
MAT203 : Multivariable Calculus
-

Lecture 10

alines and planes
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Equation for fangent
is

I = +
+

Recall then that

d

dF firottul) Daf(E)
= Af() .

What can we say
about i if it is in

direction oftangent-

** Dif FO since fix,~dist from
- print to cure.

~ if I is not tangent, the
distance grows with some rate.



For fangent to the curve 381x,91:03,

Daf() =0 .

=
XfI. = (fxify)·

Mis Means
,
the mut

line equation is

2xf(x-x0) + Jyf(y-y0)
= 0

is the equation for the line which is orthogonal

to the gradient .

The equation for the mmative is

I = 0 + Xf(r) t

I



Example : 9x + 16y2 = 25
-

-> 4 + (2) = 1

This is an ellipse whose axes
are

normal line
ya v

/4

&
-5 ↓
-- 7K,

-

"I↑-- y
Lets find equation for tangent

line at (1, 1).

f(x,y) = 9x2
+ 16y2 -25

6x2 = 18x, 6y7
= 327 Yo=1, 30F

normal

18(x - 1) + 32(y
- 1) = 0 line

=> Y(x - 1) + 16(y - 1)
= 0 = targent line I

xf(x0
,Y) = (16,32) x- 1

= 16t or I - E =0

I = o+ tXf() y - 1 = 32t ⑮



Situation In 3D : Tangent plane
-

surface In 34 space
17
-

48 ↓ given by
-SI IC->
&

S : F(x ,y ,z)
= c

r (71Y0,70]* -r<1I
tungent plane at For i in the plane, we

have

[Yo
,
Yo,zo)/
T
.

Dif = 0 .

This means that

Df() = 0

Pf(8) = (- ) =0

-
Condition to be on tangent place T.

⑪



Ex: S : xYz= 1 .

F(x, y ,z)
= xyz-1

E = (1 ,2, 5) .

(note I an S

XF = (6xF, 3,
F
, 82F)

= (yz , xz, xy)

DF(=11 , = , 2)

Tangent plane T has equation

1. (x=1) + I(y -z) + 2(z
- i) = 0

Ov

x +

y
+ 2z

= 3

Equation for the nmlline is

X
= 1 +t

E y = 2+ It
z = I +2t

⑮



ofa function .

z = f(x,y) F(y, y ,z)
= z - f(x,y)

I
= 1
f(x) y F= 0 >

z
= f(x,y)

&

Ix->X ....... F = - fx
, Fy

= -by , E
= 1

.↓ (x
, y)

X

XF(x,y ,f(x,y))
= (- fx, - 7 y ,)

tangent place T. at No
,% ,
1140
,40))

- fy(xo,Y)(X -40) - fy(40,40)(y - y0)
+ (z -z0)= 0

rearranging :

Z- Zo = fx1x0,y0)(x
-Y0) + fy(40,40)(y-y0)

Tangent plane + at point (0,30)

z = z + fx,y0)(x - x0)
+ fy(40,30(y-30)

Thi is just equation for linear approximation !
Normal line x= %0-+1, (30,40,207 -

↑-y
= yo- + by 140,40,70) E
z= f(x01%) +

&

t
..... &

⑯



I wrderpartial derivatives

f(x,3)
/

smooth (all derivatives exist

are also two variable
fx = 2 +y

=

o functions .

Four second order derivatives

Exx = ** Fxy= Fyx= Bytx
,
fyy= j2

Example : 1Cx,y7= Sin (xy2)

fx = ycus(xy2) 7y = 2yxcos(xy))

fxx =
-

y
Y sin(xy2) I = 2xcos(xyt) - yyx" /xy)

yy

fyx = Lycos(xy) - hyxsin(xy2)

fxy = byc0s(xy2) - 2yxsin(xy2
Notice

,
in our example , Eag : tyx .

I



This is al fact !

Theorem
: (e) Suppose I, Ex, y, Axy ,Fyx-

exist and are continuous
.

Then

fxy = fyx

Idea of Proof :
A = (x,3)

2nD
·
C

B
= (x +dx, y)- ⑧

File
,

C = (x +dx, y
+dy)

gedy

I x"dy D = (x, y
+dy)

nute f(B) - f(A)
= fx(A)dx
etc

=> f(B) = f(A)
+ fx(A)dx

f(x) = f(x)
+ fx(D)dx

F(D)
= F(A) + Ey(Ady

f() = f(B)
+ fy(B)dy

⑧



Consider

(f(x) - f(x) - (f(B) - f(A))

- f(D)dx - fx(A)dx
X

= (7y (D) -- f
,
(A)) dx

-2 ~... · C
= fyx/Ai dy dy gedy I ·

A · B

2nex

(f(x - f(B)) - (f(x) -f(A)
= fy(BIdy - fylAldy
- (fy(B) -fy(A)) dy

~ Fxy(A) dydx
Thus we have ?

fyx/A)dydx
= F(A) - f(B) - f(D)

+ fx)

fxy/AL dydy
= &(A) - f() - f(B)

+ f(c)

So Fyx(A) = Fxy(A) ⑰



To evaluate mixed derivatives Exyorty
numerically , we use the approximate

formulae :

-21 D C

gedy
I I
- ⑧ B

.....
A
.
-x"dy

fyx/A)dydx
= F(A) - f(B) - f(D)

+ fx)

fxy/AL dydy
= &(A) - f() - f(B)

+ f(c)

-

In 3 P
,
f(x

, y ,z)

1x = It y
=

Ey 12=

fxx : If Fxy * 7xz =E ...

Tre are 9 different derivatives,

but mixed derivatius are equal

Fxy : Fyx ,
Axz fex , Fyz= fzy

No new proof required ... reduces to 2D .
Do


