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Let A, denote the moduli space of polarized abelian surfaces of type (1,d), and let A¥Y be
the moduli space of polarized abelian surfaces with canonical level structure. Both are (possibly
singular) quasi-projective threefolds, and A%V is a finite cover of A;. We will also denote by Ay
and .:lff” nonsingular models of suitable compactifications of these moduli spaces. We will use in
the sequel definitions and notation as in [GP1], [GP2]; see also [Mul], [LB] and [HKW] for basic
facts concerning abelian varieties and their moduli. Throughout the paper the base field will be C.

The main goal of this paper, which is a continuation of [GP1] and [GP2], is to describe bira-
tional models for moduli spaces of these types for small values of d. Since the Kodaira dimension is
a birational invariant, thus independent of the chosen compactification, we can decide the uniruled-
ness, unirationality or rationality of nonsingular models of (any) compactifications of these moduli
spaces.

Motivation for our project has come from several directions:

Tai, Freitag and Mumford have proved that moduli spaces of principally polarized abelian
varieties are of general type when the dimension g of the abelian varieties is large enough (in fact
> 7). However for small dimensions, they are rational or unirational and have nice projective
models: see the work of Katsylo [Kat] for ¢ = 3, van Geemen [vG] and Dolgachev-Ortland [DO]
for g = 3 with level 2 structure, Clemens [Cle] for g = 4, and Donagi [Do], Mori-Mukai [MM] and
Verra [Ver] for g = 5. However, it is an open problem to determine the Kodaira dimension of the
moduli space for g = 6.

Using a version of the Maass-Kurokawa lifting, Gritsenko [Gril], [Gri2] has recently proved the
existence of weight 3 cusp forms with respect to the paramodular group I';, for almost all values of
t. Since one knows the dimension for the space of Jacobi cusp forms one deduces in this way lower
bounds for the dimensions of the spaces of cusp forms with respect to the paramodular group I'y,
and thus for the plurigenera of the corresponding moduli spaces. More precisely he has shown that:

Ay is not unirational (in fact p,(Ag) > 1) if d > 13 and d # 14, 15, 16, 18, 20, 24, 30, 36.

In fact it is pointed out in a note by Gritsenko and Hulek [Gril] that the same method shows
that Al is of general type for all primes p > 37. See also [Bori], [HS1] and [HS2] for related
results.
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A few other moduli spaces have known descriptions:

o A; = My~ Ay via the Jacobian map. M is the moduli space of stable curves of genus 2 and
Ag stands for the divisor of the curves with at least one non-disconnecting node. In particular
A is rational [I].

o Ay and Aj are rational [BL]. It follows from results of [Ba] that Al(gv4), the moduli space of
(2,4)-polarized abelian surfaces with canonical level structure, is birational to P! x P! x P*.

On the other hand it doesn’t appear to be known whether A% is unirational.

o A is rational. See [BLvS] for a proof of this and for the geometry of (1, 4)-polarized abelian
surfaces.

o ALY =2 P(HO(Fp(3))), where bar stands for the toroidal compactification for the Voronoi or
Igusa decomposition, and Fy s is the Horrocks-Mumford bundle on P%. See [HM] and [HKW]
for details, and Section 3 for a brief review of the relevant facts.

e Al is birational to Vag, a prime Fano threefold of index 1 and genus 12 [MS]. In Section 5 we
will give a short proof of this result.

e Ay is rational (see [O’G] for unirationality and [GP2]). In fact ALY is naturally birational to
P? ([GP2]). O’Grady shows also that A,z is a threefold of general type for all prime numbers
p > 11.

o Al is birational to the Klein cubic threefold

4
K= {Z .’E?.%'H_l = 0} C P*
=0

See [GP2] for details. This is the unique PSLo(Z11)-invariant cubic in P#, and PSLy(Z;) is its
full automorphism group [Ad]. The Klein cubic being smooth is unirational but not rational.
It would be interesting also in this case to compare I with the toroidal compactification.

In this paper and its sequel [GP3], we will focus on (most of ) the moduli spaces which Gritsenko
has not shown to have non-negative Kodaira dimension. In particular, we will give details in this
paper as to the structure of AY¥?, d = 6, 8 and 10, and in [GP3] will discuss A'Y and Ay for
d = 14,16, 18 and 20. In this paper we prove the following results:

Theorem 0.1
a) Alev is birational to a non-singular quadric hypersurface in P*.
b) Al is birational to a rational conic bundle over P2.

c) A is birational to a quotient P3/Zy x Zy, where the action on P? is given by
(1 :x9: @3 :2q4) — (T4 :x3: T2 1 27) and (x1:@9 w3 24) — (T1 1 —T2 : T3 1 —T4)

This quotient is rational and isomorphic to a (singular) prime Fano threefold of genus 9, index
1 in P10,
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Of these, the description of ALY is the easiest, following immediately from [GP1]. The de-
scription of ALY follows from the fact that a (1,6)-polarized abelian surface A C P® is determined
(but not completely cut out by) the cubics vanishing on A. Since the structure of the ideal of a
(1,6)-polarized abelian surface was not previously known, we will provide details in Section 4.

The structure of AV is the most difficult to analyze because it lies at the boundary between
those surfaces determined by cubics and those determined by quadrics. In fact we will show that
if A C P7 is a general (1,8)-polarized abelian surface, then its homogeneous ideal is generated
by 4 quadrics and 16 cubics. The 4 quadrics cut out a complete intersection threefold X c P7
containing A, which in general has as singular locus 64 ordinary double points. We show that such
an X in fact contains a pencil of (1,8)-polarized abelian surfaces, and since the family of such
Heisenberg invariant threefolds turns out to be an open subset of P2, we obtain a description of

A% as a Pl-bundle over an open subset of P2

In the above outline, the threefold X plays a special role. It is a Calabi-Yau threefold since there
is a small resolution 7 : X — X with w = O. Furthermore, as X contains a pencil of abelian

surfaces, this small resolution can be chosen so that X possesses an abelian surface fibration. Such
fibrations are of independent interest in the study of Calabi-Yau threefolds. Historically there have
been very few examples; in fact, for a long time the only examples of a Calabi-Yau threefolds with a
fibration whose general fibre is a simple abelian surface have been the Horrocks-Mumford quintics,
whose geometry we review in Section 3. The Horrocks-Mumford quintic in P* is defined as the
zero locus of the wedge of two independent sections in H°(Fgps(3)), where Fgas is the Horrocks-
Mumford bundle. Since a (general) section of this bundle vanishes along a (1, 5)-polarized abelian
surface in P4, a Horrocks-Mumford quintic contains a pencil of such surfaces.

It turns out that in every case considered in this paper, there exist similar examples of Calabi-
Yau threefolds. This is the second focus of this paper. We find similarities in many of these
examples. In particular, many of them contain second pencils of abelian surfaces of a different
type. The classic example of this occurs in the case of Horrocks-Mumford quintics, where a surface
obtained via liaison starting from a (1, 5)-polarized abelian surface is a non-minimal (2, 10)-polarized
abelian surface. We will see similar phenomena also occur in many of the other examples. Another
remark is that all the Calabi-Yau threefolds we discuss in this paper have Euler characteristic zero.

There is a natural reason for the existence of such Calabi-Yau threefolds. In fact, this is
motivated by the existence of two series of degenerate “Calabi-Yau” threefolds. The first series,
which occurs in P"~! for n > 5, are the secant varieties of elliptic normal curves in P"~!. These
were studied in [GP1], §5. Many of the examples of Calabi-Yau threefolds given here are partial
smoothings of these secant varieties. This also works naturally in case n = 4, if one thinks of the
secant variety as a double cover of P3. As a result, we discuss in Section 2 of this paper the (1,4)
case. We also include a section on (1, 7)-polarized abelian surfaces, where the Calabi-Yau threefold
which arises in this fashion (first noted by Alf Aure and Kristian Ranestad, unpublished) plays an
important role in the description of the moduli. In particular, we give in Section 5 an alternative
approach to rationality of ALY to that given in [MS].

Another series of degenerate “Calabi-Yau” threefolds appear in P?"~! n > 3, as the join
of two elliptic normal curves of degree n, lying in disjoint linear subspaces of P?"~!. These are
threefolds of degree n? in P?"~!. We discuss the geometry of these singular threefolds briefly in
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Section 1. This series gives rise to other classes of Calabi-Yau threefolds, as partial smoothings,
in the (1,8) and (1,10) cases. Much of this paper is devoted to describing the geometry of these
threefolds.

In brief, the Calabi-Yau threefolds discussed in this paper can be described as follows. Partial
smoothings of secant varieties are

e Double covers of P3 branched over certain nodal octics, see Theorem 2.2. These double covers
contain pencils of (1,4)-polarized abelian surfaces.

e Horrocks-Mumford quintics, containing both a pencil of (1,5) and a pencil of (2, 10)-polarized
abelian surfaces, see Theorem 3.2.

e Nodal complete intersections of two cubics in P?, containing both a pencil of (1,6) and a pencil
of (2,6)-polarized abelian surfaces, see Theorem 4.10.

e Calabi-Yau threefolds defined by the 6 x 6 Pfaffians of certain 7 x 7-skew-symmetric matrix
of linear forms in P, see Proposition 5.2. These contain both a pencil of (1,7) and a pencil
of (1,14)-polarized abelian surfaces. Some details concerning the geometry of these threefolds
are delayed until [GP3] in the discussion of (1, 14)-polarized abelian surfaces.

e Calabi-Yau threefolds defined by the 3 x 3 minors of a 4 x 4 matrix of linear forms in P”, which
contain a pencil of (1, 8)-polarized abelian surfaces, see Definition 6.11.

e Calabi-Yau threefolds defined by the 3 x 3 minors of a 5 X 5 symmetric matrix of linear forms
in P?, which contain a pencil of (1,10)-polarized abelian surfaces, see Theorem 7.4.

The reader may note that there is a gap corresponding to the partial smoothing of the secant
variety of a degree 9 elliptic normal curve, which should contain a pencil of (1,9)-polarized abelian
surfaces. This does not mean that such a Calabi-Yau threefold does not exist, but we have not
been able to find it! There is also a nice analogy between the sequence of Calabi-Yau threefolds
described above and Del Pezzo surfaces. Del Pezzo surfaces of degree 2 through 6 can be described
as a double cover of P2, a cubic hypersurface in P3, a complete intersection of two quadrics in P*,
a surface defined by the 4 x 4-Pfaffians of a 5 x 5 skew-symmetric matrix of linear forms in P°,
and a surface defined by the 2 x 2 minors of a 3 x 3 matrix of linear forms in P, respectively.
Furthermore, the Del Pezzo surface of degree 8 in P® isomorphic to P! x P! can be described by
the 2 x 2 minors of a 4 X 4 symmetric matrix of linear forms. While we do not explore this analogy
further, it is a curious one! From this perspective the missing Calabi-Yau, which should contain
a pencil of (1,9)-polarized abelian surfaces, would be a ladder determinantal variety of degree 27
defined by those 3 x 3-minors of a 5 x 5 symmetric matrix of linear forms in P® which do not involve
the lower right corner of the matrix.

Partial smoothings of the join of two elliptic curves naturally occurring in this paper are
described as

e Complete intersections of two cubics in P®, containing a pencil of (1,6)-polarized abelian
surfaces.

e Complete intersections of 4 quadrics in P7, containing a pencil of (1,8) and a pencil of (2, 8)-
polarized abelian surfaces, see Theorem 6.5, Theorem 6.9 and Remark 6.10.

e The proper intersection of “two copies” of the Pliicker embedding of the Grassmannian
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Gr(2,5) C PY, containing a pencil of (1,10) and a pencil of (3, 15)-polarized abelian surfaces,
see Theorem 7.4 and Remark 7.5.

Further examples of such Calabi-Yau threefolds will appear in [GP3].

Acknowledgments: It is a pleasure to thank Kristian Ranestad, who joined one of us in dis-
cussions leading to some of the ideas in this paper, and Ciro Ciliberto, Wolfram Decker, Igor
Dolgachev, David Eisenbud, Klaus Hulek, Nicolae Manolache, Christian Peskine, Greg Sankaran,
Frank Schreyer and Alessandro Verra from whose ideas the exposition has benefited. We are also
grateful to Mike Stillman, Dave Bayer, and Dan Grayson for the programs Macaulay [BS], and
Macaulay2 [GS] which have been extremely useful to us; without them we would perhaps have
never been bold enough to guess the existence of the structures that we describe here.

1 Preliminaries.

We review our notation and conventions concerning abelian surfaces; more details can be found
in [GP1].

Let (A, L) be a general abelian surface with a polarization of type (1,d). If d > 5, then |L]
induces an embedding of A ¢ P?~! = P(H°(L)") of degree 2d. The line bundle £ induces a
natural map from A to its dual 4, ¢, : A — A, given by x — t:L @ L7, where t, : A — A
is the morphism given by translation by x € A. Its kernel K (L) is isomorphic to Zg4 x Zg4, and is
dependent only on the polarization ¢1(L).

For every z € K (L) there is an isomorphism ¢} £ = £. This induces a projective representation
K(L£) — PGL(H°(L)), which lifts uniquely to a linear representation of K (L) after taking a central
extension of K (L)

1—C"—G(L)— K(L£) —0,

whose Schur commutator map is the Weil pairing. G(£) is the theta group of £ and is isomorphic
to the abstract Heisenberg group H(d), while the above linear representation is isomorphic to the
Schrodinger representation of H(d) on V' = C(Zy), the vector space of complex-valued functions on
Z,. An isomorphism between G(£) and H(d), which restricts to the identity on centers induces a
symplectic isomorphism between K (L) and Z4 x Z,4. Such an isomorphism is called a level structure
of canonical type on (A, ci1(L)). (See [LB], Chapter 8, §3 or [GP1], §1.)

A decomposition K (L) = K1 (L)@ Ko (L), with K (L) & Ky(L) & Z,4 isotropic subgroups with
respect to the Weil pairing, and a choice of a characteristic ¢ ([LB], Chapter 3, §1) for £, define a
unique natural basis { 9¢ | x € K1(L) } of canonical theta functions for the space H(L) (see [Mu2]
and [LB], Chapter 3, §2). This basis allows an identification of H°(£) with V' via 9¢ — ., where
1 v=9
0 ~v#9§
can also be identified with coordinates on P(H%(£)"). Under this identification, the representation
G(L) — GL(H(L)) coincides with the Schrodinger representation H(d) — GL(V'). We will only
consider the action of Hy, the finite subgroup of H(d) — GL(V') generated in the Schrédinger
representation by o and 7, where

x~ is the function on Z; defined by z.(0) = { for v, € Z4. The functions zq,...,zq_1

o(x;) = zi1, (i) = & 'ay,
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27

for all ¢ € Z4, and where £ = e74
thus H, is a central extension

is a primitive root of unity of order d. Notice that [0, 7] = &,

l—pag —Hy — 24 xZy — 0.

Therefore the choice of a canonical level structure means that if A is embedded in P(H®(L)")
using as coordinates z, = U5, v € Zg, then the image of A will be invariant under the action of
the Heisenberg group Hy via the Schrodinger representation. (See [LB], Chapter 6, §7 for details.)

If moreover the line bundle £ is chosen to be symmetric (and there are always finitely many
choices of such an L for a given polarization type), then the embedding via |£| is also invariant
under the involution ¢, where

z;) = x4, 1€ Zyg.
This involution restricts to A as the involution z — —z. We will denote by P and P_ the (41) and
(—1)-eigenspaces of the involution ¢, respectively. We will also denote as usual by HS := H,, x ().

We also recall a key result from [GP1]: In that paper, on P2¢~1 x P2¢=1 we have introduced
a matrix
Ma(,y) = (TitjVi—j T Titj+dYi—j+d)o<ij<d—1,
where the indices of the variables x and y above are all modulo 2d. This matrix has the property
that if A C P29~ is a Heisenberg invariant (1,2d)-polarized abelian surface, then My has rank at

most two on A x A C P24=1 x P2d=1_ Gimilarly, if A C P?? is a Heisenberg invariant (1,2d + 1)-
polarized abelian surface, then the (Moore) matrix

Méd+1(x7y) = (xd(iJrj)yd(i*j))iEchul,j€Z2d+17

on P2 x P24 has rank at most four on A x A C P2? x P24, These matrices will prove to be
ubiquitous!

We include at the end of this section a brief discussion of abelian surface fibrations on Calabi-
Yau threefolds. Throughout this paper we will use the following terminology:

Definition 1.1 A Calabi- Yau threefold is a non-singular projective threefold satisfying wx = Ox
and h'(Ox) = 0.

Lemma 1.2 Let X be a Calabi-Yau threefold, and let A C X be a minimal abelian surface.
Then A is a member of a base-point free linear system of abelian surfaces which induces a fibration
7:X — P! with A as a fibre.

Proof: On X, we have
00— 0x — Ox(A) —wq — 0,

from which we obtain dim |A| = 1. It then follows from [Og] that |A| must be a base-point free
linear system inducing an abelian surface fibration X — P, &
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The Calabi-Yau threefolds we will consider in this paper will be partial smoothings of two
types of singular threefolds. Recall first [GP1], Proposition 5.1:

Proposition 1.3 Let E C P"! be an elliptic normal curve of degree n. Then
(1) Sec(E) is an irreducible threefold of degree n(n — 3)/2.

(2) Sec(F) is non-singular outside E.

(3) Wseo(r) = Osec(r) and h' (Ogeq(r)) = 0.

Thus, form a numerical point of view, Sec(E) is a degenerate “Calabi-Yau” threefold, con-
taining a pencil of type II degenerations of (1,n)-polarized abelian surfaces. Namely, assume that
E C P"!is Heisenberg invariant under the Schrédinger representation. Then Sec(E) contains the
pencil of Heisenberg invariant translation scrolls

SE,P = U <P7P+p>a
PeFE

where (P, P + p) denotes the line spanned by P and P+ p and p € E is not a 2-torsion point. The
fibers of the pencil for p a 2-torsion point on F are multiplicity two structures on the corresponding
smooth elliptic scrolls S,,.

A second series of degenerate “Calabi-Yau” threefolds is given as follows:

Proposition 1.4 Let Ly, Ly C P?"~! be two disjoint linear subspaces of dimension n — 1, and
let By C L1, Es C Ly be two elliptic normal curves of degree n. Put

Join(Ey, Es) := U (e1,e2)

e1€Eq
eg€Ey

where (e, es) denotes the linear span of ey and ey. Then
(1) Join(Ey, E») is an irreducible threefold of degree n? in P?"~1,
(2) Join(E4, E2) is non-singular outside of Eq and Es.

(3) Wioin(E1,B) = OJoin(kr,Bs) and B (Ojoin(k, Ey)) = 0.

Proof : (1) Irreducibility is obvious. The degree of Join(E;, E2) is the product of the degrees of E;

and Es, hence the join is of degree n?.

(2) Let Y C E; X Ey x P?"~! be defined by

Y ={(e1,e2,9) | y € (e1,e2) }.

