MAT 126 Calculus B Spring 2006
Practice Final Exam — Solutions

Answer each question in the space provided and on the reverse side of
the sheets. Show your work whenever possible. Unless otherwise indi-
cated, answers without justification will get little or no partial
credit! Cross out anything that grader should ignore and circle or
box the final answer. You do not need to simplify numerical answers
or write their approximate values. This practice exam contains more
problems then the actual test to give you more practice.

1. Evaluate the following definite integrals:

(a)
9
/ln\/de
1
9 1 /[ 1 0
Inyzde == [ Inzdr== (rlnz— 1)
1 2 2

1
=509~ 9~ (In1—1)) = 9In3 -4,

where we have used that the antiderivative of Inxz is x In x —
x (see Section 5.6, Example 2).

(v 2
/ a dx
o 1+ 222

Using the substitution v = 1 + 22% we get du = 4xdx, so

that zdr = Zdu, and the limits of integration x = 0 and

x = 2 correspond to u =1 and u = 9. We get

/2 T 1 (% du
dr = - —
o 1+ 222 4/, wu

1
=1 Inwul; = 51113.
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/ﬂdw
1 s
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The substitution © = Inz gives du = — and limits of in-

x
tegration z = 1 and = = e correspond to u = 0 and v = 1.
We have

¢ (lnx)? ! 1 1
/—(nx) dx:/ u?’du:—u4‘(1):—.
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1
/ 2% sin(z°) dx

1
The function f(z) = z?sin(2%) is odd, f(—z) = —f(z),
so using the property of symmetric functions (see Section
5.5), we get

1
/ 2% sin(2) dz = 0.

1

S

—dx
0 \/1—%2

dz
Using the substitution u = sin™' z, we get du =

V1— a2
and the limits of integration z = 0 and « = 1/2 correspond
tou =0 and u =m/6. We get

1/2 o1 /6 1 2
/ i udu:—uQ‘wmzﬂ—.
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4
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Here we use integration by parts with v = Int and dv = v/t.
We have du = % and v = 2t*/2, so that

4 4 4
/ \/Elntdt:/ udv:uvﬁ—/ vdu
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/13 dzx

0o v/ (1+2x)?

We use the substitution u = 1 4 2x, so that du = 2dx and
the limits of integration = 0 and = = 13 correspond to

u=1and u=27. We get

13 du 1/27 iy
= u 3 du =
1

o /(1+2x)? T2

=

3u =3.
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z
sin® x dx
0

This is a trigonometric integral. Writing
sin®z = sin rsinx = (1 — cos® 2) sinz,

we recognize the substitution v = cosx. We have du =
—sinzdr, and the limits of integration z = 0 and » = 7

correspond to u =1 and u = 0. We get
3

z 0 1 "
/ sin® z dr = —/ (1 —u?)du = / (1 —u?)du = (u — —)
0 1 0 3

2. Evaluate the following indefinite integrals:

(a)
[ s

This is Example 3 in Section 5.6.

(v 3
20° 4+ 1
d
/ 2 +1 v
Doing long division, or simplifying as follows:

20 +1 (223 +22)+1—22 1 -2z
_ 2 +

b

0

224+1 2 +1 o 224+ 1’
we get

2x3 + 1 1-—2x
dr = 2 d
/xMJ o /(x+ﬁ+1)x

1 x
2
- dr — 2 d
$+/x2—|—1x /:c2—|—1$
= 2?4+ tan 'x —In(2® + 1) + C,

where in the last integral we have used the substitution

u=x>+1.
© 1
tan™ " x
dx
/ 1+ a2
Using the substitution u = tan=! z, we get du =

that
tan ™" 1 1
/ an xdx:/udu:§u2+0:§(tan_1x)2—l—0.

dx

—1—|—:L‘2’SO




/sin1 xdx

Using integration by parts with = sin™' 2z and dv = dx

we get
dz
du = —— and v =r,
Vv1—2a?
so that
/sin_lxda::/udv:uv—/vdu

= rsin~

Ly — / : dx

V1I—a2?
To compute the last integral, use the substitution u =1 —
2%, so that du = —2zdz and

T 1 du
—_— = —— —_— = — — _ 2
/mdﬂf 2] Vu Vu+C V1—a2?2+C.

Thus, finally,
/sin_lzvd:v =zsintz+V1—a2+C.
(e)

/ z—1
—dx
224+ 3z +2
Using partial fractions,

z—1 B z—1 B A i B
224+3z+2 (z4+1)(z+2) 2+1 z+2
where A and B are such that

r—1=Ax+2)+ Bz +1)

holds for all z. Setting z = —1, we get A = —2, and setting
xr = —2, we get B =3. Thus

/ r—1 d / 2 n 3 d
—  dr = — x
2+ 3z +2 r+1 x+2

= —log(x +1)* +log |z + 2> + C.

