5. Atright is the graph ofhe derivative f’ of a function. /
(@) |4 point% List all values ofx with —3 < x < 4 where
f(x) has a local maximum.

N

Solution: A local maximum for f(x) will occur
where f/(x) changes from positive to negative. This _
happens at = 0.

(b) At x = —1, is f(x) concave up, concave -3 -2-1 0 1 2 3 4
O

own, or neither?

N
T —

Solution: We know that a function is concave up
when its second derivative is positive, and concave
down whenf” is negative. The graph showi$(x),
which is decreasing neax = —1. That means
the derivative off’(x) is negative neak = —1, so
f”(—1) < 0. Hencef (x) is concave down at= —1.
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6. For each of the 4 functions graphed in the left column, finddbeesponding
derivative function among any of the 8 choices on the rigbt jmst on the same row) and put
its letter in the corresponding box.

N - A\

-

S~
O
)

O
VARV, RERA
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6. Atrightis the graph ofhe derivative f'(x) of a functionf(x). Use
it to answer each of the following questions.

(a) Is f(x) concave up, concave down, or neithekat 0?

Solution: Since the derivative is decreasingxat 0, we know f (x) is concave down
there.

(b) Which of the following best represents the graphf 6f)? (circle your answer).

ﬁ//\\ - \// y v&

Solution: The graph off (x) is

(c) Which of the following best represents the graphf 6fx)? (circle your answer).

AN -

JNJ

Solution: The graph off”(x) is
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3. In the paragraph below is a description of how the amount of water W (t) in a tub varied
with time.

The tub held about 50 gallons of green, brackish water, with some stuff floating
in it that I didn’t even want to guess about. I had to get it out of there. When I
opened the drain the water drained out rapidly at first, but then it went slower
and slower, until it stopped completely after about 5 minutes. The tub was
about 1/4-full of that nasty stuff. Would I have to stick my hand in it? Ick—
there was no way I could do that. I just stared at it for a couple of minutes,
but then I got an idea. I dumped in about 10 gallons of boiling water. That did
something: there was this tremendous noise like BLUUUUURP, and then the
tub drained steadily, emptying completely in just a minute or so.

Use this description to sketch a graph of 1V (¢) and its derivative IW'(t). Pay careful atten-
tion to slope and concavity. Label the axes, with units.

Solution: A pair of graphs something like those below agrees with the description (the
graph of W (t) is on the left, its derivative on the right). The graph starts out at 50, then
decreases “slower and slower”, (which is another way of saying it is decreasing and concave
up) until it finally flattens out at about 5 minutes with a value of 123. The “spike” at around
7 minutes corresponds to when the 10 gallons of boiling water were added, raising the
amount to 223, and then the level drops with constant slope, hitting the axis just about a
minute later.

100

80

gal /mn

Of course, you might have minor variations. For example, the region around 7 minutes
could be smooth, or discontinuous.

For the derivative, it should be negative everywhere except right around 7 minutes when
the boiling water is added. The part before 7 minutes should be concave down and increas-
ing, limiting on zero. In the version above, the short steep segment corresponds to adding
the 10 gallons very quickly (at 100 gal/min), then the immediate quick draining is a jump
back down to a fast rate of —20 gal/minute. If you made your graph of W (t) smooth, the
derivative should be continuous, with a quick bump going way up and then rapidly back
down to —20 or so.
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7. Atrightis the graph of the derivative ¢'(z) of a function g'(x)
g(z). Use it to answer each of the following questions. 1

List all values of = in the interval [—5, 5| where
g(x) has a local maximum.

2 points (@) Solution: A local maximum for g(z) will occur
where ¢'(z) = 0 and ¢'(z) changes from positive
to negative. This happens when z = 0.

(b) List all values of z in the interval [—5, 5] where g(x) has a local minimum.

Solution: We get a local minimum when ¢'(z) = 0 and ¢'(z) changes from negative
to positive. Thus, z = -2 or z = 2.
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(c) Assuming that the ¢'(x) behaves the same for x > 5 as it does for 4 < x < 5, which

of the following should be true (circle your answer)?
A. lim g(x) = 400

T—r00
B. lim g(z) is a finite number
T—00
C. lim g(x) = —o0
T—r00
D. lim g(z) does not exist
T—00
E. lim g(x) can not be determined from this information
T—00

WHY? Justify your answer below. No credit without a justification.

Solution: The correct answer is ”xlijgo g(x) is a finite number.” In this graph, for
x > 4, ¢'(z) is zero. This means that the tangent line to g(z) is horizontal for large
z. Thus, the limit is a constant.

If you thought that the value of ¢'(x) was just tending to zero, the correct answer
is either B (if it tends to zero very fast), A (if it tends to zero slowly, but remains
positive as it does so, or “cannot be determined”.

Which answer gets full credit depends on your explanation, and whether your ex-
planation matches your choice.
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