The projection p1o : Y — E; x F5 clearly gives Y the structure of a P'-bundle, while the projection
p3 : Y — P21 gives a resolution of singularities of Join(E;, E»). Note that ps : Y \pgl(El U
E5) — P?"~!is an embedding. Indeed, ps is one-to-one away from p3 1(E1 U E5); otherwise there
exist distinct points ey, €] € E7 and eq, e, € E5 such that (eq,es) N (€], e5) # &. But then these two
lines span only a P2, so that (e1,€}) N {ea, €h) # @, contradicting the assumption that Ly N Ly = @.



8 MARK GROSS AND SORIN POPESCU

To see that p3 is an immersion, a local calculation suffices. Consider an affine patch C2"~1 of P27~ 1,
with coordinates v, ..., ¥y2n_1, in which L; is defined by y,, = - - = y2,,_1 = 0 and Lo is defined by
y1 =+ =ypn—1 =0, and y, = 1. If E} is locally parametrized by t — (ay(t),...,an—1(t),0,...,0)
and Fs is parametrized by u +— (0,...,0,1, 51 (u), ..., Bn—1(u)), then Y has local coordinates (¢, u, s)
in which p3 is given by

(t,u,s) — (say(t),...,san—1(t), (1 —s), (1 —9)B1(u),..., (1 —5)Bn-1(u)).

Computing the differential of this map one sees easily that it is injective for s # 0,1, given that
E; and E, are nonsingular. Thus ps : ¥ \p3 1(E1 U Fy) — P?"! is an embedding, and so
Join(E1, E2) \(E; U E5) is non-singular.

(3) First note that Join(E7, Es) is normal. Indeed, locally the singularities of Join(F;, Es)
look like curve x (cone over elliptic normal curve), hence are normal. Now the map p3 : ¥ —
Join(FE1, E5) contracts two sections o1 and oo of the P'-bundle p15 : Y — E; x E5 to By and Fs,
respectively. Since pio is a P'-bundle, we can write Ky = —o1 — 02 + pi, D for some divisor D on
Fy x E5. But 01 and o2 are both isomorphic to E; x F5 and are disjoint, so by adjunction

0= KU1 = (KY + 01)‘0'1
= (=02 + pia D)o,
=D.

Thus Ky = —01 — 02. On the other hand, on Join(E1, Es), both E; and Es are curves of simple
elliptic singularities, so Join(E1, Fs) is Gorenstein and

*
Ky = p3Kjoin(E,,E,) — 01 — 02,

from which we conclude that p3Kjein(g,,m,) = 0. Since p3 : Pic(Join(Ey, Ez)) — Pic(Y) is
injective, this shows Kjoin(g, E,) = 0, as desired.

Just as in the proof of [GP1], Proposition 5.1, to show that h'(Ojin(e, E,)) = 0, it is enough to
show that Pic®(Join(Ey, F»)) is discrete. Note that the image of p} : Pic®(Join(Ey, Es)) — Pic’(Y)
is contained in the subgroup P of Pic’(Y) given by

P ={LecPic®(Y) | L|,, = piM; and L|,, = p5 M for some M; € Pic(E;) }.

Thus it is enough to show P is discrete. Suppose D € P is a divisor algebraically equivalent to
zero. Then we can write D ~ noy + pj,C for some n € Z, C' € Pic(E; x F3). Then n = 0 and
C is algebraically equivalent to zero on £ x Es. Since pj,C € P, it follows by restriction to o3
and o9 that in fact C' = piFy and C' = p5F, for divisors F} and F, on E; and FEy, respectively.
Thus F} = F, = C =0, so D = 0 in Pic(Y). Thus P is a discrete group, as is Pic’(Join(E, Es)),
allowing us to conclude that h' (Ojoin(Ey1,E)) =0. 1

In fact, in a suitable context, these degenerate “Calabi-Yau” threefolds contain a pencil of
degenerate Heisenberg invariant (1,2n)-polarized abelian surfaces. Fix the standard Schrodinger
action of Hy, on P?"~! and consider the subgroup H” C Hs, generated by o2 and 7. Then
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H” /(") = H,, acts as the Schrodinger representation of H,, on the subspaces L, Ly C P21,
where L1 = {$0:$2: e = To2n—2 :0}, and L2 = {1‘1 = T3 =+ =Tan—-1 :0} Let E - Ll =
P"~! be an H,-invariant elliptic normal curve (under the Schrédinger representation). Then
o(E) C Ly is also an H,,-invariant elliptic normal curve. Let 0 € E denote the origin of E. Define,
forn € E,
Sy = |J (P.o(P +n)) C Join(E, o(E)) c P>
PEE

Proposition 1.5
(1) S, is a non-singular elliptic scroll of degree 2n in P?"~1.

(2) A, == S, Ua(S,) = S, US_s2 is an Hy,-invariant surface of degree 4n and sectional
arithmetic genus 2n + 1. Moreover, A, = A,y if and only if n =1’ or ' = —c?(n). Thus the
set { A, | n € E } forms a linear pencil of surfaces in Join(E, E3).

(3) For n € E general, there exists a flat family A — A, a point 0 € A, along with a Ha,,-
invariant embedding A C PQA"_1 such that Ay = A,, and A, is a non-singular (1, 2n)-polarized
abelian surface fort € A, t # 0.

Proof : (1) Non-singularity of S, is straightforward and can be proved in much the same way as
the non-singularity of Join(E;, E) away from E; and FEs, see Proposition 1.4. To compute the
degree of S,, choose a general hyperplane H; C Ly, and let H = Join(H;, Ly). Then HN S, =
o(E)UlyU---Ul,, where l,...,l, are lines passing through the points of £ N H;. From this we
see that S, is of degree 2n.

(2) Straightforward.

(3) The elliptic curves E and o(F) are two disjoint sections of S,, thus S, = S = P(O @ L),
with £ € Pic?(E). This isomorphism can be chosen so that the section E of S,, corresponds to the
O-section of S, i.e. the section corresponding to the subbundle O of O @ L, while the section o(E) of
Sy corresponds to the oco-section of S, i.e. the section corresponding to the subbundle £ of O @ L.
Then Og, (E)|g = £ and Og, (0(E))|s(g) = £7*. Since E maps to an H,-invariant elliptic normal
curve in Ly, the identification of S with S, is induced by the complete linear system |o(E)+mn- f,].
Now o(E)+n- f, ~ E+n- f, for some p € E, and restricting both of these divisors to E, we see
that

£ = Op(=n(lp] - o).
Now as an abstract surface A, is a type II degeneration, namely a 2-cycle of elliptic ruled surfaces
as in the following figure:

glue without shift

' oo-section v 0-section

O-section oo-section

AN glue with shift o2(2n) !
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One starts with the surface S, with E and o(FE) as its 0 and oo-sections, respectively, then
glues with no shift the oo-section of S, to the O-section o(E) of the surface o(5,) = P(O & L),
and then finally glues with shift 0%(2n) the oo-section E of o(S,) to the O-section of the S,. The
restrictions of Og, (1) and O, (s, (1) to E coincide after a shift by 0*(2n), which yields n([o] —[p]) =
n([0%(2n)] — [0]). In other words p € E is such that np = —no?(2n) in the group law of E, and
L = Og(—n([p] — [0])). As in [HKW], part II, especially Theorem 3.10 and Proposition 4.1, and
[DHS], §3, one may show that such type II degenerations actually occur, and in fact all elliptic
curves E and all general shifts n can be realized. 1

2 Moduli of (1,4)-polarized abelian surfaces.

Even though the geometry of the moduli space of (1,4)-polarized abelian surfaces is well
understood (see [BLvS]), we wish to partially review it here as this will lead to another example
of a Calabi-Yau threefold with an abelian surface fibration. However, we will not provide many
details, leaving further investigations to the interested reader.

lev

The moduli space A/ was studied in [BLvS]. Let (A, £) be an abelian surface with £ an ample
line bundle of type (1,4). It is proved in [BLvS] that if A is sufficiently general, then the morphism
Yz : A — P? induced by |£] is birational onto its image, an octic surface. Furthermore, [BLvS]
give explicitly the defining equation of such an octic surface. Namely, let (zo : ... : x3) be the
coordinates on P3, on which the Heisenberg group Hy acts via the Schrodinger representation

O:X;— Ti_1 and T X — §_imi,
where € is a fixed primitive fourth root of unity. We now change coordinates to

20 =T + T2, 22 = T3+ T1,

21 =Ty — T2, R3=T3 — T1.
Then the image of ¢ is defined in P32 by the equation f = 0, where

f(Z(), ey 23) = )\Nt)\,

with
zgz%zgzg 0 0 0
N — 0 - (z§z§ + z%z%) - (2323 + z%z%)(—z§z§ + 2223) (zézi — zgzg)(zéz?z — zizg
0 (202Z12+ szgg(—zoéz + 4 23) - (202322+ 4 223) - (2022 + i ZE)(304Z34+ 2172
0 (2021 — 2323) (2023 — 2123) (2023 + 2123) (2023 + 21%3) (2023 + 2122)
and for some value of the parameter A = (Ao : ...: \3) € P3.
For a fixed value of A\ we will denote by A the octic surface defined by {f = 0} C P3.
Note that (Ag :...: A3) and (—Xg : A1 : A2 : A3) give the same equation f = 0, and conversely

two points A, M € P? yield the same equation only if they are related in this manner. Thus, if Zs
acts on P3 via
()\0 : )\3)I—> (—Aoi)\l 1)\22)\3),

)
)
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then there is a birational map
Q4 : A - -~ P3/Z,.
This latter quotient is isomorphic to the cone over the Veronese surface in P°.

We recall briefly from [BLvS] the structure of the singularities of Ay C P? for general A. The
singular locus of A, is contained in the union of the coordinate planes {zpz12223 = 0}. In fact,
Sing(Ayx) N {z; = 0} is a quartic curve with double points at the three coordinate vertices on the
plane {z; = 0}. Now A, has generically ordinary double points along this curve, with 12 pinch
points in the smooth locus of the quartic, while Ay has quadruple points at the coordinate vertices
(with tangent cone a union of four planes).

Definition 2.1 Let [ C P? be a line. Define V41J to be the normalization of the hypersurface
X; CP3 x 1 CP3xP3 given by the equation

{ f(z0,- 523500, ,23) =0 | (Xoy...,A3) €1}

with (2o : ... : z3) coordinates on the first P3 and (\g : ... : A3) coordinates on | on the second P3.
Let X;—Y;—P?3 be the Stein factorization of the projection X; — P3on the first factor, and
define Vy; to be the normalization of Y.

Because this case is not of great relevance to the main thrust of the paper, we state basic
properties of these threefolds and only sketch their proof.

Theorem 2.2 For a general line [ in P3,
(1) Va, is a double cover of P3 branched over an octic surface B C P3.

(2) The singular locus of B consists of 148 ordinary double points, all of which are contained in
Ay, A €. These are of three types:

(A) 128 of them are contained in the smooth locus of Ay,
(B) 16 others are contained in the double point locus of Ay for A € | general,
(C) The remaining four occur at the coordinate vertices (at the quadruple points of Ay ).

(3) The map ' : V41J — Vi, induced by the map 1 : X; — Y] is a small resolution of Vy ;. In
particular, V41,z is a non-singular Calabi-Yau threefold which contains a base-point free pencil
A, of non-singular (1,4)-polarized abelian surfaces mapping to the pencil Ay, A € I.

(4) X(V41,l) =0 and hl’l(szl,l) = h1,2(v41’l) =38.

Proof : (Sketch) (1) Let I C P? be parametrized by \; = ag;juo + a1jp1, j € {0,1,2,3}, where
(,U,() : ,ul) € Pl, and A = (aij)0§¢§1’0§j§3 is a 2 x 4 matrix. Then

f(z0,- .., 23, 000 + G104, - - -, GOz o + Q13401)

is a quadratic polynomial in yq, 11 whose Hessian is the 2 x 2 matrix 2AN?A. Thus the discriminant
of this quadratic polynomial is det(AN*A). By inspection, one finds that every 2 x 2 minor of the
matrix N is divisible by 23222322, and thus so is det(AN?A), being a linear combination of minors
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of N. Hence one can view Y; as the double cover of P? branched over {det(AN!A) = 0}. Since this

determinant contains the factor 22222222, we see Y] is not normal. Now the surface

B :={(det AN'A) /23222323 =0} C P?

can be seen to have only 148 ordinary double points. One may essentially check this, for a ran-
dom choice of | C P? via a straightforward computation in Macaulay/Macaulay?2. Thus Vi, the
normalization of Y;, can be obtained by taking a double cover branched over the octic surface B.

The claims in (2) can be verified directly via Macaulay/Macaulay?2.

(3) Let f : Vy; — P3, g : Y; — P? be the double covers. For \ € [, the surface A, x {\} C X;
maps isomorphically to Ay C P3 via the first projection, and hence g~ (A,) splits as the union of
two surfaces, each being isomorphic to Ay. Thus f~(A,) also splits as Sy U S}, where Sy is the
proper transform of Ay x {A}.

A local analysis now shows that for general A, S is non-singular except at the ordinary double
points of types (B) and (C). At nodes of type (B), S\ has an improper double point (i.e. the
tangent cone is the union of two planes meeting at a point), while at the nodes of type (C) the
surface S, has tangent cone a union of four planes meeting at a point. Let Vfl — V4, be the
blow-up of V4; along S). Then V42,z is a small resolution of Vj;, and if all exceptional curves are
flopped simultaneously, we obtain a small resolution Z; — V4 ; in which the family of surfaces
Sy forms a base-point free pencil, thus yielding an abelian surface fibration Z; — P!. This map
along with the natural map Z; — P2 yields a map ¢ : Z; — P2 x P! whose image is clearly
the hypersurface X;. Hence via the universal property of the normalization we get a map ¢’ in the

diagram
Z
&' ¢
V;{ ! X;
Y G
V;,z Y

The morphism ¢’ is a birational map between normal varieties, and it is also clear that it doesn’t
contract any positive dimensional components. Thus it is an isomorphism, and (3) follows, with
A the proper transform of Sy in V41,l-

(4) Now X(V417 ;) = 0 follows from the fact that the Euler characteristic of a non-singular double
cover of P3 branched along a smooth octic is —296, and that Vj; has 148 ordinary double points
(each ordinary double point increases by two the Euler characteristic with respect to that of a
double solid branched over a smooth octic). The calculation of the Hodge numbers may be done
in a general example via Macaulay/Macaulay? using standard techniques (see [Scho] and [We], or
Remark 4.11 for details). n

Remark 2.3 We note here that X4; can be viewed as a partial smoothing of the secant variety
of an elliptic normal curve in P3, in the sense that through the general point of P3 pass precisely
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two secants of an elliptic normal curve, so we can think of the secant variety as a double cover of
P2. The branch locus is in fact the union of the four quadric cones containing the elliptic curve.

3 Moduli of (1,5)-polarized abelian surfaces.

We review here certain aspects of the geometry of (1,5)-polarized abelian surfaces. We will
see in many ways that this case is a paradigm for many of the higher degree cases. We first review
briefly the well-known description of AX?. See [HKW] and references therein for proofs and details.

The main result of [HM] is that every (1,5)-polarized Heisenberg invariant abelian surface in
P* is the zero locus of a section of the (twisted) Horrocks-Mumford bundle Fg/(3), and conversely,
when the zero locus is smooth. Here, H°(Fs(3)) is a four dimensional vector space. Thus, if
U C AL is the open set consisting of triples (A, H, ), with « the level structure and H very ample
on A, we obtain a morphism

Os : U — P(H(Fun(3)))

defined by
(A7 H7a) = [3] € P(HO(fHM(?’)))v

where s is a section (uniquely determined up to scalar multiple) of Frps(3) vanishing on A. The
results of [HKW] then show that this morphism extends to a morphism (denoted exactly as the
previous one)

Os : AL — P(H(Fuar(3)))

where @ is the Igusa toroidal compactification of A¥?. ©O5 is a birational morphism, and [HKW]
gives a complete description of its structure, as well as a description of ALY C ALev. In theory,
for many of the cases in this paper, one could produce a similar fine structure theory, and thus
provide a biregular description of Al¢?  but we shall not even begin to attempt this. See also the
introduction for comments regarding the (1,7) and (1, 11)-polarizations.

Definition 3.1 Paraphrasing [Moo], (see also [Au], [ADHPR1] and [ADHPR2]) we define for y €
P* the Horrocks-Mumford quintic X5, := {det(M}(x,y)) =0} C P* whenever this determinant
does not vanish identically, where Mg (x,y) = (T3(i4+5)Y3(i—j))i,jezs as in Section 1.

This is not the usual definition of the Horrocks-Mumford quintics: more standard is to
choose two independent sections s, s’ € HY(Fg(3)) and consider the vanishing locus of s A s’ €
HO(N2Fyar(3)) = H°(Opa(5))Hs. However, these two definitions coincide. An argument is given
in Remark 4.1 and preceding discussion of [ADHPR2|. Summarizing that argument, we define a
rational map

©: P! - -~ P(H"(Ops(5))") = P(NH(Frn(3)))

by taking y € P* to the Hs-invariant quintic det(M{(x,y)). This map is defined outside of the
so-called Horrocks-Mumford lines, the Hs-orbit of P1. The image of this map is the Pliicker
quadric of decomposable tensors in P(A2H®(Fs(3))). This is worked out explicitly for instance
in Remark 4.1 of [ADHPR2].



14 MARK GROSS AND SORIN POPESCU

Theorem 3.2 For a general y € P4,
(1) X5, is a quintic hypersurface in P* whose singular locus consists of 100 ordinary double points.

(2) There is a small resolution X5, — Xs, such that X}, is a Calabi-Yau threefold with
x(X3,)=0,rb(X] ) = h?(X],) = 4. In addition, X3, is fibred in (1, 5)-polarized abelian
surfaces.

(3) X, éyy also contains a pencil of abelian surfaces with a polarization of type (2,10), blown up in
25 points.

Proof : These are all well-known. Sketching the ideas here, for (1), two general sections of the
Horrocks Mumford bundle Fp/(3) vanish along two smooth abelian surfaces that meet transver-
sally in 100 points, the nodes of the corresponding quintic (see [HM], [Au], [Hu2] for details). For
(2), first note that if A C P* is an abelian surface and y € A, then M/ (z,y) has rank at most 4

on A by [GP1], Corollary 2.8. Thus A C X;5,. Blowing up A produces a small resolution, and
1

5y’
by Lemma 1.2. The invariants of X3 , are well-known, see [Au] for details.

flopping the 100 exceptional curves, we obtain X:  , in which A moves in a base-point free pencil,

For (3), it is well-known that if A C X5, as above, and X’ is another general quintic hyper-
surface containing A, then

X5, NX =AUA,

where A’ C P* is a non-singular surface of degree 15, in fact an abelian surface with a (2, 10)-
polarization blown up in 25 points (Ellingsrud-Peskine unpublished, see [Au] or [ADHPR1],
[ADHPR2] for details). It follows from Lemma 1.2 that there is a pencil of such surfaces on X5 ,. 0

Remark 3.3 (1) The Horrocks-Mumford quintics X5, can be viewed as partial smoothings of
the secant varieties of elliptic normal curves in P%, as [GP1] Theorem 5.3 or [Hul], pg. 109 shows
that such secant varieties are also Horrocks-Mumford quintics.