(f)
/t2 cos(1 — ) dt



5

Using the substitution v = 1 — t3 we get du = —3t2dt and
1 1 1
/t2 cos(1—t*) dt = —§/cosudu =3 sinu+C = ~3 sin(1—#%)+C.

()
/ e V1 + et dx

Using the substitution © = 1 4 e* we get du = e*dz and

1 3 3
/ex\3/1+emd:c:/u3du:Z—lu§+C:Z(1+e“)§+C.

(h)
/ cos® x dx

This is a trigonometric integral. Writing
cos’ z = cos® cosz = (1 — sin® z)? cos

we recognize the substitution © = sinz. We have du =
cos xdx and

/cos5xdx:/(1—sin2x)2cos:cdx:/(1—u2)2du:/(1—2u2+u4)du
2 1 2 1
:u—§u3—|—gu5—|—C’:sinx—gsin3x+gsin5x+0

3. (a) Write a formula for cos? z in terms of sin” .

cos’z =1—sin’z.

(b) Evaluate
/ cos® x sin? z dx

/ cos® xsin® x dr = /(1 — sin® z) sin® z cos = dx,

and using the substitution v = sinx, we get du = cosx dx

and
/Cos?’xsin2 rdr = /u2(1 —u?)du = /(u2 —u*)du
udoud
=——-—+4C
3 ) +

sinz  sin’x

& c
3 5




4.

5.

6.

Let

VT gint
f(w)=/ %dwﬁ
2

(a) Find f'(z).
Using the chain rule with v = /z and the Fundamental
Theorem of Calculus, we get
+ 2z

d d [ [“sint )\ d
_f(x):_< ﬂdt>_“
dz du \Jy t dz -

_osinyr 1 sin \/x

2=

NN 2
(b) Evaluate f(4).

V2 2 .
t t
f(4)=/ —SI? dt+42:/ —Sl? dt + 16 = 16.
2 2

Find a function f and a number a such that for z,

1+/xtf(t)dt:a:3

a

+ 2.

Setting in the equation z = a, we get 1 = a®, so that a = 1.
Differentiating both sides of the equation with respect to x and
using the Fundamental Theorem of Calculus, we get

v f(x) = 327,

4 2
I:/ewdx
0

For any value of n list the numbers L,,, R,,, M,,,T,, and [
in increasing order.

The function f(z) = e*” is increasing and concave upward
on the real line (check it using the second derivative test).
From the graph (sketch it!) we get

L,<M,<I<T,<R,.

(Here we used the analog of Fig. 5 on p. 419 (sketch it!)
to get the relation M, < I <T,).
(b) Repeat part (a) for

V2/2 )
I :/ e “dx
0

so that f(x) = 3z.
(a) Let
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The function f(z) = e~ is decreasing and concave down-
ward when 0 < 2 < /2 /2 (check it using the second deriv-
ative test) . From the graph and analog of Fig. 5 (sketch
them!) we get

R, <T,<I<M,<L,.

7. Determine whether each integral is convergent or divergent.
Evaluate those that are convergent.

(a)
/000 e dx

The integral fg e " dx exists for every number ¢ > 0 and
t

. —z T —x\ |t
pi e = i ()
=lim(l—e") =1

t—o00

The improper integral of Type 1 is convergent and

/ e Tdr = 1.
0

b1
—dx
/0 Vi
The integral ftl \% dz exists for every number ¢ > 0 and

1
: 1 : 1
lim NG dx = Ilfl_r)% (Qﬂ)’t

t—0 ¢ €T

=2lim(1 — V) = 2.

t—0

The improper integral of Type 2 is convergent and

|
—dx = 2.
|

31
/0 _x\/de



The integral ft3 ﬁi dz exists for every number ¢ > 0 and

3

lim [ —=dz =lim (—23:*1/2)|3
t—0 t T\/T t—0 t

2
= ——+2hm—

V3

The last limit is co — does not exist as a finite number, so
that improper integral of Type 2 is divergent.

