
MAT203 : Multivariable Calculus Lecture 13
-

inIntegrals.
C is an oriented curve

,

going from A to B .

-7C C : x = x (H

y
= y(H

A z = z(A

x,y , z
differentiable and

moving -> (x (12 + by's) + (z'A)"70
curve

positive speed
.

At every point , there is a tangent line .

Piecewise regular curve
-

B H
>
B

C , ↳Y7- i
Se - C
D
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we now define the line integral

straight segment

↓ An B= An
~ II, A. As f(x, y , z) continuous

function

Ao

S7(X ,7 , zds
C length of straight

/ Segment blu Ar
L

and As
S = A(Ad) (A . All
N

+ f(A i) /A, Az) + ...
+ f(An-1)/AnAn)

.

If number of points n-0
,
then

Max (AcA ,
-O and Sat Eas
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To find it analytically, we introduce a

parametrication :

C : = H
,
act ? b

.

Ax = F(+) for some th

Then

Sp = F(H) ((;)-(te)/

+ f (C)) /(2) - (t)) + ...

when a-3,

11 (t+) -Itlll = Il Hell Starital
so

b

So t SAIFA) NECHUldt

-(Eds ⑬



Thus

S2ds = If((1) I = (1)dt .
2 a

Rare that integral can be found explicitly .

Example . X = cost

y
= Sint

Ort-H

2

#
f(x

,y)
=

y

IT

Syds =S Sin + Gost" dt

L
0 I

-Y) SinC dt = /Ell-cosktdt
I I Sint= I sin- cost-cost

+Sint)=
= z)1 - cos(2t)

O

ite



This integral itself is not very useful , that is

not many problems require it
.

In Fact

Ifds does not require parametrication
of the curve C

.

ov
/

orientation .

11/1912 does not require it .The construction e
However
,

to analytically compute it, we use it .

Line integral is invariant under change
of parametrization , and change of

orientation .

A much more important integral iss...
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mof a nector fiema curve

Given a vector field E = E(x,Y ,z)
- (P(x

,y ,z) , Q(
...)
,
R ..)

.

and a oriented curve C .

·Y
C

A

Now consider the following construction
.

At each point, there is a nector

Ai
B
: An

Y-
a

(A !) A
E(Ao)

A 'Az
A = Ar

--
ito
A, IFi
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Consider the sum :

Sp = Ec .-) + Ecrs . (- )

- ... + (s) : (Fr-Fri

Consider NtX , so distances blu points go to zery
max llll +o
k <N

If the curve and nector field are regular,
the limit exists and is devoted

Y Sw = SE . dr
.

To find a
formula

,
introduce a parametrication

C : = M act = b

Sp = E ( (foll ((ti) - (o)) + ...
+ ECE Hal

,
) (osta- (tw

= E((toL) · 'Ar) (t ,-tol
+.. + E(ltp)) . Ctr-i Hro-tr-i) -I



This
b

a Sw= SECFA) . 'A dt
a

Thus

SE.d = IECEI) . 'A dt
L a

Note
,
again

,
that since the sums So were

defined without any parametrication, the limit

also is independent of parametrication-
However

,
tondoes enter.

If you go from B to A instead of AtB,

the factors Ctr-i Hro-to-)
Change direction,

So the integral changes sign .
⑧



SE . dr changes sign with the

2 change of orientation of C
.

+-
- t B

T L-B

HeC C

A

But independent of parametrizador,
lig . (t2) Instead of /H .

Example : A = (1
,
-24 E(x,x) = (x,3)

B = (2
,

- SE . dE - /Xin,y()- (2,1) dt
# L OI aB = !( 1 +37

,

-2 +H):( ,))dt
-

-
- ='[(- 1 +31s + 1- 2 ++) 17d)

- !t -5 + 10+]d)= 5-5

+ = + t As =(- 1
,
-2) + t(3

, 1)
= D

E101 = A
,
F(l)= B AB = (2 - 1- 1) ,

- 1 - (-2)= (3,!



What is the meaning of this integral?

SE .dE= Work done by the

Force
,
E upon aL I

body moving along curve

C in direction corresponding
to orientation .

For example I could
be gravitational

force
,
In general ECE) is the force

applied to the body if it
is positioned

at
.

fientation : If you lift
a body in

a gravitational field, you perform work

opposite in sign to the work done by
the field if the body falls down

.