(2) The Kéhler and moving cones of X} , are well-studied: see [Borl], [Bor2], [Scho], [Scho2] and
[Fry]. In particular there are an infinite number of minimal models, and X 517y contains an infinite
number of pencils of (birationally) abelian surfaces, of both types.

We now collect a number of results about Horrocks-Mumford quintics and (2, 10)-polarized
abelian surfaces we will need later which do not appear to be in the literature. We first describe a
certain family of Horrocks-Mumford (HM-) quintic hypersurfaces X5, C P*, where the parameter
point y lies in Pi C P*. This result will be needed for understanding the singularity structure of
Calabi-Yau threefolds arising in the (1,10) case (see Theorem 7.4):

Proposition 3.4 Let M{(x,y) = (x3(1+j)y3(i*j))iezs’ and let X5 ,, be the (symmetric) HM-quintic
hypersurface given by {det M{(z,y) = 0} C P*(x), for a parameter point y € P2 (here and in the
proof of the proposition + are again with respect to the Heisenberg involution v acting in P*).

(1) Ify € B C Pi, where B is the Brings curve (the curve swept by the non-trivial 2-torsion
points of Hs invariant elliptic normal curves in P*, see [BHM]), then X; , is the secant variety
of an elliptic normal curve in P*.
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Ify € Cy C P2, where Cy = {y} + 4y1y> = 0} is the modular conic (cf. [BHM)]), then X5 ,, is
the trisecant variety of an elliptic quintic scroll in P*.

For a general y € P32 \(C4 UB), the singular locus of X5, is the union of two elliptic curves of
degree 10, meeting along the Hs-orbit of the parameter point y. See (5) below for the nature
of the singularities.

Let X5, C P*(z) x P(2) be defined by
X—57y - { (JZ,Z) S P4 X P4 ‘ Mé(x,y)z = O }

Then for general y € P2 \(CyUB), )~(57y has 50 ordinary double points, and Sing()?&y) maps
to the Heisenberg orbit of y under projection to P4(z).

For general y € P%r \(C+UB), X5, has only cA; singularities away from the Heisenberg orbit
of y, while at a point of the Heisenberg orbit of y, X5, has a cAs singularity.

If p1,ps : P4 xP* — P* are the two projections, then X5, = pg()?&y) C P* is a Hs-invariant
quintic which, for general y € P2 ~(C4 N B), has singular locus a union of two elliptic quintic
normal curves in P*. Furthermore, X}, C P*(z) is defined by the equation {det L(z,y) = 0},
where L(z,y) is the 5 X 5 matrix given by

L(z,y) = (Z'Qi—jyi—j)i,jezs'

Proof : First we note that (1) follows immediately from [GP1]|, Theorem 5.3. On the other hand,
(2) follows from [ADHPR1], Proposition 24.

For the rest, recall that T' = A2HO(Fp(3)) = HO(Opa(5))" is the 6-dimensional space of

H;-invariant quintics in P%. The decomposable vectors in I' correspond to the Horrocks-Mumford

quintics, namely the quintic hypersurfaces in P* whose equations are the determinants of matrices
of type M{, see Definition 3.1 and the discussion thereafter. We will need the following standard
facts concerning HM-quintics and HE = Hj x(¢)-invariant elliptic quintic scrolls in P%, most of
which can be found in [BHM]:

(D)

(1)

(I11)

(IV)

There exists a 1-dimensional family X;, t € P! of Hg-invariant elliptic quintic scrolls in P4;
the smooth ones correspond to t € PL ~ {(0:1),(1:0),((1£+/5)¢*:2),k € Zs}, the singular
are cycles of planes. The ruling of a smooth elliptic scroll X; over the origin of the base curve
maps to a line I C P2, which is tangent to the conic C; at a point which corresponds to
the point ¢ € X (5) = C4 via the standard identification [BHM], or [ADHPR2]|, Proposition
4.3. The scroll X; is embedded in P* by the linear system |Cy + 21|, where Cj is the (unique)
section of the scroll with self-intersection 1 meeting P! .

For any smooth elliptic scroll X, there exist exactly three pairs (F;,7;), ¢ = 0,1,2, of HE-
invariant elliptic normal curves in P* and 2-torsion points, such that X, is the 7;-translation
scroll of E;, see the discussion after Proposition 1.3 and [Hu2| for exact definitions.

The linear system |2E;| = | —2Kx,| = [4Cp — 2| is a base-point free elliptic pencil, whose only
singular fibres are the double curves 2FE;.

The linear system |Cy + 2E;| = |5Cy — 2l| on X;, which has as base locus the three origins
(on PL) of the elliptic normal curves E;, defines a 2 : 1 rational map from X, onto P?. The
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map is branched along [ and the three exceptional lines (over the base points), it contracts Cy
and the elliptic normal curves E; to p and p;, respectively, and maps the other elements of the
pencil | — 2K x,| to the pencil of lines through p (cf. [BHM], Propositions 5.4 and 5.5).

(V) By [BHM], proof of Proposition 5.9, the restriction of I', the space of Hs-invariant quintics,
to a Hg-invariant elliptic quintic scroll X; C P* is always 3-dimensional. Furthermore, the
kernel of this restriction is s; A HO(Fgar(3)), where s; € HO(Fgps(3)) is the unique section
of the Horrocks-Mumford bundle vanishing on a double structure on the elliptic scroll X;.
The sections s; € H°(Fga(3)) vanishing on a double structure on the elliptic scroll X, are
parameterized by a smooth rational sextic curve Cg C P? = P(H®(Fya(3))) (cf. [BM], 1.2).

(VI) The linear system I' induces a rational map © : P* - -» Q C P®, where () is a smooth quadric,
which is 100 : 1 and is not defined exactly on the so called Horrocks-Mumford lines (the Hs
orbit of P1). In this setting, Horrocks-Mumford quintics correspond to pullbacks via © of the
tangent hyperplanes to the Pliicker quadric ).

(VII) O restricted to X; factors as © : Xy — X;/Z5xZs =2 X; - -» Q, and the latter map is induced
by the linear system |Cy + 2F;|, and thus by (IV) above, maps the scroll onto a linear subspace
P2 CQcCP5.
Next we identify the quintics in part (3) of the statement of Proposition 3.4:

Lemma 3.5 Symmetric HM-quintics X5, C P*, for a parameter y € Pi ~ C4 U B, correspond
to wedge products s; A sy, where s; € H°(Frua(3)), i = 1,2, are two sections of the Horrocks-
Mumford bundle each vanishing on a H¢-invariant elliptic quintic scroll X; C P*. Such quintic
hypersurfaces can also be characterized as the unique quintics in P* containing the union of the
two elliptic quintic scrolls X;: If l; are the rulings over the origin of X;, i = 1,2, then we may take
as parameter y of the matrix M{(x,y) the point {y} =l; Nlo € P3. In particular, this allows us
to identify Sym*(Cs) with P2

Proof : Let y € P2 \(Cy UB), and let /; and I3 be the two tangent lines to the modular conic Cy
that pass through the point y. By fact (I) above l; and [y are each rulings over the origin for two
distinet Hg-invariant quintic elliptic scrolls X; C P*%, i = 1,2. On the other hand, for a fixed point
x € B, the quintic {det M} (z,y) = 0} C P*(y) is the secant variety of the elliptic normal curve in
P%(y) passing through . Now if Ei, Ei, F{ C X; are the three elliptic normal curves of fact (II)
above, then E’ Nl; consists of two distinct points, and thus B N 1l; = U;’Zl(E]z N 1;) consists of six
distinct points (see [BHM], §6). Thus [; is a secant to each E}, and thus det Mg(z,y) vanishes at
each z € BN;. By Bézout’s theorem, it follows that X5, must vanish along both rulings /; and
ly. Further, by Heisenberg invariance, X5, must then vanish on the Hs orbits of /; and I, and
thus on both elliptic scrolls X; and X5 again by Bézout’s theorem. The first claim in the lemma
follows now from fact (V) above. For the second claim, observe that by fact (VII) above, the map
O : P* - -~ Q maps the two scrolls X; onto two planes in P° meeting at a point, and thus spanning
a unique hyperplane in P®. This concludes the proof of the lemma. =

Proof of Proposition 3.4 continued: Suppose that y € Pi ~(C4+ U B), and thus that X5, =
{s1 A sg =0} C P4(x), with s; € H°(Fx(3)) vanishing doubly on elliptic quintic scrolls X; C
P*(x). The elliptic quintic scrolls X; and X, meet only in 25 points, namely the Hj orbit of y € P%.
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Moreover, since rank M{(y,y) < 3, it follows that all the Hs translates of y are in the singular locus
of the quintic X5 .

By fact (III) above, on each scroll X;, the linear system | — 2K, | is a base-point free pencil,
with general member a smooth elliptic curve of degree 10. We denote by D; the unique degree 10
elliptic curve in the pencil | —2Kx,| which passes through the parameter point y. Each curve in the
pencil | —2Kx, | is Heisenberg invariant, since at least three curves in the pencil (the doubled elliptic

~ p!l

quintic curves) are Heisenberg invariant, and only the identity automorphism on | — 2K,
has > 3 fixed points. Thus Dy N Dy = X7 N X5 is the Hy orbit of .

We show now that rank M{(xz,y) < 3 for all x € Dy U D5, and thus that X5, is singular
along the union of these two elliptic curves. The space of Heisenberg invariant quintics containing
the elliptic curve D; (the elliptic scroll X;) is 4-dimensional (respectively, 3-dimensional), so D;
is linked on X; to a Hs-invariant curve G; of degree 15. The elliptic curve G; is a section of the
scroll X;, described in [ADHPR2], Proposition 4.10 (iii), and is the unique Hy x(¢)-invariant curve
of class Cp + 12 on X;. By [ADHPR2|, Proposition 4.12 (ii), for a fixed point z € G;, not on
a Horrocks-Mumford line, the quintic {det M{(x,z) = 0} C P*(x) is the trisecant variety of the
elliptic scroll X;. It then follows, as in [ADHPRI1], Proposition 24, that rank M/(x,y) < 3 for all =
on the unique curve of numerical equivalence class 4Cy — 21 passing through z. However, if z € D,
this curve is precisely D;. On the other hand the matrices M/(x,y) and M.(y,z) coincide up to
a permutation of their columns, and so do their collection of 4 x 4 minors. Thus it follows that
rank M{(xz,y) < 3 for all z € D; N G;. Now on the scroll X; we have D, - G; = 50, and since both
these curves are Hs-invariant, D; N G; must consist of at least 25 distinct points. By [ADHPR2],
Proposition 4.8, G; N G2 = @, and since rank M{(z,y) < 3 for all x € Dy N Dy, it follows that
each 4 x 4 minor of M/ (x,y) vanishes in at least 50 points along D;, and thus by Bézout’s theorem,
vanishes identically on the curve D;. It follows that rank M{!(z,y) < 3 for all x € Dy U Do, which
means that the quintic X5, C P* is singular along the union of the two elliptic curves D;.

One checks now in Macaulay/Macaulay2 that for a general y € P32 \(C; UB) the quintic X5,
is singular only along the union Dy U Ds.

To show (4) and (5), note that it is well-known that for general y € P4, )~(5,y C P* x P4
has precisely 50 ordinary double points. (See for example [Au] or [Borl].) Thus, if this is also
the case for one y € Pﬁ_, it will be the case for general such y. But this can be checked using
Macaulay/Macaulay2. Now p; : )~(57y — X5, is an isomorphism away from pfl(Sing(X57y)), since
rank M (z,y) < 3 only for points of Sing(Xs,). Furthermore, p; ' (Sing(Xs,)) — Sing(X5,) is a
Pl-bundle, since rank M{(z,y) = 3 on Sing(X5,). Since generically p; resolves the singularities
of X5,, X5, must generically have cA; singularities. Because )?5,1, has only ordinary double
points, it is then clear that X5, has only cDV singularities, and by deformation theory of du Val
singularities, y must be at least cA3, and at least two ordinary double points of )?571, are sitting
over y. By Heisenberg invariance, there are precisely two ordinary double points over each point
in the Heisenberg orbit of y, and thus each of these points is a cA3 point, while away from the
Heisenberg orbit of y, points of Sing(X5 ) are cA; points.

Finally, to show (6), first note that the equation M!(z,y)z = 0 of 5(,571/ is equivalent to the
equation ‘L(z,y)z = 0, given that y € P%2. Thus the equation of Xz, = p2(Xs,) is given by
{det L(z,y) = 0}. Now let N(z,y) be a 4 x 5 matrix of linear forms whose rows are general linear
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combinations of the rows of M/(z,y), and let
A={zecP*| rankN(z,y) <3}.

Then it is well-known (see [Au] or [Borl]) that the linear system [4H — A| on X5, induces a
birational map ¢ : X5, ---- Xz which lifts to the projection py : )?5’y — X5, Now X;,
contains the elliptic quintic scrolls X; and X,. Each scroll X; is embedded via |Cy + 21| by fact (I)
above, and hence ¢|x, is induced by a subsystem of |[4Cy+ 8] — (AN X;)|. But A certainly includes
the curve D;, which is of class —2Kx, = 4Cy — 2l. Furthermore, for a general (1,5)-polarized
abelian surface A C X5 ,, AN A is degree 20. It then follows from the intersection theory on a
resolution of X5 ,, that that ANX; = D; Uli1 U-- ‘Ul;r’, where lf are lines of the ruling on X;, and thus
¢|x, is induced by a linear system numerically equivalent to 5l. Thus ¢|x, maps X; to an elliptic

normal quintic curve in Xz, C P*, and Sing(X5,) contains at least two elliptic normal curves.
However, checking for general y € Pi ~(C1 UB), one finds via Macaulay/Macaulay2 precisely this
singular locus, so this describes the singular locus for X g,y for general y € P?r. |

Next we study (2, 10)-polarized abelian surfaces in P4.

Proposition 3.6 Let A be a general abelian surface with an ample line bundle £ = (£')®? of type
(2,10), and let xg € A. Let m: A — A be the blow-up of A at the 25 points of the set xog + K (L'),
and suppose there exists elements fo, ..., f1 € H'(A, 7L ® wgl) inducing a morphism

f=fo, - fa) : A= P

Suppose furthermore this map is equivariant with respect to the action of K(L') on A and the
Schrodinger action of Hs on P, and is also equivariant with respect to negation on A and the
Heisenberg involution ¢ on P*. Then, possibly after changing the origin on A, we can take xoq = 0,
L a line bundle of characteristic 0 with respect to some decomposition. Furthermore, f is an
embedding, and for any y € f(A) the quintic hypersurface {det Ml(x,y) = 0} contains f(A).

Proof : The fact that negation on A lifts to negation on A tells us that zq is a two-torsion point.
Furthermore, (—1)*£ = £, so £ is a symmetric line bundle. Since zy is two-torsion and A, C K (L),
we have t; £ = £, and in particular if we change the origin of A to be o, £ will still be a symmetric
line bundle. Indeed, if (—1)" denotes negation on A with origin xo, then (—1)"* =t*_ o(—1)*ot} ,

so (—1)*L = (—1)*L = L. In addition, the action of (—1)" on sections of £ is the same as that of
the negation (—1), so changing the origin to zy does not affect the hypotheses of the proposition.

Now let H C P* be a hyperplane containing P2, let D = f*H be the corresponding divisor
on A, and set D = w,D. Let

A (D) ={x € Ay | multy(D)=1mod?2 }.

By [LB], IV, (7.6), if £ is of characteristic zero with respect to some decomposition, then #A; (D)
is 0 or 16, while if £ is not of characteristic zero, then #A; (D) = 8. We claim the latter does not
occur. Indeed, since D? = 15, we expect f _1(Pi) to consist of 15 points with D vanishing to order
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1 on each point, ruling out the latter case. To show that f _I(Pi) in fact consists of 15 distinct
points, we proceed as follows. We have m(f~*(P2)) C A,, so f~1(P2%) consists of 2-torsion points
and possibly a number of copies of By = 7~ 1(0). Now if p is an isolated point in f~*(P2), then
¢ acts on the tangent plane T4 , to A at p as negation. In particular, f.7T4 , must intersect P%r
transversally, so that p occurs with multiplicity one in f~*(P2). Similarly, if £y C f~!(P2), then
Ey must occur with multiplicity one. Thus either By ¢ f~!(P2), and then f~!(P2) consists of
15 distinct points, or By C f~(P3%), and we also have a residual (D — E7)? = 12 points. In either
case, we have #A; (D) > 8, and hence #A; (D) = 16 and L is of characteristic 0.

Now consider the map © : P* ---~ Q C P® introduced in fact (VI) of the proof of Proposi-
tion 3.4. Recall from [Au] (see also [ADHPRI1], Remark 37) that if Ly is an a-plane in ), then
©~ (L) is a (1,5)-polarized abelian surface union the base locus of ©. Moreover, if L; is linked to
a (B-plane Ly via a hyperplane section of Q, then ©~!(Ly) must be a degree 15 non-minimal (2, 10)-
polarized abelian surface (see [ADHPRI1], pg. 898). In particular, there is a three-dimensional
family of such Hy and t-invariant surfaces. These surfaces are embedded in P* by a linear system
of the type given in the hypotheses of this Proposition, and since these surfaces are linearly normal,
the embedding is given by a complete linear system |H(7*£ ® wAfl)|, where L is of characteristic
zero with respect to some decomposition.

Now the moduli space of (2,10)-polarized abelian surfaces along with a choice of symplectic
basis is the Siegel upper half-space H,. This is three dimensional. There is a universal family
A — Hy with a zero section, and a line bundle £ on A such that for any Z € Ha, L|4, is
the line bundle of type (2,10) and of characteristic zero with respect to the decomposition on
Az induced by the choice of symplectic basis (see [LB], Chapter 8, (7.1)). Furthermore, we can
blow up the submanifold (J,c4,, 2K(L]4,) C A to obtain a three-dimensional family of non-

minimal (2,10)-polarized abelian surfaces A — Hso, along with the line bundle 7*£ ® w;‘}Hz.

Here 7 : A — A denotes the blow-up map. This defines the universal family of polarized non-
minimal abelian surfaces of precisely the sort we are interested, and every such surface appears
in this family. Now the point is that this is a three-dimensional family, and further for each
Z € Ha, there are only a finite number of bases of H® (W*E@u)i} o |4, ) for which the induced map
f: Ay --- P*is equivariant with respect to translation by elements of 2K (£|4,) on Az and
the Schrédinger representation of Hs on P4, Indeed, all such bases are related by an element of
SLs(Z5) acting on HO(7*L ®w;1} ” |4,). Since we already have a three-dimensional family of such
abelian surfaces embedded in P*, these two families must coincide. Thus for a general Z € Ha,

|HO(7T*£®“);1}H2 |.4,)| is very ample, while the embedded surface f(Az) is of the form ©~*(Ly) for

some f3-plane Ly € Q C P°. Now if y € f(flz), and H is a hyperplane in P° tangent to  at ©(y),
then ©~1(H) is the Horrocks-Mumford quintic {det M!(x,y) = 0}, and clearly f(Az) C ©~1(H),
since Lo C H. 1

4 Moduli of (1,6)-polarized abelian surfaces

We will show that the general abelian surface A C P° with a (1,6) polarization is determined
by the cubics containing it, and this will allow us to define a rational map ©Og, essentially taking
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A to the set of cubics containing it. In fact, we will find out in addition that through a general
point y of P® passes exactly one (1, 6)-polarized abelian surface! The strategy for determining this
abelian surface is to consider the cubics passing through the Hg-orbit of a given y € P®. These
cubics (or a specific subspace of these cubics) will also contain the unique abelian surface passing
through y.

