10 pts| 1. According to the poem by Ogden Nash,

Big fleas have little fleas,
Upon their backs to bite ‘em,
And little fleas have lesser fleas,
And so, ad infinitum.

Assume each flea has exactly two fleas which bite it. If
the largest flea weighs 0.8 grams, and each flea is 1/8
the weight of the flea it bites, what is the total weight of
all the fleas?
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Solution: This is a geometric series, with a ratio of 2/8 and constant term 0.8. Specifi-
cally, the mass of all the fleas is

1 1 = 1 0.8 08 32 16
().8+U.8-1+(J.8-4—2+...={18204n=1_—1/4=3f4=ﬁ=ﬁ.

Do ‘ K

) 1 w2 |
10 pts| 2. The series E — converges to G How many terms are necessary so that E —; 1s within
n? ) n?

n=1 n=1

1/1000 of #2/6?
Solution: Here we use the integral to estimate the remainder of the series. We know
that
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So, we need K so that 1/K < 1/1000, in other words, we need to sum to n = 1000.
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10 pts| 5. Determine the interval of convergence of the power series E
n

n=1
Solution: As usual, we first use the ratio test to determine the radius of convergence.
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This ratio will be less than 1 when —1 < 22 — 7 < 1, thatis when 3 < = < 4.

Now we need to establish what happens at the endpoints.
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Atz = 4, the series becomes E —, which diverges (it is the harmonic series, or a p-series
T

n=1
with p = 1).
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At x = 3, the series becomes Z ———, which converges by the alternating series test

n
n=1

(the absolute values are decreasing, and lim 1/n = 0).

This means the interval of convergence is [3,4), thatis 3 < x < 4.



15 pts| 6. For each of the series below, determine whether it converges or diverges. You must full}r

justify your answer to get any credit (that is, indicate what test you used, etc.).

(a)

(b)

(c)
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Solution: This is easiest by the integral test:
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which diverges to +o0c. Thus, the original integral diverges.
(Strictly speaking, to use the integral test, the function must be decreasing. But
since this is obvious for this function, since both n and Inn are increasing).
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Solution: Here I find the limit comparison test easiest. If we ignore all the con-

stants, we have
n*+5 n® 1

M +2)(n3+3) n% nd

Now, we confirm that this is a valid series to compare to:
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Since E —; 1s a convergent p-series (with p = 3), the original series converges.
=
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Z cos(n)
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Solution: This one is a bit trickier: the terms of the series are not alternating, so we
cannot use the alternating series test, nor are they always positive, so we cannot
use the integral test or the comparison tests directly. Nor is the ratio test any help.

cosn 1 1
Instead, let’s look at the series of absolute values: 0 < |”7q| < 3 Since Z 3 is

| cosn|
n?

a convergent p-series, we know that Z converges by the comparison test.

But, since the series of absolute values converge, the original series is absolutely
convergent, that is, it converges.



