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1. Evaluate each of the definite integrals below.
1
(a) / 32° — 6z + 1 dx
-2

Solution:

1 1
/3x2—6x—|—1dx:x3—3x2—|—a: =(1-3+1)—(-8-12-2)=—1+22=21.
—92 —2

(b) /02}1—x2| dx

Solution: Notethat1 —22 > 0for0 <z < land 1 —2? < 0 for z > 1. This means that z > 1,

1 —2% =—(1-2%=2?—1,butifx <1, |1 —2? =1-—2?% and we split the integral into
two pieces.
2 1 2
/ 11— 7| dx:/ (1—2?) dx—l—/ (x* — 1) dx
0 0 1
= (z — 12%) 1 + (32° — z) i
37 o 3 1

7
(0 /0 sin(rx/7) dx

Solution: Make the substitution v = = Then du = %dx, or %du =dz. Whenz =0, u =0,
and when z = 7, u = w. Thus

/0 sin(mrzx/7) de = ;/OW sin(u) du
= —; cos(u) ;r = —; (cos(m) — cos(0)) = —; (—1-1)= %
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2. Consider the function f(z) = 8 + z°.

(a) Approximate the area lying under graph of f(x), above the z-axis, and between the
vertical lines * = —2 and = = 4 using 3 rectangles of equal width, evaluated at the
right endpoint of each interval.

Solution: Since we are using 3 rectangles of equal width and we need to go from —2 to 4,
each rectangle is of width 2. Thus, we have

2<f(0) +f(2) + f(4)> = 2(8 +(16) + (72)) —2.96 =192

(b) Write a formula for the Riemann sum (using n rectangles of equal width) which
represents the area under the graph of f(x) for —2 <z < 4.

Solution: The width of each rectangle is %, and we startata = —2,sowe have z; = -2+ %.
Thus, the appropriate Riemann sum (using right endpoints) is

n

Zg <8+ (—2+%)3)

=1

(c) Compute the limit of the above Riemann sum as n — co. You can do this directly or
by calculating an integral.

n

The formulaez k= n(n+1) , Z k2 = w or Z k3 = n(n+1) could be helpful. Or not.
k=1 2 k=1 6 k=1 4

Solution: Doing it directly is not a good way to do this. It is much easier is to do the integral

4
4

= J
/ 8—|—x3d:c:8x—|—z

-2

— (324 64) — (—16 +4) = 96 + 12 = 108.

—2

If you insist on doing the direct computation, here it is. It isn’t pretty.

SN 6i\3 6 72i  216i% 216
I % (s (—2 —> —lim - (8 (—8 = )
nl—{go;n< * +n ) nl—?gon;( * * n n? u n3

6 (T2 2165~ 5 216 4
- (zzl—? S )

i=1 i=1 i=1
2(n? 216(2n3 2 216(n* + 2n3 2
4. T (7 (n®+n) 216(2n° +3n +n)+ 6(n* + n+n))

n— 00 2n2 6713 4n4
6. qim (300 ) 36(2n° 430 +n)  54(n +20° + n?)
n— 00 n2 TL?’ n4

=6-(36—72+54) =618 = 108.

There was a typo in the formula for Y k% on the exam. You should get full credit if you used the wrong
formula correctly. In that case, the answer would come out as 324.
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3. Evaluate each of the indefinite integrals below.

(a) / 13++4m2

Solution:
3+ 3dx x dz . 1/8 du
== —_— _— = 2
/1+4x2 dx /1+(2x)2+/1+4x2 2 arctan( :1:)+/ »

where we made the substitution © = 1 + 42? (so du = 8x dx) in the second integral. Thus,
the integral becomes

(b) / te 3t dt

Solution: Here, we integrate by parts, taking u = ¢ and dv = e * dt. Thus du = dt and

In(1 + 42?)

C
3 +

$ arctan(2z) +

v=—z2e"% So
te™3t 1 te 3t 73
—3t _ L —3t _ e
/te dt 3 + 3 /6 dt 3 9 +C
(c) /tangf) do
Solution:
/tangbdgb:/qubdCZS T —Inju|+C = —In|cos¢p| + C
coS @ u

where we made the substution u = cos ¢ so du = — sin ¢ de¢.

4. Let f(z) be the function whose graph is shown at right,
and let N
_ / F(t) dt
-1

(a) Calculate G(—2), G(—1), and G(2).
If G is not defined, write something like “G(5) DNE”.

[S)
o

Solution: For all of these, we can just count the squares, remembering that those below the
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e p——
G@Q%:[jf@d#:—K;f@dﬁ:4—m:2
CX—D::/;{ﬂﬂdt:O

G(Z)z/jf(t)dt:/jf(t)dt+/01f(t)dt+/12f(t)dt:0+1+0:1.

(b) For what z with —2 < z < 2is G(z) decreasing? (If there are none, write “none”.)

Solution: Since G'(x) = f(x), G(x) decreases when f(x) < 0 and increases when f(x) > 0.
Thus G(z) is decreasing for z < —1.

(c) For what = with —2 < z < 21is G(z) concave up? (If there are none, write “none”.)

Solution: Since G"(z) = f'(x), G(x) will be concave up when f(z) has positive slope. That
is, when —1 < z < 0.

143 1 —t
—— dt. Calculate H'(x).

2 14+t

Solution: Let g(z) = [ 1% dt, so H(x) = g(1 + 2®) — g(2®). By the FTC, ¢'(z) = {7Z. Using

the chain rule, we have

5. (a) Let H(x) —/

T

—z3.322 1— g2 3z° 2z — 223
H(z) = (1 3Y. 322 — o (22) - % — z _ O — _
(2) =g(1+2%) 32" —g(a") - 20 2+ 23 1+a22 " 2+ zd Il = 2

(b) Find a function g() so that ¢'(r) = xcos(z?) +¢* and ¢(0) = 3.
Solution: We just want an antiderivative of z cos(z?) + e* with the proper constant. So

sin(z?)

g(x) = /(x cos(z?) + €%) dr = e” + /xcos(x2) dr = e” + % /cos(u) du = e” + 5 T C,

where we made the substitution v = 22 (so du = 2dx).
Since ¢g(0) = 3, we have g(0) = €° + Sin—Q(O) + C =1+ C, so we must take C' = 2.

Q 2
g(w) = e+ Smé‘r ) 4o
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