We first need to discuss the representation theory of Hg acting on the vector space H°(Ops (3)),
the space of cubic forms on P®. There are no Heisenberg invariant cubic forms on P®; however if
H' C Hg is the subgroup generated by ¢? and 72, then there are H'-invariant cubic forms. We
denote the space of such forms by H?(Ops(3))H. It is easy to see that H?(Ops(3))H has as a
basis fo,..., f3,0f0,...,0f3, where

3 3 3
Jo=zy + x5 + Ty
2 2 2
fi = xiT4 + 2320 + T5T2
fo = 217223 + 32475 + T5T0T1

f3 = xox2T4.

Furthermore, H O(OP5(3))HI is a representation of Hg, which splits up into four isomorphic repre-

sentations
3

H°(0ps (3)™ = @ fi,0f:)-
i=0
We will identify H(Ops(3))H with Vo@W, where Vj is a two dimensional representation of Hg and
W is a four dimensional complex vector space with basis eg, e1, €2, €3 so that Vo @ (e;) = (fi, o fi).

The importance of H°(Ops (3))H/ comes from the following key lemma:

Lemma 4.1 Let A C P® be a (1,6)-polarized abelian surface which is invariant under the action
of HE = Hg x(1). Then dim H°(Z4(3))® > 4.

Proof : This is a very similar argument to that in [HM], bottom of page 76. We consider the
restriction map
HO(Ops (3))™ — HO(£9)™,

where £ is the line bundle on A inducing the embedding. Let A’ = A/2K (L), and 7 : A — A’ the
quotient map. Then 2K (L) acts on £3, and there exists a bundle M on A’ such that £3 = 7*(M).
Furthermore, HO(£L3)® = HO(M). Now ¢;(M)? = ¢,(£3)?/degm = 12, so M is a line bundle
inducing a polarization of type (1,6) on A’. Thus ¢ acts on H°(M) = C° in the usual way so that
it has two eigenspaces, one of dimension four and one of dimension two. Now H°(Ops(3))H is
t-invariant, so that it must map to one of these two eigenspaces. Hence the kernel of the above
restriction map is at least four dimensional. 1

Remark 4.2 Note that the Riemann-Roch theorem tells us that we should only expect H°(Z4(3))
to be two dimensional. Thus A C P?® is not cubically normal.
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Eventually we will show that for a general abelian surface A C P®, dim H°(Z4(3))® = 4. This
will allow us to define a rational map

Q¢ : ALY - -» Gr(2,W)

by taking A to the two-dimensional subspace V' C W such that Vo ® V. = HO(ZA(3))"'. (See
Definition 4.6 for the precise construction.)

Definition 4.3 Define a rational map
¢:P°5 - -~ Gr(2,W)

by taking a point y € P to a subspace V. C W such that Vo®V is the largest Hg-subrepresentation
of HY(Ops(3))! vanishing at 1.

Equivalently, we first identify Gr(2, W) with Gr(2, W") by identifying a subspace V.C W with
its annihilator V® C WV, and then we can define the map ¢ : P5 - -~ Gr(2,W") in coordinates,
using the dual basis to ey, ...,es, as follows: a point y € P® is mapped to the subspace spanned

by (fo(y), .-, fs(y)) and (0 fo)(y), ..., (o f3)(y)) e W¥.
We note also that Vo®V is the subspace of H®(Ops(3))H vanishing on the Hg-orbit of y € P°.

We will use Pliicker coordinates for Gr(2,WV): the coordinates for a 2-plane spanned by
(xo,...,z3) and (yo,...,ys3) will be p;; = ;y; — x;y;. These satisfy the Pliicker relation pozp12 —
Po2p13 + Po1p23 = 0, which gives the equation of the Pliicker embedding Gr(2, W") C P®. Thus,
more explicitly, ¢ is defined in Pliicker coordinates by

ye P’ (fo) (o f) ) — 1) (o fo)®)s-- -, f2(y) (0 fs)(y) — fs(y) (o f2)(y)) € Gx(2, W) C P°.

Remark 4.4 Another way to obtain the Hg-subrepresentation of H%(Ops(3))® vanishing at a
general point y € P® is to take the four cubics det(Ms(x,v)), det(Ms(o3(z),y)), det(Ms(r3(z),y)),
and det(Msz(o373(z),y)); see Section 1 and [GP1] for their explicit form. As observed in [GP1],
Remark 2.13, these four cubics do not always span a four-dimensional space, e.g. when y is contained
in an elliptic normal curve.

Lemma 4.5 Let A C P® be a general Hg-invariant abelian surface. Then the map ¢ in Defini-
tion 4.3 is defined at the general point of A, diim H°(Z4(3))® = 4, and the cubics in H(Z (3))®
cut out a scheme of dimension < 2.

Proof : First, let X(I's) C P° be the hexagon of [GP1], §3. Then ¢ is defined on an open subset
of Sec(X(I'g)) = X(0C(6,4)), with notation as in [GP1]. Indeed, ¢ is defined for instance at the
point (1:1:2:1:0:0) € Sec(X(T)), as one checks by explicit evaluation. Since X (I's) C P°
is a degeneration of a general Hg-invariant elliptic normal curve, ¢ must be defined on a non-
empty open subset of the secant variety of a general such curve. Thus ¢ is defined generically on a
general translation scroll, and thus also on the the general (1, 6)-polarized abelian surface by [GP1],
Theorem 3.1.
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Let A C P® be such an abelian surface. Let y € A be a general point of the abelian surface,
let V C WY be the subspace corresponding to ¢(y), and let V° be its annihilator. Then Vo ® VY is
a four-dimensional space of cubics whose zero-locus contains the orbit of ¥ under Hg, and no other
cubic of H%(Ops(3))™ vanishes along this orbit. Hence Vo @ VO D H(Z4(3))®. On the other
hand dim H°(Z4(3))® > 4, by Lemma 4.1, so equality holds.

Finally, suppose that A C P® is a general translation scroll, so that A C Sec(E) for some
non-singular elliptic normal curve E C P5. As before, dim H%(Z4(3))® = 4, and by [GP1],
Theorem 5.2, two of these cubics cut out Sec(F), which is irreducible. It follows that the cubics
of HO(Z4(3))® must cut out a surface, and the same holds for the general (1, 6)-polarized abelian
surface, again by the degeneration argument. &

Definition 4.6 Let U C P° be the largest open set on which ¢ is defined. We define a rational
map

Q¢ : ALY - -» Gr(2,WY)

by sending the general Heisenberg invariant (1,6)-polarized abelian surface A C P° to p(ANU).
We note that ¢(A N U) is the single point in Gr(2,W") whose annihilator corresponds to
HO(Za(3))".

Now in the diagram

X CP°x Gr(2,WY)

PN

P® Gr(2,WY)

let X be the closure of the graph of ¢, so that if 71 and 7y are the projections to P° and Gr(2, W),
respectively, then 7 : X — P?® is birational and 7 = ¢ o m; on the open set of X where ¢ o 7 is
defined.

We now define another subvariety C C P° x Gr(2,WV) as follows: If V. C WV is a two-
dimensional subspace, and V? C W is its annihilator, then Vo ® V° is a subrepresentation of

Vo ® W, which, by the above discussion, may be identified with a four dimensional space of cubics.
Let

C CP° x Gr(2,W")
be the universal family defined by these cubics: i.e., if V' € Gr(2, W), then Cy is the scheme of
zeros in P? of the ideal generated by the cubics in Vy ® V°.

Finally, let @ C Gr(2,WW") be the quadric defined by the hyperplane section {pg3 + p12 = 0}
in the Pliicker embedding.

Note first that X C C. Indeed, if y € P® is a point where ¢ is defined, and ¢(y) =V C W,
then the cubics in Vy ® V° necessarily vanish at y.

We will now show the following
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Theorem 4.7

(1) mo(X) = @, the non-singular hyperplane section of the Pliicker embedding of Gr(2, W) given
by {po3 + p12 = 0}.

(2) O : Alev - -» Q is a birational map, and 7o : X — Q is birational to a twist of the universal
family over AYY. In particular, AY is a rational threefold.

Proof: (1) First note, by direct calculation, that

folafs) — fa(afo) + fi(of2) — f2(of1) =0,

which means exactly m2(X) C Q. To show that m(X) = @, we will find a fibre of m : ¥ — @
which is non-empty and has dimension < 2. Then since dim(X) = 5 and dim(Q) = 3, w2 must be
surjective, and have generic fibre dimension 2.

To show that ma|x has non-empty fibres of dimension 2, let A C P° be a general Heisenberg
invariant (1, 6)-polarized abelian surface. As observed in Definition 4.6, ¢(ANU) consists of exactly
one point, say, V € Gr(2,W"). If A C X is the proper transform of A in X, then my(A) = V.
Furthermore, Xy C Cy and by Lemma 4.5, Vo@V° = H9(Z4(3))® and Cy is a scheme of dimension
< 2. Hence &y is non-empty of dimension 2.

(2) To prove the first part, it is enough to show that for general V € @, the fibre Cy of
me : C — @ is a scheme whose two-dimensional component is of degree 12. Then there cannot be
two distinct abelian surfaces A, A’ C Cy, and so ©¢ must be generically 1 to 1.

To check this claim about Cy, we choose one specific V' € @ spanned by (1,0,0,0) and
(0,—1,1,0) in WY, so that VO C W is spanned by (0,1,1,0) and (0,0,0,1). Then Cy is the
subscheme of P° defined by the equations

{fi+fo=fs=0cfi+ofa=0fs =0},
or explicitly

2 2 2
ToTaXq = T1T3T5 = T]T4 + 320 + T5X2 + X1X2L3 + L3T4T5 + T5XoX1 =

= 2122 + 2322 + T522 + Tox3xs + TaT5To + ToT1T2 = 0.
4 0 2

The first two equations yield the degree 9 (Stanley-Reisner) threefold X (0C(6,4)) (see [GP1],
Proposition 4.1) consisting of the union of linear subspaces L;;, i € {0,2,4},5 € {1,3,5}, with
Lij ={x; =x; =0}. If i # j + 3mod6, then L;; N Cy is given by the equations

2 2
{7 = 2; = 23043 + Tp—2Th 1Tk + TpThy1Tpy2 = ThTh o3 + Thy1Thy2Thr3 + Th_3Tp_2Tg—1 = 0},
where 2k — 3 =i+ jmod 6, and k € {1,3,5}. This is a quadric surface

{r; = xj = Tpxpq3 + Tp—2Tp—1 = 0},

or
{; = 2j = zpapqs + xprpp1 = 0},
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together with a line, depending on the value of 7 and j. If i = j + 3mod 6, then L;; N Cy is given

by the equations
2 2
Ty =1xj; = E TpTh43 = g Tpri 3 =0,

k€{0,2,4} k€{0,2,4}
ki ki

which is easily seen to be a curve. Thus Cy is a union of 6 quadric surfaces and a number of
(possibly embedded) curves. This verifies the claim, and thus by the above discussion the general
fibre of 3 : X — @ is a (1, 6)-polarized Heisenberg invariant abelian surface. If V"= ©¢(A), then
Xv = A. This shows the last part of (2) in the theorem. n

Remark 4.8 (1) A more careful analysis of the specific set of cubics studied in the proof of
Theorem 4.7, (2) shows that in fact the scheme Cy they define consists of the union of the six
quadric surfaces S, 0(9),...,0°(S), where

S = {JZO = X1 = ToZ5 + T3X4 :0} C P5,

and the Hg-orbit of the involution ¢ (—1)-eigenspace P! . This orbit consists of exactly nine lines.
Conversely, if A is a Hg-invariant (1,6) abelian surface, P N A consists of four points, namely
the odd two-torsion points of A, and so P! (and all its Heisenberg translates) are contained in
any cubic hypersurface containing A C P®. This shows that for a general (1,6)-polarized abelian
surface A C P®, the cubics containing it cut out the union of A with the Hg-orbit of P! .

(2) Furthermore, one may directly calculate the ideal of U?:o c*(S), and one finds that the
ideal is generated by the four cubics fi+ fo, 0 f1 +0 f2, f3, 0 f3, and six additional quartics. However,
we have seen that for an arbitrary (1, 6)-polarized abelian surface A, dim H%(Z4(3)) > 4. Thus we
see that for the general such A, dim H°(Z4(3)) = 4, and that Z4 is generated by quartics.

We next study the complete intersections of type (3,3) arising in this construction. They turn
out to be partial smoothings of the degenerate “Calabi-Yau” threefolds described in Proposition 1.3
and Proposition 1.4.

Definition 4.9 For a point p € P(W) corresponding to a one dimensional subspace T C W,
let Vs, C P® be the complete intersection of type (3,3) determined by the cubic hypersurfaces in
Vo ® T C H°(Ops(3))™. Notice that, by construction, Vi, C P® is Hg-invariant.

Theorem 4.10 For general p € P(W) corresponding to T'C W we have

1) Vi, contains a pencil of (1,6)-polarized abelian surfaces, parametrized by a pencil of two-
P p p p Yy a p
dimensional subspaces contained in the annihilator of T.

(2) Ve, is an irreducible threefold whose singular locus consists of 72 ordinary double points.
These 72 ordinary double points are the base locus of the pencil in (1).

(3) There is a small resolution Vép — Vs, of the ordinary double points, with V61,p a Calabi-Yau
threefold, and such that there is a map 7 : V617,p — P! whose fibres form the pencil of abelian
surfaces of part (1).

(4) X(Vd,) = 0 and W™ (VE,) = BA2(Vd,) = 6.
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Proof: (1) The choice of Vg, is given by p € P(W), with p = P(T"), while the set of (1, 6)-polarized
abelian surfaces contained in Vg, is parametrized by V € @ C Gr(2, W) such that T C V°. Now
as is well-known, the lines in a non-singular hyperplane section of Gr(2, W") correspond to pencils
of lines in P(W), and each point of P(W) is the center of exactly one of these pencils. Hence for
p € P(W), with p=P(T), theset { V€ Q | VO DT }isaline in Q. Each such V gives rise to an
abelian surface in Vj ,, and hence we obtain a pencil of abelian surfaces in Vg .

(2) That Vg, is irreducible for general p € P(W) follows, for example, from the fact that for a
Heisenberg invariant elliptic normal curve E C P5, Sec(F) is of the form Vg, for some p. This is
part of [GP1], Remark 2.13 and Theorem 5.2.

To prove that in general V5 ) has only 72 ordinary double points seems difficult without re-
sorting to computational means. First note that if f; and f» are two cubic hypersurfaces in P®
containing a (1, 6)-polarized abelian surface A, and defining a threefold X = {f; = fo = 0}, then f;
and fo induce sections of (Z4/Z%)(3), which are linearly dependent precisely on the set Sing(X)NA.
Now c2((Z4/Z%)(3)) = 72, so we would expect to have exactly 72 singularities of X on A, counted
with multiplicities. On the other hand, 72 ordinary double points can be easily accounted for.
Namely, in the pencil Vo®@T C H(Ops(3))H defining Vg ,,, there are exactly 4 cubic hypersurfaces
which are determinants of 3 x 3-matrices M3(x,y), for certain values of the parameter y. Such a
cubic hypersurface is singular along the locus where its 2 x 2-minors vanish, which is an elliptic
normal curve in P®. In particular, Ve,p has 18 ordinary double points at the points of intersection
of such an elliptic curve with (any) other cubic in the pencil Vo ® T'. Using Macaulay/Macaulay2,
one can easily find examples of threefolds Vi, which do have precisely 72 ordinary double points.
Thus Vg, for a general p € P(WW) possesses exactly 72 ordinary double points.

Now, blowing up a smooth abelian surface A C Vi p in the pencil, we obtain a small resolution
V62’p — Vs.,p. Flopping simultaneously the 72 exceptional P!’s gives a small resolution V617p — Vo.p
which is a Calabi-Yau threefold containing a pencil of minimal abelian surfaces. Thus by Lemma 1.2,
V61’p has an abelian surface fibration. In particular, the base points of the pencil of abelian surfaces
on Vg, consist precisely of the 72 nodes. This completes the proof of (2) and (3).

For (4), the Euler characteristic computation follows immediately from the fact that the Euler
characteristic of a non-singular (3, 3) complete intersection in P? is —144. See Remark 4.11 below
for the Hodge numbers. &

Remark 4.11 We sketch here a method of computing the Hodge numbers of Vﬁ{p. An effective
method of computing the Hodge numbers of nodal quintics in P* is well-known (see [Scho], [We]);
we essentially generalize this to nodal type (3,3) and (2,2,2,2) complete intersections in P° and
P7, respectively.

Let X be a complete intersection Calabi-Yau threefold in P™*3 with only ordinary double
points as singularities, and assume that X is given by equations f; = --- = f, = 0, with all
equations being of the same degree d. We assume also that there exists a projective small resolution
X —X , for instance obtained by blowing up a smooth Weil divisor passing through all the nodes,
which is the case for Vg, in Theorem 4.10.

Let S be the homogeneous coordinate ring of X, that is S = Clzo, ..., Tn43])/(f1,- .., fa). Let
T! =~ Extl(Qk, Ox) be the tangent space to the deformation space of X. It is easy to see that
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there is a natural isomorphism

Tlg( S" >
{ (0fr/0xi,...,0fn/0x;) | 0<i<n+3}/,)

where the subscript d refers to the degree d homogeneous part. Let T be the tangent space of
the deformation space of the germ of the singular locus of X. There is a natural map

1 1
T ﬂoc’

and we wish to compute the dimension of the kernel of this map, which is the tangent space of the
deformation space of X. Thus, we need to know when (g1,...,9,) € S™ representing an element
of T yields a trivial deformation on the ordinary double points. This is precisely when the matrix

g1 0f1/0xg 0f1/0%n+3

gn  Ofn/0x0 Ofn/0Tnis

has rank < n at the singular points of X. Thus the n x n minors of this matrix must be contained
in the ideal of the singular locus of X. This is a calculation which can be easily performed using
Macaulay/Macaulay2. One thus determines the dimension of the kernel of T' — Tj! | and this
dimension is precisely h172()? ). From the knowledge of the topological Euler characteristic of X ,
we can then compute the Picard number of X.

We also note that even if X C P™ is not a complete intersection, but the homogeneous ideal
of X is generated by elements fi, ..., f, all of the same degree d, then T can be computed as a
subspace of

S’I’L
<{ (Of1/0x;y ..., 0fn/0x;) | 0<i<m })d'
See for example [Tei]. This makes it possible to compute Hodge numbers even in this case. We omit
the details, but will make use of this on occasion to compute Hodge numbers of other Calabi-Yau
threefolds.

