MAT 203, Calculus Il with Applications, Fall 2023 Homework 6
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Find the tangent plane to the the surface defined by f(x,y) = 23 — zy + 32 at (2,1).

Note f(2,1) = 7, and Df(x,y) = [ 322 —y —x+ 2y ], so Vf(2,1) = (11,0). The
tangent hyperplane has normal vector (11,0, —1) and passes through the point (2,1, 7),
so it has equation

(11,0,-1) - (z =2,y —1,2—7) =0, 11(x —2)—(2—7)=0.

Find the unit normal to the graph (namely, the two-dimensional surface sitting in three-
dimensional space defined by z = f(x,y)) for f(x,y) = e®y at the point (—1,1).

We compute Vf = (e”y,e”). Let F' =z — f(x,y). Then VF = (e*y,e",1) and ||[VF| =
Vv e?* (14 y?) + 1. Thus the normal vector is n = VF/|VF|. At the point (—1,1), we
have 2(—1,1) = (e~ !, e, 1)/v2e 2 + 1.

Captain Buzz is in trouble near the sunny side of Mars, at coordinate (1,1,1). His
ship’s hull is melting. He measures the temperature in his vicinity to be T'(z,y,z) =
e 4+ e %Y 4+ ¢3%. In what direction should he proceed in order to cool the fastest?
The temperature gradient is VI = (—e %, —2e7Y,3e3%). At the point (1,1,1), this
is VT|q1,1) = (—e~!, —2e71 3e3). He should move in the direction ~VT|a11) =
(e71,2e71, —3e?) to cool the fastest.
Compute:
o fryexs if f(2,y,2) = xexp(yz?sin(y + 2)),
foyzwe = 0402 fzp = 0, as partial derivatives commute.
o fu — fu if f(x,t) = sin(z) cos(t),
frt = —sin(z)cos(t) = —f and likewise fy, = —f. Thus fy — fze = 0, s0 f is a
standing wave.

e all second order partial derivatives if f(x,y) = zlogy.

Jea =0, faoy =1/y = fya and fy, = _y%.

Describe what divd(7) and curld(7) means and compute them for the vector fields:
o U(F) = |[FI|7" where 7= (z,y, 2),
Note that V-7 = 3. Also V||7]| = - Thus V- o(r) = 7- V|7 + 3||7)| = 4||7]|. For
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the curl, we note that curli” = 0. Thus curld = V||7]| x 7= W’FX 7 =0.

e U(r)= # where 7= (z,vy, 2),

Provided 7 # 0, we compute V - # = H%g - ﬁf'- VIFIl = 0. At ¥ = 0 we
cannot tell what happens from this. We will find later that, in a suitable sense, the

divergence is infinite at ¥ = 0. The curl, as in the first example, is zero.

o ¥(z,y,z) = (Asinz + Ccosy, Bsinx + Acosz,Csiny + Bcosx), The divergence
is zero since the e; component doesn’t depend x variable, and so on. The curl
is U(x,y, z) itself! That is, it is an eigenfunction of the “curl operator”. This
velocity is called ABC flow, so-named after Arnold, Beltrami and Childress (hence
the symbols for the constants in the formula). It arises as a time-independent
solution of a three-dimensional inviscid fluid equations.
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(6) Let V? be the Laplacian operator defined by
0? 0? 0?
97 T ot 9
o If f is a twice-differentiable function, show that div(fVf) = |V f|* + fV2f
V-(IVf) = V- (ffa ffy: TT2)
= fx2+ffxr+fy2+ffyy+fz2+ffzz
= VAP +£v2f
Alternatively, use the fact that div(fﬁ) = fdivF +Vf-F,
V-(fVf)=fV-Vf+V[f - Vf

V2 =

e Suppose F is a C? vector field, show that curl(curlF) = V(divF) — V2F
We may also write V x (V x F) = V(V - F) — V2F. Let
F=(P.Q.R),

Vx(VxF) = Vx(Ry~QsP,— Ry, Q. — Py)
- (Qxy_Pyy_Pzz‘i'RIZaRyz_sz_Q:px“‘Pmya xz_Rxx_Ryy+Qyz)

a
<
T
|
4
S
|

V(P +Qy+ R.) — (V*P,V?Q,V*R)
= (Puc + Quy + Rez — VPP, Py + Qyy + Ry — V?Q, Pro + Qyz + R.. — V?R)
= Vx(VxF)

Alternative, use the fact that @ x (b x &) = b(@- ) — (@ - b) to show that

V x (VF) =V(V - F) - VF

(7) Consider the function f(z,y) = In(\/22 + y2 + y).

e Determine the domain of f and sketch it in the zy-plane.
We can only take the logarithm of nonnegative numbers, so

Va2 +y2+y >0 = Va2 +y2 > —y.

This is satisfied automatically if y > 0. If y < 0, both sides of the inequality are
positive and we may safely square to get

2 % > 7 == 2 >0 == x # 0.

Therefore the domain excludes all points along the negative y-axis (the origin is
excluded as well). Note that there are no domain restrictions from the square root

term /2 + 32 since 22 + y? is never negative.

e What is the linearization of f at (3, —4)7
We know that the linearization is

L(z,y) = fo3, =4)(z = 3) + f,(3, =4)(y + 4) + F (3, —4).
First note f(3,—4) =1In(1) = 0. Next, we compute

fx(xvy) -

1 11 x
= 2z | = ,
VI +y? +y (2 z? +y? ) (Va2 +y* +y)v/z? + 32



fy(z,y) = ! (1 ! -2x+1>—— Y +1.

vVt +y?+y \2 a2+ 2 (VAT ) Va2

Therefore 3 3
x 37 —4)= = =
fa ) (5—-4)-5 5

—4 1

3,-4)= ————+1=-

Jul ) @—4y5+ 5

and hence

Liz,y) = g(x —3) 4 %(y+4).