(d)
/ re da

Since

& 2 0 2 & 2
/ xe * dx :/ re d:c—l—/ xe ¥ dr,
—00 —00 0

we must evaluate both integrals separately. Using the sub-

stitution u = z? (one could also use u = —x?), we get
du = 2zdz and
00 t 1 t2
g2 . g2 . —u
/ ze ¥ dr = lim ze ¥ dr = — lim e “du
0 t—oo 0 t—oo 0
1. _uy |12
9 tlggo (=) 0
1
—_ —_ 7t = —_—
N tlggo(l <) 2

Using this result and the fact that ze=*" is an odd function
we get

0 0

—x2 . _ .2
/ ze ¥ dr = lim ze ¥ dx
> t——o0 +

-t 2 1
= — lim ze ¥ dr = ——.
—t—00 0 2

Thus the improper integral of Type 1 is convergent and

o 2 1 1
_Id = — _—— e
/_Ooxe T 2+< 2)
1
1
dy
/o4y—1




INE,
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The integrand is f(y) = 43,%17 and it is discontinuous (blows

up) at y = i. Thus

| 1 |
dy = d d
/04y—1 J /0 4y — 1 y—i—/}l 4y — 1 4

and we need to investigate both improper integrals of Type
2. For the first integral we have, using the substitution
u =4y — 1, du = 4dy,

=

t 1 1 4t—1 1
dy = - lim —du
u

dy = lim

1 1
~lim In |ul|*" = = lim(In |4t — 1] —In| — 1|)

1
t—7

1
= —limIn [4t — 1] = —o0,
4t—>%

since In (0 = —oo. Thus the first improper integral is diver-
gent, so that the integral in question is also divergent.

8. Find the area of the region bounded by the curves:

(a)

y = 2% and y = z*.

The curves intersect at the points x = —1,0, 1 and the top
and bottom boundaries of the enclosed region are y = 2
and y = x* (sketch the graph!). We have

A= /1 (2% — 2*)dz = 2/1(952 — 2)dz

1 0

PN |
3 5

. 15
r+y?=2and z+y=0.
The curves intersect at the points with coordinates (—2,2)
and (1,—1), and the top and bott om boundaries of the
enclosed region are x = 2 — 4% and = —y, where we are
using y as an independent variable (sketch the graph!). We
have

A=/ (2—y2—(—y))dy=/ (2—y* +y)dy

-1 -1

1
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9. (a)

-

=27

Find the volume of the solid of revolution obtained by ro-
tating the region bounded by the curves y = 22 and y* = «
about the z-axis.

The curves y = 22 and y = /= (we solved the second
equation for y, which is assumed to be positive) intersect
at = 0 and x = 1. The region has the curve y = /z
as the top boundary and the curve y = 22 as the bottom
boundary (sketch the graph!). A cross-section is a washer
with the inner radius z? and the outer radius /z. The
cross-sectional area is A(x) = m(z — z*), and the volume
of the solid of revolution is

V= /01 Alz)dr = 7r/01(x — 2Y)dx

B 2 2P 1_37r
“"\2 75|, 10

Find the volume of the solid of revolution obtained by ro-
tating the region bounded by y = secx, y = 1, v+ = —1 and
x =1 about the z-axis.

The region has the horizontal line y = secx as the top
boundary, the curve y = 1 as the bottom boundary, and the
lines x = —1 and x = 1 as the vertical boundaries (sketch
the graph!). A cross-section is a washer with the inner
radius 1 and the outer radius secx. The cross-sectional
area is A(z) = w(sec’z — 1), and the volume of the solid

of revolution is
1

1 1
A(x)dx = 7r/ (sec’x — 1)dx = 27r/ (sec’ x — 1)dx
- 0

1
(tanz — z)|; = 2m(tan1 — 1).

1

10. Find the length of the following curves:

()

y=2a%% 0<z<2.

2 2
L:/ 1+ y’zdx:/ 1+ 22 dx.
oV (v) Vit

Using the substitution v = 1 + %x, we get
4 [11/2

L=—- Vudu
91

42 55112 8 11\ %7
=—--u == ||+ —-1].
9 3 ! 27 2
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We have, by simple algebra,

1 1)’ 1 1
1—1——(:6——) =l+-(2*—-2+27%) ==

( 2
4 T 4 4

1
72 -
P a7+

1 1
= 4_1(332 + 2 + .17_2) = Z(x + :z:_l)Q.
Thus

> 1 [? 1 (a?
/1 4(x+:z: )2dx 2/1 (x+a™")dx 5 (2 + naz)

11. Find the average value f,,. of f on the given interval.
(a) f(z) = wsin(?) on [0, /7).

We get, using the substitution u = 22, du = 2xdx,

f = /ﬁ sin(z?)d 1 /7T sinwu d
ave — T SIm\x r = mnu au
VT Jo 2y Jo

1 1
= m (—cosu)ly = m(—cosw—i—cosO) =
(b) f(x) =4—2* on [0, 3].

13 1 x3
fave = = 4 — 2? =— |4 — —
ave 3/0( :U)dx B(ZE 3)

1
= -(12-9) = 1.
1 )

5i-

(c) For f as in part (b) find the number ¢ in [0, 3] such that
f(C) - fave-
Solving 4—c? = 1 we get ¢ = v/3 as the only solution which
belongs to the interval [0, 3].