Remark 4.12 Because the Picard number of Vﬁ{p is fairly large, it would be difficult to understand
all details of the geometry of Vg ! However, it is already interesting to identify several different
minimal models, by focusing only on the subgroup of Pic(VG{p) generated by H, the pull-back of a
hyperplane in P®, and A, the class of a (1,6)-polarized abelian surface, that is a fibre of the abelian
surface fibration 7y : V', — P'. There are several curves of interest in Vg, also. Let [e] be the
class of one of the 72 exceptional lines. (Caution: these lines are not all in the same homology
class, but their homology classes cannot be distinguished using intersection numbers with only H
and A.) By Remark 4.8 we have PL C Vg ,; let [I] be the class of PL C Vg, It is not difficult
to check that, for general p, P! is disjoint from the singular locus of Ve,p, and hence the proper
transform of P! is disjoint from all of the exceptional curves. With these preparations, in V617p, we
find the following intersection numbers:

H3=9, H?’A=12, A?=0,
H-e=0, H-l=1, A-e=1, A-l=4.
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Here A -1 = 4 since, by Remark 4.8, P! intersects A C P® in the four odd two-torsion points of A.

As in the proof of Theorem 4.10, by flopping simultaneously the 72 exceptional curves we
obtain the model ‘/6%p. There is still a map ng — Vg p, which is obtained by blowing up a general
A C Vip. In Vi@, we now have the intersection numbers

H?=9, H?A=12, HA*>=0, A3=-72,
H-e=0, H-l=1, A-e=-1, A-l=4.

Now, since the ideal of a general abelian surface A is generated by cubics and quartics, the linear
system [4H — A| is base-point free on Vi?,. However, (4H — A) -1 = 0, and hence [4H — A|
induces a contraction Vép — @, contracting, by Remark 4.8, (2), only [ and its Heisenberg
translates, thus a total of 9 lines. Furthermore, the normal bundle of [ can be easily computed to
be Opi(—1) @ Op1(—1). These 9 lines can be simultaneously flopped to obtain a model V§,. In
this model,

H? =0, H?A=-24, HA?=—144, A3 = —648,
H-e=0, H-l=-1, A-e=-1, A-l=—-4.

Now in Vi, the linear system [3H — A| had the union of I and its Heisenberg translates as base
locus, by Remark 4.8. Thus in Vi, [3H — AJ is base-point free, and dim [3H — A| > 1. Hence
two distinct elements of |[3H — A| are in fact disjoint, and thus [3H — A| gives rise to a fibration
o Vgp — P! whose (general) fibres are then non-singular surfaces. A calculation shows that
(3H — A) - c2(V§,) = 0, and hence m, is an abelian surface fibration. Let A’ be the proper
transform in Vg, C P® of a non-singular fibre of 7. Then A’ C P® is a non-minimal abelian
surface, containing 9 exceptional lines, precisely P! and its Heisenberg translates. In addition, we
compute from the above tables that deg A’ = 15. Thus the linear system embedding A’ in P? is
|L — Z?:l E;|, where F1, ..., Eg are the exceptional curves and L is a polarization on the minimal
model A/ . either of type (1,12) or (2,6).

To see that this polarization is in fact of type (2,6), first note by inspection that all cubics in
H°(Ops (3))H, are in fact invariant under the Heisenberg involution ¢. Thus ¢ acts on the abelian
surface A’. The fixed points of this action are exactly A’ NP3 and A’ NPL = P!. Intersection
theory shows that #A’ N Pi = 15. On the other hand ¢ descends to the involution x — —x on the
minimal model A/, of A’. In particular, if H is a hyperplane in P containing P2, then H N A’
descends to a symmetric divisor D on A/, vanishing with multiplicity 1 at all 16 two-torsion
points of A/ Therefore by [LB], Proposition 4.7.5, L must be of type (2,6) rather than (1, 12).

min*

Remark 4.13 The general cubic hypersurface containing a (1,6)-polarized abelian surface is
smooth. An interesting question is whether it is rational. See also [Has] for a detailed discussion
of such rationality issues.
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5 Moduli of (1,7)-polarized abelian surfaces.

The rationality of the moduli space AY¥Y of (1,7)-polarized abelian surfaces was proved by
Manolache and Schreyer [MS], who show that this moduli space is birational to a special Fano
threefold of type Va2 of index 1 and genus 12. Their approach is based on a detailed description of
the minimal free resolution of the ideal sheaf of a (1, 7)-polarized abelian surface in PS.

We will give in the following a somewhat different proof of their result, by using the fact
that the general abelian surface A with a (1,7) polarization is determined by the Pfaffian cubics
containing it. This will focus attention on certain Pfaffian Calabi-Yau threefold containing a pencil
of (1, 7)-polarized abelian surfaces which were first discovered by Aure and Ranestad (unpublished).
We will also show in [GP3] the existence on such Pfaffian Calabi-Yau threefolds of a second pencil
of (1,14)-polarized abelian surfaces.

Let N(H7) denote the normalizer of the Heisenberg group H; inside SL(V'), where as in
Section 1 the inclusion H; < SL(V') is via the Schrodinger representation. We have a sequence of
inclusions

(I) € Z(H7) = pur € Hy C N(Hy),

and as is well-known, N(H7)/H; = SLy(Z7), and in fact N(Hy) is a semi-direct product
H; x SLa(Z7) (see [HM], §1 for an identical discussion for the group Hj). Therefore the
Schrodinger representation of Hy induces a seven dimensional representation

pPr SLQ(Z7) — SL(V)

In terms of generators and relations (see for example [BeMe]), one has

PSLy(Z7) = (S,T | S" =1,(ST)® =T? = 1,(S*TS*T)® = 1)

1 1 0 -1
S—<0 1>andT—<1 0),

while the representation p; is given projectively by

where

y 1
p7(S) = (£ 2045); jez,, pr(T) = ﬁ(gzj)i,jezw

see [Ta] and [Si] for details. Here £ is a fixed primitive 7" root of unity.

The center of SLy(Z7) is generated by T2, and p7(T?) = —:. Thus the representation pr is
reducible. In fact, if V; and V_ denote the positive and negative eigenspaces, respectively, of the
Heisenberg involution ¢ acting on V', then V and V_ are both invariant under p7, and p7 splits as
p+ @ p—, where py is the representation of SLy(Z7) acting on Vi. Note that p_ is trivial on the
center of SLy(Z7), so in fact it descends to give an irreducible representation

p—: PSLz(Z7) — GL(V_)
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For the reader’s convenience, we reproduce from the Atlas of finite groups [CNPW] the char-
acter table for PSLo(Z7):

Size of
Conjugacy class 1 21 42 56 24 24
Representative 1 S T2ST—25T? ST T T-1
Characters

X1 1 1 1 1 1 1
X2 3 -1 1 o g p
X3 3 -1 1 0 3 B
X4 6 2 0 0 -1 -1
X5 7 -1 -1 1 0 0
X6 8 0 0 -1 1 1

where 3 = %(—1 +1/=T7). We'll denote in the sequel the corresponding representations by their
characters. The representation p_ is irreducible and has character ys. The polynomial invariants
of this representation are classical and they have first been determined by F. Klein, see [K11], [K12].
It turns out that there are no invariants of degree < 4, and the quartic

fa= a3y — 2323 — Th1,
is the unique invariant in degree 4. The smooth quartic curve defined by this invariant ﬁ =
{f1 =0} C P2 is in fact an isomorphic image of the modular curve of level 7, and has PSLy(Z7)
as its full automorphism group. (See for instance [GP1], [K11], and [Ve] for details.) The other
primary invariants of this representation are a sextic fg, which is the determinant of the Hessian
matrix of fy, and f14 a polynomial of degree fourteen which is obtained as the determinant of a
bordered Hessian of fj.

We will also need a number basic facts concerning apolarity and polars of hypersurfaces, and
we recall them briefly here.

Let V be an n-dimensional vector space, and fix a basis for it. For a point a with coordinates
a=(ay,...,a,) €V, and a homogeneous polynomial F' € S¢(V") of degree d, one defines

1~ OF
Pu(F) = Ezaia_:m’
=1

where x1,...,x, € VY form the dual of the chosen basis. It is easy to see that the previous
definition is independent of the choice of basis, and so if we further set

Py (F) 1= Poy (Pay (- Poy (F)) -+ ),

and then extend by linearity Pp(F) to all ® € S¥(V'), we have defined a pairing between S(V') and
S(V), called the apolarity pairing (see [DK] for a modern account and for details). The resulting
form Py (F) is called the polar of F with respect to ®. Two homogeneous forms ® and F are called
apolar if Py(F) =0 = Pp(®) (cf. [Sal] who says that the term was coined by Reye). One says that
®cSIFV)is a g antipolar of a hyperplane H with respect to F if Py (F) = H".
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Finally, if I1,...,l, € V¥ are linear forms such that F = [{ 4 ...+ 1% then Py(F) = 0 for all
¢ € Ir C S(V), where Ir is the homogeneous ideal of I' = {Hy, Ho, ..., Hs} C P(VV), the collection
of hyperplanes H = {l; = 0}. Conversely, if Ps(F') =0 for all & € Iy, with ' = {H;, Hs,...,Hs}
a collection of points in the dual space, then F is a sum of powers F = [{ + ... + 14, for suitably
rescaled linear forms. One says that ly,...,ls; (or more precisely that the corresponding points
Hy,Hs,...,Hy in P(VY)) form a polar s-polyhedron to F if F = \I¢ + ... + X%, for suitable
scalars \; (see [DK] and [RS] for modern accounts of apolarity).

We start by looking at the equations of an abelian surface in PS:

Proposition 5.1 Let A C PS be a (1,7)-polarized abelian surface. Then h°(Za(2)) = 0,
h9(Z4(3)) = 21, and the ideal of A is generated by these 21 cubics.

Proof : The first claim is proved by a direct argument in [MS], Lemma 2.3. Alternatively, [La] or
[MS], Lemma 2.4, show that a (1,7)-polarized abelian surface A C P is projectively normal, and
hence Riemann-Roch gives h°(Z4(2)) = 0 and h°(Z4(3)) = 21.

Projective normality, together with Kodaira vanishing, imply also that 74 is 4-regular in the
Castelnuovo-Mumford sense. The obstruction to being 3-regular is that h®(Za) = h?(0a) = 1.
However, h'(Z4(3 —1i)) = 0 for i # 3, and the comultiplication map

H*(Za(=1)) — H*(Ops(1))" @ H*(Za),

is dual to the natural multiplication H°(Ops (1)) @ H°(O4) — H°(O4(1)) and thus is an isomor-
phism. Therefore we may apply [EPW], Lemma 8.8, to see that Z4 is generated by 21 cubics, and
in fact to determine all Betti numbers in the minimal resolution of this ideal sheaf. An alternative
however partly incomplete argument may be found in [MS], Corollary 2.4. &

Recall from [GP1], Corollary 2.8 that the 7 x 7-matrix

M (z,y) = (@ 6tny6-n)
2 2 4,jEZy

has rank at most 4 on an embedded Hy invariant (1,7)-polarized abelian surface in P6. On the

other hand, for any parameter point y = (0 : 41 : y2 : y3 : —y3 : —y2 : —y1) € P2, the matrix

M is alternating. We will denote in the sequel by I3(y) C Clxo,...,zs| the homogeneous ideal

generated by the 6 x 6-Pfaffians of the alternating matrix M4 (x,y), and by V7, C P° the closed

subscheme defined by this ideal.

Proposition 5.2

(1) Fory € X(7) = {fs =0} C P2, the scheme V, is the secant variety of an elliptic normal
curve in P% (the level 7 structure elliptic curve corresponding to the point y on the modular

curve X (7)).

(2) For a general y € P?, the scheme V7, is a projectively Gorenstein irreducible threefold of
degree 14 and sectional genus 15.
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Proof : If V7, is of the expected codimension three, then it will be of the degree and genus stated,
and will be projectively Gorenstein, as any such Pfaffian subscheme has these properties. On the
other hand, [GP1], Theorem 5.4, shows that for y € P2 the origin of an Heisenberg invariant
elliptic normal curve E C P%, we have V7, = Sec(E). Thus for general y € P2, V5, is irreducible
and of the expected codimension. 1

Proposition 5.3

(1) For all y € P2 \ X (7), the scheme V;, meets P2 along a conic Cy, and the point y.

(2) The conic Cy is defined by the second polar Py(fs) with respect to y of the Klein modular
quartic curve X (7) = {f4 = 0} C P2. Furthermore, C, = Cy if and only if y =y’ € P2, and
C, is a singular conic if and only if y € Hess(X (7)) = {fs =0} C P2.

(3) The point y lies on Cy if and only if y € X(7). Moreover, if y € X(7), then the conic C,

touches X (7) at the point y (with multiplicity 2, if y is not a flex of X(7)).

Proof : Let I' be the bihomogeneous ideal in C[x1, x2,z3] ® Cly1,y2,ys] generated by the 6 x 6-
Pfaffians of the alternating matrix M4 (z,y), where this time both sets of coordinates y = (0 : y; :
Yo :ys:—Yy3:—yo:—yi)and x = (0: 2y : 9 : w3 : —x3: —T9 : —x1) are chosen in P2 .

We wish to show that the ideal I’ takes the form J - Py2(fs4), where J is the bihomogeneous
ideal of the diagonal A in P2 x P2, namely

J = (T1y2 — T2y1, T1Y3 — T3Y1, T2Y3 — T3Y2),

and P,2(f4) is the second polar of the Klein quartic curve X (7) C P2 with respect to y, namely

1
Py?(f4) = i(ylyﬂ% - y2y3$§ - y1y3x§ + y%$1$2 - y§m2x3 - y§$1$3)-

While this can be shown by direct computation, it is easier to do so via representation theory.

One may check by inspection that the bihomogeneous ideal I’ is equivariant with respect to
the diagonal action of PSLy(Z7) on P? x P2 given by the representation p_ introduced at the
beginning of this section. In addition, the zero locus in P2 x P2 of I’ contains the diagonal A, since
the matrix M (y,y) has rank at most 4 for every y € P2. Thus I’ C J, and so the bihomogeneous
(37 3)-part (I,)(?),S) cJ- HO(OPQ_ xP2 (27 2)) Now

HO(OPE «p2 (1,1)) = x3® xa
H°(Op2 yp2 (2,2)) = x1 ® 2X4 D X5 D 2X6
H°(Op2 yp2 (3,3)) = x1 @ 2x2 D x3 B 5xa @ 4x5 B 4x6

as can be easily calculated from the given character table of PSLa(Z7). In particular, as PSLa(Z7)-
representations, J 1) = X3, and since dim (I,)(g,g) < 7, because I’ is generated by 7 Pfaffians there
is then no choice but for (I/)(S,S) >~ yv3 ® x1 = Xx3. This means that (I’)(373) = Jaay - (f), where
f is the unique PSLy(Z7)-invariant of bidegree (2,2). This invariant is in fact Py2(fs). Thus for a
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fixed y € P?, the scheme V7, meets P2 in the point y and the conic C, = {P,2(fs) = 0}. This
proves part (1).

To finish the proof of (2) and (3) note that P,2(f1)(y,y) = yiy2> — y3ys — y3y1 which vanishes
if and only if y € X(7) C P2. And in case y € X(7) C P2, the conic C, is tangent to X (7) at the
point y since

T,(Cy) =T, (X(7) ={x € P> | Byiyz —y3)z1 + (yi — 3y3y3)w2 — Byry3 +y3)w3 =0 }.

Miele shows in his thesis [Mie] that the intersection multiplicity of Cy and X (7) at y is two when

y € X(7) is not one of the flexes, and that in this case all of the other intersection points of X (7)
and C are in fact simple.

Finally, the conic C,, is singular if and only if

82f4(y)>
rank | ——= | < 3,
(3%3%

that is y € Hess(X (7)) = {f¢ = 0} by the definition of the Hessian locus. ®

Proposition 5.4 Let A C P® be a general Heisenberg invariant (1,7)-polarized abelian surface,
and let ANP? = {p1,po,...ps} be the odd 2-torsion points of A. Then:

(1) The points p; form a polar hexagon to the Klein quartic curve X (7) in the dual space (P2 )*.

(2) The surface A is contained in V7 ,,, for all i = 1,...,6. Moreover, 21 cubic Pfaffians defining
three of the six V7, ’s generate the homogeneous ideal I4 of A.

Proof : Tt follows from [GP1], Corollary 2.8, that for y = p; one of the odd 2-torsion points of A,
the matrix M7 (x,y) is alternating and of rank at most 4 along the surface A, hence A is contained
in the Pfaffian scheme V7, , forall:=1,...,6.

None of the points p; € ANP? lie on the quartic X (7) C P2 since otherwise, by Proposition 5.3
(3), the corresponding scheme V7 ,, would be the secant variety of an elliptic normal curve in P6,
which in turn does not contain smooth abelian surfaces. Thus, from Proposition 5.3, we deduce
that p; ¢ Cp,, for all ¢ = 1,...,6. In particular, for all ¢ # j, the point p; lies necessarily on
the conic Cp,, and the point p; lies on the conic C),. The four remaining odd 2-torsion points of
A, namely { pr | k # 1,7 }, are then well determined as the four points of intersection of the two
(smooth) conics C), and Cp,. Now, [DK]|, Theorem 6.14.2, gives a criterion for when 6 points in
the plane form a polar hexagon for a plane quartic curve, and the above description of {pi,...,ps}
fits that criterion precisely. This proves part (1).

We next show that 21 cubics given by the submaximal Pfaffians of three of the skew-symmetric
matrices M7 (z,p;), i = 1,...,6, are linearly independent, and thus generate the ideal I4. Indeed,
obviously any 14 such Pfaffians coming from two different matrices M7 (x,p;) and Mj(x,p;), are
linearly independent. To show that a third set of submaximal Pfaffians coming from M7 (x, py), for
some k # 1, j, would be linearly dependent on the first two it is enough to check this for a degenerate
abelian surface A C P7. This may be checked directly for the Stanley-Reisner degeneration in
[GP1], Proposition 4.4. By Proposition 5.1, this proves (2). &
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Remark 5.5 One may check that for a general (1,7)-polarized abelian surface A, the 21 cubic
Pfaffians defining any three of the six associated V7, ’s generate the homogeneous ideal 14.

We have now obtained the same description of the moduli space as in [MS], Theorem 4.9:

Corollary 5.6 The moduli space of (1,7)-polarized abelian surfaces with canonical level structure

is birational to the space VSP(X (7), 6) of polar hexagons to the Klein quartic curve X (7) C (P2)*.
This is a smooth special Fano threefold of type Vas of index 1 and genus 12. In particular, A¥ is

rational.

Proof : By Proposition 5.4 (2), the polar hexagon of odd two-torsion points of a general (1,7)-
polarized abelian surface A with level structure uniquely determines A. Mukai [Mukl], [Muk2]
has shown that the space of polar hexagons to a general plane quartic curve is a a smooth Fano
threefold of index 1 and genus 12. On the other hand, the analysis of [MS], Theorem 4.4 and
(4.5), shows that the variety VSP(X(7),6) of polar hexagons to the Klein quartic X (7) C (P2)* is
general in Mukai’s sense and thus also a smooth Fano threefold. In particular, being of the same

lev

dimension as the moduli space ALY’ the general polar hexagon to X (7) C (P2)* is the set of odd
two-torsion points of some (1, 7)-polarized abelian surface with canonical level structure.

