is defined everywhere and would be

continuously differentiable .

Theorem : If a field is irrotational in
-

a simply connected domain
,
it is

potential in this domain
.

⑰



↳roblemSuppose it retationalField -

Example Exx
,y
= (4x3 + 6x2y , 2x

+ by2)

D = 4x3 + 6xy a = 2x + 6y2

64 = 6x2/ 2
,
G = 6x2

I

-> x is
irrotational defined on all the

plane
-> Potential.

There exists I such that 4=G7 , Q:8y1.

81
= 4 M

3
+ 6xyn

8X

- 7(x
,y)

= ((4x3 + 6xi)dx + C

=

.Found sure, 4 + 2x3

⑮
So C= g(y)



f(x, y) = x
4
+ 2x4y + y(y)

Must find g(y) .
use ...

28
- - Q

0y

If
=2x3 + gy) But Gr 2x3 + 6y2
-

by
here is where

irrotationality appears.
Thus ~ If love for an

L
arbitrary Vector

2x3 + g((y) = 2x + 672 field
,
will

get
gi(y) = h(x,3)

-> giy) = by2 Xincrasistent

-> y(4) = (6y2 + 4)
= zy + c

Thusq(x
,y)

= x
"
+ 2x3y + 2y +G arbitrary , since

P
, Q dont depend.16



example:

Exx
, y ,z) =

(3xy, x
+ 6yz
, 2y3

-322

DyE = 84 by
(2 = (6y2- by, 0,

3x2-3+4

I
I i k

I
3xy x463223222 =

10
,
0
,
9)

Thus E is irrotational . there exists I such that

fx = 3xy =1 = xy + g(y,z) D

#

fy =

x +byz fy = x3 + by
-- H

+z = 2y3 - 3z2 Iy
= by2z

--g(7 ,z) = 4yz + h(z)

1 = x3y + 2yz + h(z)
I

1z = 2y3 + hsz2 -> h(z)
=

-
322

-
h = z+

C

If(x
,y ,z)

= x4y + zy) = + z3 +C C
2 This comes

S upinaRaiseSE .dr= 1 (B) -FIA) . ·

B

(2 ⑪T


