
MAT203 : Multivariable Calculus
->

Lecture 11

rfields A field is a cieceI
of the plane which

something (wheat, corn,etc).getata.e
at every point grows

(4,33
·- Here

,
vectors are

A grown .
I

physically
,

think of a fluid
:

at every point
there is a

- velocity.
(x

,y = P(x
,y) Y

+ Q(x
,3)

= pi
+ a (for short)

->

Example : u
= const

,

e ig. t

other physical examples
-electric field

·Itene
- magnetic field

⑪

-gravitational force field



Example2 = n(x
,3)

= (x
,3)-

Yet
↳
-
-Example 3 h(x

, y) = u()
=

11/13-

t - Gravity
fied

↓

I closer you areY to the origin
-

sattracting mass),
Stranger the pull of

gravity.
X

A ②



In 3D
,

same concept .

-

U() I i(x,y ,z)

= P(x,y,z
+ Q(y

,y ,2) Y + RCx
,y,
7)

votating solid ball
-

around Z-axis KEnte - rotates with unit

angular velocity,
e .y . in 1 second,

it

turns 1 radian .

&
plane containing

z axis and v.

The velocity of that point I
is orthogonal
->

to I and orthogonal to k
-

Thus
,
it is proportional to isx

If the angular velocity is
1
,

then

C = TY
We can imagine a rotation

around any
other axis

.

③



Consider the vector

-
= (w,, we ,

wel a vector directed
W /

along axis of
-

8 rotation
,
so if

- you look down tip,

to the rotation is W .↓ The length of i
is equal to angular
velocity of rotation .

The velocity is then

(E) = x

In particular, if
= R = 10

,
0
,
1)
,
then

ijk
cl - 001 = (- y , x , 0)I

x y z
I

Note it doest depend on z (as it is rotating along
1 = axis)

1↓ t1 - rotating disk in the plane .
⑭



·on vector fields

Gradient I :

Df(x,y , z) = (0x7
, by7, Cz7) =

vector field
.

Divergence (dir :

(4
,y ,z)

= (P1x,7 , z), Q1x,4,7) , RCx,y,z)

div : = &+ + I

Takes a vector field and results in a

scalar.

Ex : ()
= F = (y, y ,z) P = X

Q = Y

dirn= Y +
+ E = 3 R = Z

Ex : Isolid rotationl [cx,3 ,z)
= (-y, x, 01 p= - y

Q= Y

dir = - + = 0 R = 0

L we will understand~

why ⑮



Divergence has many profound applications
we will explore .

mimeaning of divergence

i = <(x
,y,z) i + QCx

,y,2 + R1x
,y,
z)E

Imagine i is the velocity field of a
fluid

.

-7

U(x,4,z)
Consider
I

↓
z1

I
-

- How Much fluid

et * dZ and how much
- A

,

Bi
·--

enters
,-

-
S D I CI ........... exits ?~

T 1 dy
A B positive if Fluid
dx goes out

i = nit along -
Flux :=

negative if fluid
y -ax is cares In

Flux through faces ADDA, and BCGB,

-> note second and
third component

(5and?)

are tangent to face
,
so no

contribution

to flux . I negative
as Y . (-n)=-1 positive as

-> dydz () -P(x,y ,z) + P(x +dx, y , z))))
i -n = 1

-

area of face = Py(x,y ,z dydydz ⑯



Similarly /
Flus through ABB

,
A
,
and ICC, P,

~Rydedydz

Flux Through ABCD and A
,
B
,
GP,

= Ry dxdyd

In total
,

the flax through the surface it

is

8P
+

+ E =

diva
Ex

If divo, the fluid is somehow generated
Inside it (e.g-fromnothing i)

Recall i= Fou any
it
,

the amount of

-~IE fhid that leaves it is
- I-

source --
of fliid ↳ more than amount that enters

.

Not in contradiction with cons law Ins*min is
,
is in in lemes)