A discussion of the properties (smoothness, type of Fano threefold) of VSP(X(7),6) can be
found in [MS], see also [Schr] and [Muk2]. The rationality of such a Fano threefold appears to have
been known to Mukai [Muk1], and Ivskovskih [Isk]. See also [MS], Theorem 4.10, for the sketch of
a proof. 1

Remark 5.7 For a general y € P2, the smooth conic C}, parametrizes a pencil of (1, 7)-polarized
abelian surfaces contained in V7 ,. The conic C, is in fact also a conic in the anticanonical

embedding of the special Fano threefold VSP(X(7),6). See [Schr] for a description of the conics on
a Fano threefold of index 1 and genus 12.

Proposition 5.8 Let y € P2 be a general point. Then

(1) The threefold V7, has as singularities 49 ordinary double points, which occur at the Hz-orbit
of the point y.

(2) There is a small resolution Vi, — V7, of the ordinary double points such that V', is a
Calabi-Yau threefold, and such that there is a map 7 : V7{p — P! whose fibres form the
pencil of (1,7)-polarized abelian surfaces in Remark 5.7.

(3) X(V7:Ey) - O and h171(V717y) - h1’2(V71’y) - 2

Proof: For (1), we know of no better proof than that given in Rodland’s thesis [Rod]. One calculates
the tangent cone of V7, at y and finds in general an ordinary double point; thus the Hr-orbit of
the point y accounts for 49 ordinary double points. On the other hand, a Macaulay/Macaulay?2
calculation shows that one can find y € P2 for which V7, has only 49 singular points. Thus for
y € P2 general, V7, has precisely 49 ordinary double points.

The small resolution in (2) is obtained, as in Theorem 4.10, by blowing up a smooth (1,7)-
polarized abelian surface contained in V7 , to obtain a small resolution V7%y — V7,4, and then by
flopping the 49 resulting exceptional curves.
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Part (3) follows from the fact that the general nonsingular Pfaffian Calabi-Yau has Euler
characteristic Y = —98, while the calculation of the Hodge numbers h''! and h'? is done via the
techniques of Remark 4.11. &

Remark 5.9 We now discuss the Kéhler cone of various models of V7,,. First note that Hy (V7 ,, Z)
contains two classes of interest: e, the class of an exceptional curve in the small resolution, and ¢
the class of the conic Cy, contained in V7, NP2 . It is then clear that in V', we have

H? =14, H?A=14, A?>=0,
H-e=0, H-c=2, A-e=1, A-c=5.
This in fact shows that Pic(V;,)/Torsion is generated by H and A. Indeed, if not, first note
since A-e = 1, A must be primitive in Pic(V7,)/Torsion, so A and aA + bH form a basis for
Pic(V,)/Torsion, where a,b € Q. But since (A +bH)-e = a, a € Z, and since H> = 14 is not
divisible by a cube, we must have b € Z.
We next consider V7%y, the model obtained from V7{y by flopping the above 49 exceptional
curves. One sees easily that
H® =14, H?A=14, HA?=0, A®=-49,
H-e=0, H-c=2, A-e=-1, A-c=5.
We shall show in [GP3] that the Kéhler cone of V7, is spanned by H and 5H — 24, and that

|5H — 2A| contracts the Hy-orbit of the conic C,. Flopping these curves will then yield a third
model V;?, with intersection table

H3 =378, H?A=-966, HA?>=—-2450, A3 =—6174,
H-e=0, H¢c=-2, A-e=-1, A-c=-5b.
The Kéhler cone of V73:y will be seen to be spanned by 5H —2A and 7TH —3A. Finally, in this model
|TH — 3A| is a base-point free pencil of abelian surfaces with a polarization of type (1, 14).

Finally we will see in [GP3] that the linear system |5H — 2A| maps the threefold V2, into P*?
as a codimension 7 linear section of the Pliicker embedding of the Grasmmanian Gr(2,7). This
should potentially explain some of the numerical similarities in the mirror symmetry computations

in [Rod] and [Tjo.

6 Moduli of (1,8)-polarized abelian surfaces.

We start by determining the quadratic equations of a (1, 8)-polarized abelian surface in P7.

Much as in the (1,6) case, let H be the subgroup of the Heisenberg group Hg generated by
o* and 7*. We can easily compute the space of H'-invariant quadrics, H O(Op7(2))H/, and we see
that it splits up into three 4-dimensional isomorphic Hg-representations

2
HO(Opr(2)) = B fi ofi o fi. 0 fi),
i=0
where
fo =3 + a3, fi = xix7 + 2325, and fo = zows.
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Remark 6.1 For a point y € P2, we can, as in the (1,6) case, ask what is the largest

Hg-subrepresentation of H O(OP7(2))H vanishing at y, or equivalently, what is the subspace of
H(Op-~ (2))H vanishing on the Hg-orbit of y. To determine this, for y = (0:y1 : y2 1 y3: 0: —y3 :
—yo : —y1) € P2, consider the 4 x 3-matrix

0 1

. D BT 0 —Y1Y3
@ EH@D) sz = | Va2 2y 0

y% 4 yg 0 —Y1Y3

Note that for any y € P? | this matrix has rank 2, and its kernel is spanned by (y1y3, —¥y3,y3 +43)-
Thus the representation of Hg spanned by

f=yysfo—yafi+ @i +uyf, o(f), o*(f), and o°(f)

is the subspace of H?(Op-~ (2))H/ vanishing along the Hg orbit of y. We note that this representation
is also spanned by the 4 x 4 Pfaffians of the matrices My(x,y), My(o*(z),y), My(r*(z),y) and
My(o*74(z),y), though we will not need this fact in what follows.

Lemma 6.2 If A C P7 is an abelian surface invariant under the Schrédinger representation of
Hs, then dim HO(Z4(2))" = 4.

Proof : This is similar to Lemma 4.1. First consider the restriction map

HO(Opr (2)" — B,
where £ is the line bundle inducing the embedding of A in P7. Let A’ = A/4K (L), and let
7w : A — A’ be the quotient map. Then 4K (L) acts on L2 and there exists a bundle M on
A’ such that L% = 7* M, and H0(£®2)H/ >~ HO(M). Now c;(M)? = ¢1(£%?)?/ deg(r) = 16,
so dim H°(M) = 8. Thus the dimension of the kernel of the restriction map is at least 4, so
dim H° (IA(2))H/ > 4. Equality then follows from Remark 6.1, since A N P2 is non-empty. &

Note that H' acts on P2, and the quotient P2 /Zy x Zs is easily seen to be isomorphic to P2.
From [GP1], §6, we have a morphism

(CH Z.Al(eit}g) — P%/ZQ X Ly = P2,

that essentially associates to an (1, 8)-polarized abelian surface with canonical level structure the
lev

(1,8)
surfaces where the (1, 8)-polarization is not very ample, since one still has a concept of where the

class of its odd 2-torsion points. Note that this map is defined on all of A even for abelian
odd 2-torsion points are mapped.

Theorem 6.3 The map Og : Al(civg) — P2 /Zy x Zy is dominant.



36 MARK GROSS AND SORIN POPESCU

Proof : Let Z C P2 be the inverse image of im(Og) under the projection P2 — P2 /Zy x Zo; we
wish to show that Z = P2. Let A C P% be a Heisenberg invariant degeneration of a (1, 8)-polarized
abelian surface with canonical level structure to a translation scroll S; g of an Hg invariant elliptic
normal curve E C P7, as given by [GP1],Theorem 3.1; see also the discussion after Proposition 1.3.
Then Sg . N P? C Z, and so Sec(E) NP2 C Z for a general Heisenberg invariant elliptic normal
curve F in P7.

What is Sec(E) NP2 ? By the proof of [GP1], Lemma 6.1 (b), a secant line (x,%) of E C P”
intersects P2 if and only if x = —y on E. Thus Sec(E)NP?2 is the projection of E from Pi to P2.
Since ENP? consists of the four two-torsion points of E (see [LB], Corollary 4.7.6), this projection
is a two-to-one cover of a conic in P2 .

Thus to prove that Z = P? | it is enough to show that as E varies, Sec(E)NP? sweeps out P2 .
To do this, it is enough to find two (possibly degenerate) Heisenberg invariant elliptic normal curves
E; and E, such that Sec(E;) NP2 and Sec(F2) NP2 do not coincide. We can take E; to be the
octagon X (I's), see [GP1], Theorem 3.2, and F5 to be any non-singular Heisenberg invariant elliptic
normal curve in P7. Then using the equations of [GP1], Proposition 4.1 and the fact proved there
that Sec(E;) = X(0C(8,4)), one finds that, with coordinates (x1 : 23 : ¥3) on P2, Sec(E;) NP2 =
{173 = 0}, a reducible conic. On the other hand, Sec(E>) NP2 is an irreducible conic, so these
two curves cannot coincide. This shows that ©g is dominant, and concludes the proof. &

Definition 6.4 For a fixed point y € P2, let Vg ,, denote the scheme in P” defined by the quadrics
in H(Op~ (2))H vanishing on the Hg-orbit of y.

Theorem 6.5 For general y € P2, Vg3, C P7 is a (2,2,2,2)-complete intersection, which is
singular precisely at the 64 points which form the Hg-orbit of y, and each of these singular points
is an ordinary double point.

Proof : This can be checked computationally in much the same way as in Theorem 4.10, (2).
However, in this case the calculation can be carried out by hand, and we do this here.

It is easy to see that for general y, Vg, C P7 is a threefold. Being a complete intersection,
Vs, is singular at o € Vg if and only if there is a quadric Q@ € P(H?(Zy, ,(2))) which is singular
at x. Thus, we need to identify all singular quadrics in the web P(H°(Zy,  (2))) = P3. Now
H%(Zy, ,(2)) is an Hg-representation, but since the subgroup H' acts trivially, it is in fact an
Hg/H' = H, representation. Using coordinates z = (2o : 21 : 22 : 23) on P? = P(H(Zy, ,(2)))
so that z corresponds to the quadric Z?:o z;o'(f), the action of Hy on P? becomes the standard
Schrédinger representation of Hy. We will continue to write ¢ and 7 for the generators of Hy; this
should not create any confusion.

Put

w = (wo :wy :wy:w3) = (201y3: —Y3 : Y + V5 : —y3),

so, with notation as in Remark 6.1,

1
f= §wofo + wy f1 + wa fo.
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The point w is considered fixed.

To find the singular quadrics in the web, we compute the Hessian of the quadric E?:o 20 (f)
with respect to the variables xzg,...,z7. It is convenient to order these variables in two blocks as
g, T2, T4, Tg, and x1, x3, 5, x7, for then the Hessian is a block matrix

)

with A = (Zi+jwi,j)i7j€z4 and B = O'(A) = (Zz’Jrjflwifj)z}jEZM where o acts only on the variables
Z0,-..,%23. Keeping in mind that w3z = wi, one can further write

_ (A1 Az
()
Al _ <ZOU}0 le1> ’ A2 — <Z2w2 Z3w1> ]
Z1W1 22Wo Z3W1 2ZoW2
_(B1 B
o= (5 &)
with B; = o(A;). Then

det R(z,w) = det(A1 + Ag) . det(A1 — Ag) . det(31 + BQ) . det(31 — Bg)

with

Similarly,

If Q is the quadric in P3(zg, 21, 22, 23) given by the equation det(A4; + As) = 0, then the locus
{det R(z,w) = 0} C P3(20, 21, 22, 23) is given by

QUI(Q)UT(Q)UoT(Q).
In other words, this is the locus of singular quadrics in the web [H°(Zy, ,(2))|.

We note the following facts about the geometry of this discriminant locus, which hold for
general y € P2 :

Lemma 6.6 For general y € P2,

(1) Q is a quadric cone, singular at the point p = (0 : 1:0: —1) € P2, which is precisely where
A1+ Ay = 0.

2) p ¢ 0(Q)UT(Q)Uor(Q).
(3) rank R(z, w) =8if2zZ¢ QU (Q)UT(Q)UoT(Q).
(4) rank R(z, = 7 if z is contained in precisely one of Q, o(Q), 7(Q) and o7(Q), and z &
{p.o(p), 7 ( ) 7(p)}-
(

(5) rank R(z,w) > 6 if z € {p,o(p), 7(p),o7(p)}, or z is contained in precisely two of the quadrics

@, 0(Q), 7(Q), o7(Q).
(6) rank R(z,w) > 5 if z is contained in precisely three of Q,c(Q),7(Q),o7(Q).
(7) rank R(z,w) > 5 for all z € P3.

(8) There are precisely 16 points z in P3 such that rank R(z,w) = 5, and they form is the Hy-orbit
of the point (w3 : ws : wy : wp).
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Proof: (1) and (2) are easily checked. For (3)—(6), one notes that
rank R(z,w) > rank(A; + Ag) + rank(A; — Ag) + rank(By + Bs) + rank(B; — Ba),

from which (3)—(6) follow, using (2) to note that if at least two of these four matrices drop rank,
none have rank 0. For (7), one needs to check that Q@ No(Q) N 7(Q) No7(Q) = & for general
y € P2. It is sufficient to check this at one y, say (y1 : 92 : y3) = (0 : 1 : 0), in which case
w=(0:-1:0:—-1) and Q = {(21 + 23)> = 0}, in which case QNa(Q)NT(Q)NoT(Q) = 2.

For (8), one can check by hand that

(411/11 — 2wiwy — 2wow3 ) (20 + 22)% + (wo + wo)? det(A; + As)

(6.1) ) ) N
—|—4w10(det(A1 + Az)) + (wg — ’LUQ) T(det(A1 + AQ)) =0.

Thus the net of quadrics spanned by Q, o(Q) and 7(Q) contains the doubled plane (zg + 22)% = 0,
and hence Q No(Q) N 7(Q) consists of at most 4 distinct points, counted doubly. The same then
holds true by symmetry for any other intersection of three of the four quadrics, and hence there are
at most 16 points contained in the intersection of three of the four quadrics. On the other hand, the
point (ws : we : wy : wp) is seen to be in QN 7(Q) No7(Q), and the Hy-orbit of (w3 : we : wy : wo)
consists of 16 points (for general y), all contained in the intersection of 3 of the four quadrics. Thus
this accounts for all such points. One checks that rank R(z,w) =5 for z = (w3 : we : w1 : wp). N

Proof of Theorem 6.5 continued: Having understood the discriminant locus of the web, we now
have to understand the loci of vertices of singular quadrics in the web. For a given point z € P3,
the corresponding quadric Z?:o 2;0*(f) has vertex P (ker R(z,w)) C PT.

Suppose z € @, and z € 0(Q) Uo7(Q). Then rank(B) = 4, and thus

P(ker R(z,w)) C {z1 = x3 = x5 = 7y = 0}.

Thus )
Ve NP(ker R(z,w)) C{z1 =23 =25 =27 = §wo(x(2) + xi) + Woxoxe =

= wi(xoxe + Ta4) =

1
= 511)0(30% + 23) + waroxs =

= W1 (1'6334 + .’Bo.%'g) = 0}
the latter of which is easily seen to be empty for general y.

If z€ @, and z € 7(Q) UoT(Q), then rank(A; — Ay) = 2, rank(B; — By) = 2, and it follows
that
P(ker R(z,w)) C{zp — x4 = 21 — x5 = x2 — 16 = x3 — 27 = 0}.

Thus
Vsy NP(ker R(z,w)) C{xg — x4 =21 — x5 = Ty — Tg = T3 — T7 =

2 2
= Woxy + 2w 3% + Waxy =
_ 2 2 __
= WoT3 + 2wi1T2x + Wax] =

2 2
= worsy + 2w T1T3 + Wk =

2 2
= wory + 2wy ToTs + wozs = 0}
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which again is seen to be empty for general w.
Finally, if z € Q, and z € 0(Q) U T(Q), then rank(B; + By) = 2, rank(A; — A3) = 2, and

P(ker R(z,w)) C{zg — 24 = 21 + 5 = 2 — 16 = 23 + x7 = 0},

and Vs,y NP(ker R(z,w)) C{xg — 24 =21 + x5 = T2 — 26 = T3 + T7 =
= wox(% — 2wiz1x3 + ngg —
= woajg + 2wy xpxy — ng% =
= woxg + 2wy x3x1 + w2$g =
= wox% + 2wy xoxy — ngg =0}
which is again empty.
By the H, symmetry, it follows that for general y and any point z € P3 such that

rank R(z,w) > 6, the singular locus of the quadric { z;0°(f) = 0} is disjoint from Vs ,. Thus the
only contribution to the singularities of Vg , comes from the quadric

3
Z’wg_iO'i(f) = 0
=0

and its Heisenberg translates. Now o (P (ker R((ws3 : wy : wy : wp),w))) is easily seen to be P2,
and Vs, NP2 = {y,0%(y), 7 (y), o' 74 (y)} for general y. Thus we see the singular locus of Vg ,,, for
general iy € P2 | is precisely the Hg-orbit of y.

To figure out the nature of the singularities of Vg ,,, we only need now to observe that for general
y € P2, Lemma 6.2 implies there is an abelian surface A C Vg, and then f,o(f),o?(f),o*(f)
yield four sections of (Z4/Z%)(2) which are linearly dependent precisely on Sing(Vs,) N A. Now a
Chern class calculation as in Theorem 4.10 shows that one expects 64 such points. However, any
such singular point which is not an ordinary double point counts with some non-trivial multiplicity.
Since we have identified precisely 64 distinct singular points, these must all be ordinary double
points. m

Theorem 6.7 The fibre of ©g over a general point y € P2 /Zy x Zy corresponds to a pencil of
abelian surfaces contained in the singular Calabi-Yau complete intersection Vg, C P7. In particular
Og gives Aﬁ”& birationally the structure of a P'-bundle over an open set of P2 /Zy x Zy = P2.

Proof : By Theorem 6.5, there is an open set U C P2_/Z2 x Zo = P? such that Vg,y 1s a singular
Calabi-Yau threefold with 64 ordinary double points for y € U. For y € U Nim(Og) (which is
non-empty by Theorem 6.3,) there is a (1, 8)-polarized Heisenberg invariant abelian surface A for
which y is the class of an odd two-torsion point. In particular, A C Vg ,,, and A contains Sing(Vs ),
which is the Hg-orbit of y. Thus we obtain a projective small resolution Vg%y — Vg, which is a
Calabi-Yau threefold, by blowing-up A. After flopping the 64 exceptional curves, we obtain a small
resolution V817y — Vg,y which, by Lemma 1.2, contains a base-point free pencil of abelian surfaces.
On the other hand the fibre of ©g is one-dimensional, so we obtain in this way a one-parameter
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family of abelian surfaces in Vg{y. If this one parameter family of abelian surfaces is connected, then
it must coincide with the pencil we have already constructed. However, if it were not connected,
then Vs, would contain at least two distinct pencils of abelian surfaces. Let A, A" C Vg, be
abelian surfaces in these two pencils. Then A N A’ necessarily contains a curve. Indeed, otherwise
their proper transforms in V817y meet only at points, hence have an empty intersection as V817y is
non-singular. But this is only possible if A and A’ belong to the same pencil.

Let C be the one-dimensional component of ANA’. If A, A" are general, then their Neron-Severi
groups are generated by H, so C' is numerically equivalent to nH for some n. Furthermore, since
A and A’ are Heisenberg invariant, so is C. Now we must have n < 3. Indeed, by Riemann-Roch,
dim H%(Z4(3))/H(Zv,,,(3)) > 16. If f € H%(Z4(3)) is a cubic not vanishing on Vg, then certainly
for general choice of A" in the second pencil, f does not vanish on A’, so AN A’ is contained in a
divisor of type 3H.