⑩



If ECF)=(P
,
Q ,
R)
,

then

SE .d= S (P ,
Q
,
4) .d

L C Yx'(
,y't, zxx)dt

= S(PCE) dx + QCridy + R(E)dz)
L

Example
: A= 10 , 11 B = (1,0) <

= (0
,
1

-

M

o " C S(ydx + xdy)
↳M
a >- C

aI- -!?!--
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Introduce parametrication :

C x(
= t oft ! I

y(H = +- 1

x (H) = 1 -t ot = 1
C :

31 = +

Stydx +xdy) = ((- 1)d+ + + d)
0

C
- I - 1

+ I = -5 :

(3dx+xdy)
= 1 + -idt+(l-t

=

-
+ 1 - 1 + ! = I -

Stax +xidy) = - - ! = - 5 -
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Ex : C : y
= cost

0+ 21.
3
= Sint

Helix z
= t

E(x
,y ,z)

= (z
,
x, y)

E .=, sitent, , At
-

C ~ F((H) dr

2it

- (Etst+cost+sint) df
0

= I + I
+ I

zi

I =-tsntd+ = ** cost at!
=-Yostdt + Host

*

= 21 .

①

: Y"costd+=Y** (1+cos(s))d+= i .
~

gut dt = 0 . insFs)#= !



MAT203 : Multivariable Calculus Lecture 14
-

Iof a vector field along a closed curve

no objective first or last points

D Pick point A/B arbitrarily and
A
*

IB 7 call it the first and last .
L

we may
define

I
notubon for integral

over closed

SE d I ⑧E .di curve/contour

C
C

Again , this definition not depend on any

parametrization , but it depends on the direction

of orientation (must choose proper parametrization

colement with the given orientation of the curve) .

I



Example : C : (x -x + ( = 1 wit
T
A centerclockwise

y
ellipse parametrication

-
- 2 I I 4

15

B
-

.....-----"M↑
- 2
-

center at (1
,
-1)

parametrization H) = (x(H, y(t)) where

x /H = 1 + 3 cost o !
2π

y(t) =
-1 + 2 sint

E = (x + y ,x
-y)

Ecst) = (1+ 3crst+(-1
+ 2snt
,
2(1 + 310st) +1

-2xt)

- (2sit #3 cost , 3 +Geost-2snt)

't)= 7 3 sint , 2 cost)
②



Ecst) . - "I

--6sn't-9 sint
cost + 6 cost

+12 cost - 4 sint
cost

- 12cos-6 Sint-13 Sint
cost+ 6 just

2

⑧E -dr = S Dizcot-6 sin't-13
sintcost+ 6icst)d

8
C

Note
2π

! cos'tdt=utdt=
H

-

2π

"Yostdt= 0 sintcustdt=) sinsect -!
Sip

6E .d = 12-6) +
= 6π .

C

I



Anea curveia closed

C ! y
= f(x)

q(t)
x = t

,
y
=

1

Ipilf ams below Re on the

Now consider gydy = Sydy + /ydy
L C 2

C2
M -

W ~ S2 - S
,

S2
W LB -W↳-" avender a) Trea under-//
↑ 22

Si parametrization
switched direction ⑭



Thus

fydx = -(Area inside a)

L
↑ it orientation is w .

M

d C
I C ↳M/ ↳/WI---> S C4-WiD//

Soxdy = Sxdy + /xdy
C ↳ Cy

orientation
->

= 53 I Sy

- Area enclosed by C .

↑
if richtation is c .c .w

⑮



Note that the area does not change if

the curve is shifted. Suppose

↑0.
-

eig. Shift C over by
M in x .

0 sinceThen curve is

closed- netSxdy = ((x-MCdy + Sindy so no

L
C change

in
ye

Do



Ex : Area inside an ellipse
-

x = 1 + 3 cost 0 + =
2π

y = - 1
+ 2 Sint

S = Gxdy =

*

(1+ 3cost) (2cost)
dt

O

C

-2,++ 6cost)d

= 61T .

This is correct, since
the ellipse is

a unit circle expanded In the horizontal

by 3 and then in the vertical by 2 .

Thus
(Amen of ellipse)

= (Fre" rains*) (2) (3)
= H . 2 .3 = 61 .

⑤



We could consider more interesting domains

C

#
Claim:
-

Sxdy = Area inside C .

L

obvious
,
since now

we must
Not so

in different regions
to

break up
curve

but it works .
find pieces of the area

,

⑧



I
" C

y"
C

J = AveninsideeLe Ox &

[2

M Lu How to Find area ?
↑SM

C
⑲⑦~ Gxd = f + f~ y↓~Si C C [2

Xy
Ci =S

,

- Sz
1

I
opposite orientation
for C2

.

If curve is symmetric, S
,
Sz
,

then this vanishes . In general

loxdy gives signed area !

C ⑰