Finally, to rule out this possibility, we note there are no Heisenberg invariant curves on A
numerically equivalent to nH for n < 3; this follows from [LB], Ex. (4), pg. 179. Hence there is
only one component of the fibre of Og, and it is contained in a P!, which concludes the proof. &

lev
(1,8)
rational or unirational. This is because the Pl-bundle may not be the projectivization of a rank

The above theorem allows us to conclude that A is uniruled, but it does not show it is
2 vector bundle. To determine rationality, one needs to know the open set of P? over which the
P!-bundle structure is defined. This can be done through a careful analysis of the discriminant
locus of the family of (2,2,2,2)-complete intersection Calabi-Yau threefolds of type Vg ,. This is
quite a tedious exercise, so we will only sketch the results below.

Theorem 6.8 .Al(‘ivg) is birational to a conic bundle over P? with discriminant locus contained in
the plane quartic
D = {2w] — wiwy — wows = 0}.

ev

18) 18 rational.

In particular .Al(
Proof : The basic idea is that the P!-bundle structure can only break down over those points
y € P2 /Zy x Zy for which Vg,y is degenerate, i.e. has worse than 64 ordinary double points.
However, some of these degenerations may also contain pencils of abelian surfaces, so a more
careful analysis of the discriminant locus is required. To determine the discriminant locus of the
family of Calabi-Yau threefolds, one looks in detail at the proof of Theorem 6.5 and determines
precisely where each step breaks down.

Examining facts (1)—(8) in Lemma 6.6 above, one sees that (1) breaks down on the locus
L= {wl(wo + wg)(wo — wg) = O},

which is a union of three lines. Outside of these three lines, (2)—(6) continue to hold. However, for
(7) to hold, we need to know that

QNe(@QNTQ)Nor(Q) = 2.
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Via a straightforward calculation, one can see that this occurs precisely on the curve
4 3 3
D = {2w] — wyws — wow; = 0}.

In fact, by equation (6.1) in the proof of Lemma 6.6, one even sees that on this curve the four
quadrics @, o(Q), 7(Q) and o7(Q) only span a pencil and hence intersect along an elliptic curve.
Now (8) holds off of C and L.

Finally, in the last part of the proof of Theorem 6.5, one finds that
Vg7yﬂ{x1:x3:x5:x720}7§®
if and only if
wowlwg(wg + wg) = O,
while
VsyN{zg—za=21 —205 =00 —a6 =23 — 07 =0} # O

if and only if
(wo — w2)((wo + w2)* — (2w1)*) =0,
while
%’yﬁ{$0—$4:$1+$5:x2—$6:.%'3+.%'7:0}7é®
if and only if
(wo + wa)((wo — wa)* + (2w)*) = 0.

Putting this all together, one finds that Vg, might have worse singularities than 64 ordinary double
points only over the locus

A = D U {wowywz(wi + w3)(wi — w3)((wo + wa)* — (2w1)*) ((wo — w2)* + (2wy)*) = 0},

which is a union of the smooth quartic curve D and fifteen lines.

To aid the further analysis, we need to bring in the additional SLs(Zg) symmetry present.
Recall there is an exact sequence (see for example [LB], Exercise 6.14)

0 — H(8) —> N(H(8)) —> SLa(Zg) — 0

where N(H(8)) is the normalizer of the Heisenberg group H(8) C GL(H®(04(1))) via the
Schrédinger representation. Letting & = €27/16 be a fixed primitive 16" root of unity, let S and T’
be the 8 x 8 matrices

(8i5) = (€ os jr
(Tij) = (E_Qij)ogi,jg'

It is easy to check that S,T € N(H(8)), and give via conjugation an action on H(8)/C* = Zg x Zg

defined by the matrices ((1) i) and (_(1) (1)>, respectively. In particular, S and T along with

H(8) generate the normalizer N(H(8)), though we do not need this fact. What is important for us



42 MARK GROSS AND SORIN POPESCU

is that for a € N(H(8)), we have Vg 4(y) = (Vs ). Furthermore, one sees easily that S and T" act
on the components of the discriminant locus A and there are three orbits of this action: the first
being D, which is an SLo(Zg) invariant, the second being L = {w; (w3 — w3) = 0}, and the third
being the remaining 12 lines in A. Thus to understand the generic degeneration of Vg , along each
component, it is enough to study the components D, {w; = 0}, and {wg = 0}.

Looking at the equations for Vg, when wy = 0, it is immediate that Vg , is the join Join(E,, Es)
of two elliptic normal quartic curves as in Proposition 1.4, and these threefolds still have a natural
pencil of abelian surfaces by Proposition 1.5. Over wg = 0, one finds a Calabi-Yau with 72 ordinary
double points, and these too still possess a pencil of abelian surfaces. Thus it is only over the quartic
D that the P-bundle structure may be lost. It then follows from [Bea] that ALY is rational. u

The following summarizes information about the threefold Vg ,:

Theorem 6.9 For general y € P2, let ng — Vg, be the small resolution obtained by blowing
up a smooth (1,8)-polarized abelian surface A C Vg, and let Vg be the small resolution of Vg,
obtained by flopping the 64 exceptional curves on V82’y. Then

(1) There exists an abelian surface fibration 7y : Vg, — P*;
(2) x(Vg,,) =0 and b1 (Vg,) = h12(Vg,) = 2.

Proof : (1) has already been proved in Theorem 6.7. (2) follows from calculations similar to those
in Remark 4.11, so in particular we may see P2 /Zy x Zy as a compactification of the moduli space
of Vg y. 1

Remark 6.10 The structure of the birational models of Vg, is quite interesting and can be
completely determined. Let H denote the pullback of a hyperplane section of Vg, to Vgl’y. Let A
be the class of a (1,8)-polarized abelian surface in Vg, . Classes of curves in V817y include

e [l], the class of a line in Vg, disjoint from the singular locus and contained in a translation
scroll fibre of the fibration Vgl’y — P! and

e [e], the class of an exceptional curve of the small resolution of Vg .

In general Vs{y —— P! has a translation scroll fibre because, as in the proof of Theorem 6.3, there
is a translation scroll containing a general point y € P?. Then in the model V81’y,

H® =16, H?A=16, A?=0,
H-e=0, H-l=1, A-e=1, A-1=0.

Thus in particular, Pic(‘/gg{y) /Torsion is generated by H and A. In the model Véfy,

H? =16, H?A=16, HA>=0, A®=-64,
H-e=0, H-l=1, A-e=-1, A-1=0.

The Kéhler cone of V¢, is spanned by H and A. We will see shortly that in Vs%y the linear
system |[4H — 2A| is a base-point free pencil of abelian surfaces, by Proposition 6.14 below, so the
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Kahler cone of VS%y is spanned by H and 2H — A. Furthermore, it is then clear that Vg{y and ng
are the only minimal models of Vg ,,. Computational evidence leads us to speculate that the family
of Calabi-Yau threefolds Vg, could possibly be self-mirror!

To determine the Kahler cone of the model ng in Remark 6.10 we first need to determine the
generators of the ideal of a (1, 8)-polarized abelian surface.

Definition 6.11 If z € P7, let Wy, be the vanishing locus of the three by three minors of the
matrix My(x, z); see Section 1 for notation.

Recall now the degenerations Xg\, A € C*, of (1,8)-polarized abelian surfaces with canonical
level structure defined in [GP1], §4. For fixed A € C*, the surface X3 is the union of eight quadric

surfaces
A A
X8 T U in
i€Zs

with
Qf\ = {$i$i+2 + ATi_1Tiy3 = T; = 0, for j € Zg {Z,Z +2,i—1,2+ 3}}

Theorem 6.12
(1) The ideal homogeneous I1(Xg) is generated by the quadrics

{o'(fi+Af2) |0<i<3}

and the cubics
{ Ti—2X;Ti42 ‘ 1 € Zg }U { Ti—1TiTi41 ‘ 1€ Zg }

(2) For alli € Zg, x;7; 1 2wiy5 € I(X3).
(3) The family { X3 | A € C* } C C* x P7 extends uniquely to a flat family

{ X3 [ AePIS{0}} C (PIN{0}) x P

and Xg° is the face variety of the triangulation of the torus

2 3 4 ) 6 7 0 1 2

In particular, X has the same Hilbert polynomial as a smooth (1, 8)-polarized abelian surface.

Proof: This uses very similar combinatorics to the proof of [GP1], Theorem 4.6, where we neglected
to mention in that theorem that part (a) held only for n > 10. We omit the details. =
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Theorem 6.13 Let A be a general (1,8)-polarized Heisenberg invariant abelian surface in P7.
Then the embedding is projectively normal and the homogeneous ideal of A is generated by the

quadrics of HO(IA(2))H , and the 3 x 3 minors of a matrix My(z,y), for y € A a general point.

Proof : This is a standard degeneration argument. Define Sg C P? x P7, with coordinates 31, y2, y3
on the first factor and zg, ..., 27 on the second as the locus cut out by the equations

58:{Uif(yl,yz,y3720,---,z7)=0 | izO,...,3}CP2_ x P7,

where f := yi1ysfo — yaf1 + (¥ + y2)fo. Though one can show that this scheme is irreducible by
using the analysis of Theorem 6.8, we will avoid this, so if necessary, replace Sg with the irreducible
component of Sg which dominates P2. Note that if dim Vs, = 3, then {y} x Vg, C Ss. Next
consider the scheme S C Sg x P7 defined in Sg x P7 by the equations o f(y1,v2,¥3, To, - - -, 27) = 0,
i=0,...,3, and the 3 x 3 minors of a matrix My(x, z). A general fibre of the projection & — Sg
over a point (y,z) € Sg is obviously contained in the Calabi-Yau threefold Vg ,, and moreover,
by Theorem 6.7, there is a unique (1,8)-polarized Heisenberg invariant abelian surface A C Vg,
containing the point z € Vg ,. By [GP1], Corollary 2.7, the abelian surface A is contained in the
fibre S, ). We show that A = S, ) for the general (y, z), by checking equality for one special
choice of (y,2), namely y = (0:1: /=), with A #0,and 2= (1:1:0:0:0:0:0:0) € V.
For this choice dim Vg, = 3, and hence (y, 2) € Sg. Moreover, for this choice, the ideal of the fiber
S(y,) is generated by the quadrics '(fi + Af2), and the 3 x 3 minors of the matrix

i) 0 0 ZT7
xr1 X2 0 0
0 x23 x4 O
0 0 s Tg

Therefore, by Theorem 6.12, we deduce that S, .) = X3, and so S(y,-) has the same Hilbert
function as a (1, 8)-polarized abelian surface and is projectively normal. It follows that for general
(y,2), we have A = S, .y, which concludes the proof.

Proposition 6.14 For general y € P2, |[4H — 2A| is a base-point free pencil on Vs%y, inducing
a second abelian surface fibration 5 : V¢, — P'. A fibre A" of w3 is a (2,8) or (4,4)-polarized
abelian surface, mapped to P7 as a surface of degree 32.

Proof : By [GP1], Corollary 2.7, A C Wg, for all z € A C P7, so in particular the quartic
hypersurface ., = {det My(x,z) = 0} vanishes doubly along the abelian surface A, and hence
defines an element of [4H — 2A| on Vg%y, for all z € A. One checks for a special value of y, and
therefore also for the general y, that the divisors @.’s in |[4H — 2A| span at least a pencil. For
example, one may take y = (0: 1:y/=X) € P2 for some A € C* and A = X, so that Vg, is given
by the equations {o?(f; + Af2) =0}, and then take 2y = (1:0:---:0), 22 =(0:1:0:---:0).
Then Q., = {xox2zsze =0}, while Q., = {x1x37527 = 0}, and one can check by hand that
Vay NQ. NQ., = X2, at least set-theoretically. Thus Q,, and Q., in particular define two
independent elements of [4H — 2A|, and hence this linear system is at least a pencil. In addition,
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this shows that |[4H — 2A| has base locus contained in A. Since A could have been chosen to be
any member of |A|, the base locus of |[4H — 2A| must be supported on the base locus of |A|. In the
model 1/827?!7 this base locus is the union of the 49 exceptional P1’s of numerical class [¢]. On the
other hand, from the intersection tables in Remark 6.10, we compute on Vs%y that (4H —2A4)-e =2,
so 4H — 2A is nef.

Since (4H — 2A)3 = (4H — 2A)?H = (4H — 2A)?A = 0 it follows by [Og] that [4H — 2A] is
base-point free and induces a map to P!, with fibres either isomorphic to a K3 or an abelian surface.
Since moreover |2H — A| is empty as the quadrics containing A are precisely those containing Vg,
we see that an element A’ € |4H — 2A]| is irreducible. It is in fact an abelian surface: by [Og], it is
enough to note that (4H — 24) - co(Vg,) = 0, and this can be verified easily.

Fix now a general point z € A C P7 and define v, : P7 - -» P15 to be the rational map induced
by the 3 x 3-minors of the symmetric matrix My(x, z). We regard here 9, as the restriction to P7 of
the Cremona involution ® : P15 - -» P15 which associates to each 4 x 4 matrix its adjoint matrix.
® is not defined on the locus X5 of rank < 2 matrices (the secant variety to the Segre embedding of
P3 x P3 into P19), it contracts the locus X3 of rank < 3 matrices (a quartic hypersurface defined
by the determinant) to the locus X; of rank < 1 matrices (the Segre embedding of P? x P? into
P15), and it is one-to-one outside of the locus X3.

In particular v, is birational onto its image and an isomorphism outside the quartic hyper-
surface Q.. Since O/ (3H — A) = Oa/(H + D), where D is a 2-torsion element, possibly zero, we
also deduce that 1, maps any abelian surface A’ in [4H — 2A| via a linear system induced by the
restriction of |H + D|. Let A’ be the surface in [4H — 2A| corresponding to the quartic @),. Then
¥, maps A/, into the intersection of the Segre embedding of P? x P? C P'® and v,(V3 ,); in other
words the restriction of H + D to A, decomposes as the sum L; + Lo, where each L; induces the
map on one of the two P3 components. Interchanging L; and Lo amounts to transposing My(z, z),
and since My(z, z)" = My(z,(z)), we deduce that L; and Ly are numerically of the same type,
and so on A’, we have H = 2L, where L induces a polarization of type (1,4) or (2,2). Hence H is
of type (2,8) or (4,4) on A’. n

Remark 6.15 A straightforward Macaulay/Macaulay2 computation shows that |L| induces a 2 : 1
map of A, onto a quartic surface in P? which is singular along two skew lines. Thus, by [BLvS], L
must induce a polarization of type (1,4), and thus the abelian surfaces in the pencil [4H — 2A| are
in fact (2, 8)-polarized.

Remark 6.16 By [GP1], Corollary 2.7, if A C P is a Heisenberg invariant (1, 8)-polarized abelian
surface and z € A, then A C Wg .. The expected codimension of the variety determined by the
3 x 3 minors of a 4 x 4 matrix of linear forms is 4. On the other hand, by [GP1], Theorem 5.2,
for special values of z, Ws . is the secant scroll of an elliptic normal curve in P7, so in general
Ws . C P7 is a threefold of degree 20, which is a partial smoothing of a degenerate “Calabi-Yau”
threefold, by by Proposition 1.3. It turns out that W5 . is in fact a singular model of Calabi-Yau
threefold.

We mention without proof interesting facts about Wy .:

Ws . C P7 is invariant under the subgroup of Hg generated by o and 72 and has, in general,
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32 ordinary double points. The (1,8)-polarized abelian surface A C Wy . moves in a pencil whose
base locus contains the singular of the threefold.

By blowing up W5, along an abelian surface A we obtain a small resolution W827y which is a
Calabi-Yau threefold. A Calabi-Yau threefold in P7 defined by the 3 x 3 minors of a general 4 x 4
matrix of linear forms, has Hodge numbers h'! = 2, h!2 = 34, while for W827y one has hl = 4,
h'? = 4. Let H denote the pullback of a hyperplane section of Wy, to Wsz,y. Classes of curves in
Wg, includes [c], the class of the conic in which Wy, meets P? (see the proof of Theorem 6.3 for
the fact that Wy, intersects P2 in a conic), and [e], the class of an exceptional P! of the small
resolution of Ws,. Then on the model W¢,,

H? =20, H?A=16, HA?>=0, A%=-32,
H-e=0, H-c=2, A-e=-1, A-c=4.

The linear system |2H — A| is at least three dimensional, having a subsystem defined by the quadrics
containing A. This gives a morphism W : W827y — P3, whose image is in fact a smooth quadric
surface and whose fibres are elliptic curves. ¥ maps the exceptional lines of class e onto the rulings
of the quadric ¢, while the conics of class ¢ are contracted. Each ruling of ) induces on W827y a
K3-surface fibration. A detailed analysis of the geometry of Wg , seems difficult due to the fairly
large rank of the Picard group, which is generated over Q by H, A and the fibres of the above two
K3-fibrations.

Remark 6.17 It is interesting to compare the structures described above with those of a (2,4)-
polarized abelian surface A C P7, as studied in [Ba]. While numerically such a surface A looks
similar to a (1, 8)-polarized abelian surface, in fact it is cut out by six quadrics. Any four of these
quadrics defined a complete intersection Calabi-Yau X in P7 containing A, again in general with
64 ordinary double points. A Calabi-Yau small resolution X — X exists, but now hl*(X) =
h'2(X) = 10. We will say nothing more about this threefold.

7 Moduli of (1,10)-polarized abelian surfaces.

We consider first the representation theory of Hyg on the space of quadrics H?(Opo(2)). There
are four types of five dimensional irreducible representations appearing in H°(Opo(2)). Indeed, we
can write H%(Ops(2)) = 3V; ®3Va®3V3®2V,. The three representations of type V; are given by the
span of f,o(f),...,0*(f), where f = 22 + 22, 2129 + 2674, O 228 + x773. Three representations
of type V5 are given similarly with f = xoxs, r9xg + 2421, Or T3x7 + 23272. Three representations of
type V3 are given by f = x% — .CC%, T1T9 — Ty OF Toxg — x7x3, and finally the two representations
of type Vy are given by f = x9x¢ — 471 Or TgT7 — T3X2.

Note that for y € P3, the matrix Ms(xz,y) is skew-symmetric, while for y € P%, Ms(z,y) is
symmetric. For a general parameter point y € P3| the 4 x 4 Pfaffians of Ms(x,y) cut out a variety
G, C P? which can be identified with a Pliicker embedding of Gr(2,5) in P°. The corresponding
varieties defined by the Pfaffians of M5 (0°(z),y), M5(c°7°(x), y) and M5(7°(z),y) are then o°(G,),
o°7°(Gy) and 7°(G,), respectively.
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Note that the subgroup (o°, 7°) of Hyg acts on P2, and we denote the quotient of this action
by P3 /Zy x Zy. By [GP1], Theorem 6.2, we have a map

@10 : Al(ﬁ?lO) — P3_/ZQ X ZQ

which essentially maps an abelian surface to the orbit of its odd 2-torsion points. The map Oqg is
birational onto its image. Since both spaces are three dimensional, we obtain the following result:

Theorem 7.1 Ay is birationally equivalent to P? /Zy x Zo. W

Remark 7.2 The quotient P? /Zs x Zs, being a quotient of P3 by a finite abelian group, is
rational by [Miya]. One can also compute explicitly the ring of invariants of this action, and this
ring is generated by quadrics and quartics. There are 11 independent invariants of degree 4, and
these can be used to map P3 /Zy x Zy into P!° where one finds the image to be a singular Fano
threefold of index 1 and genus 9.

We also have

Theorem 7.3 Let y € P2 be a general point. Then

(1) The twenty quadrics defining the four Pliicker embedded Grassmannians G, o°(G,),
o°7°(Gy), 7°(Gy) span only a 15 dimensional space of quadrics R, C H(Opos(2)), which as a
representation of Hyg is of type Vi & Vo @ V3.

(2) The subspace R, generates the homogeneous ideal of the (1,10)-polarized abelian surface
corresponding to the image via ©1g of y in P3 /Zy x Zo.

Proof : By [GP1], Corollary 2.7, if A is a Hyo invariant abelian surface in P? and y € A NP3
is an odd 2-torsion point, then A C G, N o°(Gy,) N 7°(G,) N o°7%(G,), so all quadrics in the
subspace R, vanish on A. In fact, Theorem 6.2 of [GP1] states that A = G, N o°(G,) N 7°(Gy),
and moreover the corresponding space of 15 quadrics generates the homogeneous ideal of A in
P?. Thus we must have dim R, = 15. To see how R, decomposes as an Hjo representation, it is
sufficient to check the isomorphism R, = V; & Vo @ V3 for a special value of y. One may use the
point y=(0:1:1:0:0:0:0:0:—1:—1) € P2, which in the notation of [GP1], §4, yields
the degenerate surface X{,, whose homogeneous ideal, by [GP1] Theorem 3.6, is generated by the
quadrics
{ TiTito + Ti—1Ti43 | 1 € Zng }U { T;Tits | 1 € Zg }

This clearly decomposes as V1 & Vo @ V3. 1

Theorem 7.4

(1) For general y € P2, Vio,, = G, N 73(G,) C P? is a Calabi-Yau threefold with 50 ordinary
double points, which is invariant under the subgroup generated by o? and 7. The singular
locus of Vi, is the (o2, 7)-orbit of {o®(y)}. If A C Vi, is the Hyg-invariant (1,10)-polarized
abelian surface which has y as an odd 2-torsion point, then the linear system |2H — A| induces
a 2 : 1 cover from Vig, to the symmetric HM-quintic threefold X5, C P*, where y =
(y1y2 + Ysya : —Y2ys : Y19a : Y1ya : —Yyays) € PT C P* (see Proposition 3.4).
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(2) If y € ANP?, let Wio,y C P? be the variety defined by the 3 x 3 minors of the matrix
Ms5(z,y). For general y, this is a Calabi-Yau threefold of degree 35 with 25 ordinary double
points. Furthermore, Wiyg, is not simply connected, but has an unbranched double cover
birational to X5, C P4, with y” = (2(ysya — y1¥2) : YY1 — Ya¥s : Y2Us — YoY3 : Y2Us — Yoys :
Youy1 — Yays) € PT C P4

Proof : (1) To understand the singularity structure of Vi ,, we will first understand the image of
the map induced by the linear system [2H — A| in P*, and show that this map expresses Vg, as
a partial resolution of a double cover of X5, C P* branched over its singular locus.

First we note that for general y € P?, Vjo, is an irreducible threefold of degree 25. To
see this, we show it is true for special choice of y. Choose y € P2 so that y; = ys4;. Then
M;s(x,y) = (x;ﬂ-yi_j) where $;+j = Zitj + Ziyj+5. Thus G, is just a cone over an elliptic normal
curve E in the P4 given by {z; — 2,45 = 0}, with vertex the P* given by {x; + 2,45 = 0}. Gy
is a similar cone over 7°(E), and then Vig, = Gy, N Gys(y) is just the linear join of E and 7°(E),
which is an irreducible threefold of degree 25, by Proposition 1.4. For general y, G, and G5y
have dimension 6 and degree 5 in P9, so G, N G5(y) is expected to be of dimension 3 and degree

25. Since this holds for special y, it holds for general .

Next we show that Vig, contains a pencil of abelian surfaces. Let [ be the line joining y
and 75(y), so that o°(l) is the line joining o°(y) and 7°0°(y). Let z € o°(l), such that 2 ¢
{o°(y) + 0°7°(y),0°(y) — o°7°(y)}. Then there is a linear transformation 7' € PGL(P?) of the
form T = diag(a,b,...,a,b) such that T%(z) = o°(y). Note that 7°T = T75, o°T = T~10°
in PGL(P?), and that for any w € P?, we have T(Gy) = Gr-1(y)- (The significance of these
commutation relations will be explained in more detail in §1 of [GP3].) Denote by Ar(,) C P? the
abelian surface determined by T'(z) € P3| i.e.

AT(z) = GT(Z) N GO'ST(Z) N GT5T(Z) N G057'5T(z)'

Then
T(AT(z)) =G, N GO'5T2(Z) N GT5(Z) N G0575T2(z)

=G, N GTS(Z) N (Gy N GTs(y))

- VlO,y-
As z varies on ¢°(1), the point T'(2) also varies on this line, and thus we obtain a pencil of distinct
(1,10)-polarized abelian surfaces in Vig ,, filling up Vi, by irreducibility. Note that in particular,

0°(z) = T(6°(T'(2))) € T(Ar(z)) moves along the line I. Thus I C Vyq,,, and each abelian surface
in the pencil intersects the line [.

Now we will study the linear system |2H — A| on Vig,. To do so, we must first understand
the equations of Vjg, more deeply. The Pfaffian of the matrix obtained by deleting the first row
and column of Ms(z,y) is

p=—20%5(y1Y2 + Ys3ya) + (T124 + T6x9)Y2ys — (23 + T7x8)Y1Ya
+ w327y + 2225y3) — (zaweys + 2129y3) + (23y1Y5 + 23Y2y4).
The ideal of Vg, is then generated by
{o%(p) | 0<i<4}u{7%%(p) |0<i<4}.
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On the other hand, the ideal of A is generated by these ten quadrics plus the additional quadrics
{o¥(p) |0<i<4}.

Thus in particular, if we set

fii= 5070+ 7)) + 9+ T (0))

we see that

fi =(@312i719i + Tog2isiai) (U5 + i)

+ (22 0; + 23,) (Y13 + Yous) — (Tas2i%642i + T142:T042:) (Y3 + ¥3),

and that fy,..., f4 are linearly independent quadrics which are still linearly independent when
restricted to Vip,. Furthermore, each f; vanishes on A, and in fact fo,..., f4a cut out A on Vi .
Thus fo, ..., f1 define a four-dimensional linear subsystem of |[H%(Oy,, ,(2))| whose base locus is
precisely the abelian surface A.

We now use fo, ..., f1 to define a rational map f : Vip, - -» P* We describe next its image.
The map f is induced by the linear system |[2H — A| on Vi3, ,,, where the model Vi3, ,, — Vig, is
obtained by blowing up Vig,, along A. We also denote by f the induced morphism Vfoyy — P4

Let z be a general point on the line o®(l) joining o°(y) and o°7°(y), and T as before. Let
us consider the restriction of f to the surface A" = T'(Ap(.)). There are two alternatives. First
if AN A’ is an isolated set of points, then the number of these points is divisible by 50, since A
and A’ are invariant under the action of 7 and o2. Since o°(y) € AN A’, we have at least 50 such
points, and the degree of f : A’ --- P*is 420 — a - 50, for some a > 1, which is non-negative
only if @ = 1. Thus AN A’ can only consist of one (02, 7)-orbit of 0°(y), and A must intersect A’
transversally. Thus the proper transform of A’ in V1207y, which we denote by A’, is A’ blown up in
50 points.

The second alternative is that A N A’ contains a curve C. In this case, since A is general,
the curve C can only be numerically equivalent to nH on A’, for some n. Since A is cut out by
quadrics, n < 2. On the other hand, since A and A’ are invariant with respect to ¢? and 7, so is
C'. However, by [LB], Ex. (4), pg. 179, this is impossible. Thus this case does not occur!

Next observe that for x € Vig,, f(x) = f(7°(x)), since each f; is T°-invariant. Thus f
factors via Vig, — Vig,/(7°) --- P4 Now 75 acts on A’. The (1,10) polarization £ on A’
descends to a (1,5) polarization £’ on A’/7° and fo, ..., f4 descend to sections of £'®?. The map
f:A'/7® -~ > P4 lifts then to a morphism f : A’/7° — P%. Tt is easy to see that f satisfies all
the hypotheses of Proposition 3.6. Thus f maps T'(Ar.)), for z general, to a Heisenberg invariant
abelian surface A” C P* of degree 15, and A” is contained in a quintic X5, C P* for any y’ € A”.
If we find a point y’ which is contained in f(T(Arp,))) for all z € o°(1), then f(Vio,) C X5,. A
simple calculation shows that

f(l) = (ylyz + Y3ya T —Y2Y3 P Y1Y4 t Y1Ya —yzys) =: y’.

Since T'(Arp(z)) intersects I for each z, y' is the desired point, and so f(Vig,,) € X5,. To show
that f maps two-to-one onto X5 ,/, we observe that on V1207y, H and A are Cartier divisors, with
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H3 =25 H?A = 20, HA? = 0 and A% = —50, (the latter holds since (2H — A)?- A = 30, as f
maps A two-to-one to a degree 15 surface in P%). From this we see that (2H — A)3 = 10. Thus
f(Vio,y) = X5, and f maps two-to-one generically.

To compute the branch locus of the double cover f : Vi, , — X5, we need to identify the
fixed locus of the involution 75 acting on Vig,. This is easily done: the fixed locus of 7° acting on
].:)9 consists of LO == {l‘o = T9g =Ty = Tg — g = 0} and Ll == {xl =3 =I5 = T7 = Tg = 0} Note
we can write Ms(x,y) = (Te(i45)Ys(i—j) T T6(i+j)+5Y6(i—j)+5)0<i,j<4, making it clear that

Ms(z,y) Ly = —Ms(7°(2),y) Lo = (T6(i-+5)+5Y6(i—j)+5)0<i,j<4

and
Ms(z,y)|L, = Ms(7°(2), 1)L, = (@6(i+5)Ye(i—))o<i,j<a-

Each of these are skew-symmetric Moore matrices on P*. Thus by [Hul], [ADHPR2], Proposition
4.2, each of these matrices drops rank on an elliptic normal curve. Thus (LoUL1)NVigy = EgUEN,
the disjoint union of two elliptic normal curves. This is the fixed locus of 7° acting on Vio,y. It is
now clear that f must map Ey and E; to the two singular curves of X5,/ of Proposition 3.4, (3).

We can now understand from this the singularity structure of V1207y. First note that the
exceptional locus of my : Vif, — Vi, consists of 50 P'’s. A is a Cartier divisor on Vjj, ,, so in
particular V1207y is non-singular along any non-singular element of the linear system |A|. But the
exceptional locus of 7y is contained in the base locus of |A], hence Vf , is non-singular along the
exceptional locus. In particular, since mo is the small resolution of 50 ordinary double points and
Wy, 18 trivial, so is wyz -

Let V1207yi>X57y/i>X57y/ be the Stein factorization of f : V1207y — Xs,4. Then sy is branched
precisely over Sing(X5 /), and is a double cover. From the description of the singularities of X5
of Proposition 3.4, (5), one sees that sz(Sing()A(57y/)) is the Heisenberg orbit of ', and shows that
)A(5,y/ has one ordinary double point sitting over each point of the orbit of 3.

Next consider sy : V1207y — )A(5,y/. We have already seen that f(l) = 3/; thus s; must contract [
and its (02, 7)-orbit (25 lines) to the 25 ordinary double points of X3 .. Since wyz and wg, ., are
trivial, s; must be crepant, and the only possibility then is that s; only contracts these 25 lines,
while V120,y is non-singular. Thus V¢, itself has 50 ordinary double points obtained by contracting
the exceptional locus of 5.

(2) Fix any point y € P5.. Consider first P(Sym®(C®)) = Proj C[{ zi; | 0 <i,j < 4,3 = x;; }].
The generic symmetric matrix M = (x;;) has rank 2 precisely on Sym?(P*) C P(Sym?*(C®)).
One computes that Sym? (P*) has degree 35 in this embedding and thus Wig, can be de-
scribed as i(P?) N Sym?(P*), where i : P® — P(Sym?*(CP)) is the linear map given by
Tij = TitjYi—j + Titj4+5Yi—j+5- Lhus, if the intersection is transversal, Wyg , has dimension 3 and
degree 35.

To understand Wy, further, consider it embedded in Sym?*(P*) via the map i. Let 7 :
P* x P* — Sym? (P*) be the quotient map, and let 2o, ..., 24, wo,...,ws be coordinates on the
first and second P*’s respectively. The map 7 is given by z;; = zywj + z;w;. Let us determine the
equations of 7~ (Wyg ), which is a double cover of Wig . One checks easily that the equations of
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i(P?) are
{ (Wsya — yiy2)xii + (Yoy1 — Yays)Ti—1,i+1 + (Y2Us — Yoy3)Ti—2,i+2 =0 | 0 <i <4}
Hence 7= (Wio,) is given by the five bilinear equations

{(ysya — y1y2) (2ziw;) + (Yoy1 — Yays)(Zi—1Wit1 + zip1wWi—1)
+ (y2ys — Yoy3) (zi—2Wit2 + zitow;—2) = 0}

If we write

Yo = 2(ysya — y1y2),  YY =YL = Yoy — Ya¥s, Y5 = Y5 = Yays — Yo,
then we can rewrite the above set of equations as
L(z,y")w =0,
where L(z,y") is the 5 x 5 matrix
L(z,y") = (22i—¥i;)-

If p1,po : P* x P4 — P* are the first and second projections, then X5y = D1 (m71(Wig,)) is
given by the equation {det L(z,y”) = 0}. Thus it is clear that Wiy, is of dimension three and
hence of degree 35. Note that this argument shows that a generic intersection of Sme(P4) and
P? is a non-singular threefold (since the singular locus of Sym?(P*) has codimension 4) and has

an unbranched covering which is a Calabi-Yau threefold. We conclude that the generic section of
Sym?(P*) is a non-singular Calabi-Yau threefold, and hence also Wwio, = Owyg -

Now note that
"Lz, w = Mz(w,y")z

given that y” € P2. Thus, if X5, C P*(2) x P*(w) is given by the equation

tL(zvy/,)w =0,
then p; : )~(57yu — Xg ,» is a birational map and pQ()?&yﬁ) = X5, where X5 v is the (symmetric)
Horrocks-Mumford quintic given by y”. Then po : )2'5,1// — X5~ is also birational. Thus we
see that 7—!(Wig,) is birational to Xj,~. In addition, by Proposition 3.4, (4), X5, has 50
ordinary double points. Now p; : W_I(Wlo,y) — X é,y// is also a crepant partial resolution, and
fails to be an isomorphism where rank L(z,y”) < 3. However, rank L(z,y") = rank‘L(z,y"), so
Py X5,yu — Xé,y” and py : w1 (Wig,) — Xg7y// fail to be isomorphisms on the same set, which by
Proposition 3.4, (6), is a union of two degree 5 elliptic curves FyUE,. Furthermore, p; ' (E;) C X5,
and p; ' (E;) € m~*(Whg,,) are both P'-bundles. It follows from this description that while X5,
and 7~ (W1 ,) are not necessarily isomorphic over X é’y,,, they must have the same singularity
structure, both being partial crepant resolutions of curves of cA; singularities with 50 cAs points.
In particular, 7= (W ,) has 50 ordinary double points.

Finally, it is easy to see that for a general choice of y, =1 (Wi ,) is disjoint from the diagonal
in P* x P4, so that 7=!(Wiq,) — Wig, is an unbranched covering. To see this, one can check
for one point, e.g. a point of the form y = (yo,...,¥s5,-..) = (0,91,Y2,¥3, Y4, 0,...), in which case
y" = (2(y3ys — y192),0,...,0), and it is particularly easy to see that 7—*(Wyq,) is disjoint from
the diagonal.

Thus, for general y, Wi, must be a Calabi-Yau threefold with 25 ordinary double points. =
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Remark 7.5 We discuss the structure of the Kahler cones of minimal models of Vg .

First consider Vllo’y, obtained by flopping the 50 exceptional curves of V1207y — Vio,y- Then |A|
is a base-point free pencil on Vllo’y. Let H be the pullback of a hyperplane section. Let e be the
class of an exceptional curve of the small resolution, and let [ be the proper transform of the line [
joining y and 7°(y) as in the proof of Theorem 7.4. Then

H® =25, H?A=20, A?=0,
H-l=1 H-e=0, A-l=2, A-e=1.

One can compute that h'' (Vi ) = h'*(V}y ) = 2, and then it is clear that Pic(Vyj ,)/Torsion is
generated by H and A, and the Kéhler cone of Vlloyy is spanned by H and A.
In ‘/1207y7
H® =25 H?A=20, HA*>=0, A®=-50,
H-l=1 H-e=0, A-l=2, A-e=-1.

The Kéahler cone of Vfo,y is spanned by H and 2H — A; indeed, it follows from the proof of
Theorem 7.4 that |2H — A| on V120,y is base-point free and induces the map V1207y — X5, and the
Stein factorization of this map contracts the (02, 72) orbit of I. Thus these 25 lines can be flopped,
to obtain a new model Vi) . In this model,

H?=0, H?A=-30, HA?=-100, A3=-250
H-l=-1, H-e=0, A-l=-2, A-e=-1.

Now [2H — A| induces the morphism f : Vj}, | — X5 s, and X5 ;s contains a pencil | A’| of minimal
(1,5)-polarized abelian surfaces. Furthermore, if Xg’y, C P* x |A’| defined by

X5, ={(z,9) |zeSe|d}

is a partial resolution of Xéy, in which the pencil |A’| is base-point free, then f factors through
f: Vl%’y — X51,y,. It is then easy to see that if S is a general element of this pencil, then f~! (S) is of
class 10H —6A on Vj} . Also, f~1(S) — S is a two-to-one unbranched cover. Thus either f~1(S)
is irreducible, or f~1(S) splits as a union of two (1,5) abelian surfaces. However it is not difficult to
see that the divisor 5H — 34 is effective. For example, choosing a general point z € A, det M5(x, z)
is a quintic vanishing triply along A. Since a pencil of abelian surfaces on a Calabi-Yau threefold
cannot have a multiple fibre, we conclude that |5H — 3A| must be a pencil of abelian surfaces, and
f1(S) splits. Hence |5H — 3A| yields a base-point free pencil of (1,5)-polarized abelian surface,
and the Kahler cone of Vl%w is spanned by 2H — A and 5H — 3A.

We will not address the Kahler cone structure of Wig, here. Because h%1 > 3 for a small
resolution of this Calabi-Yau threefold, we in fact expect Wi, to inherit a rather complicated
Kéhler cone structure from its double cover, a Horrocks-Mumford quintic. See [Fry] for an analysis
of the moving cone of the general Horrocks-Mumford quintic.
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