MAT 125 Solutions to First Midterm

1. Compute each of the following limits. If the limit is not aifen number, please distinguish
betweento, —co, and a limit which does not exist (DNE). Justify your ansvegiteast a little
bit.
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d) |3 points lim —

(@) Jim
Solution: We are only considering < 0, so I/x’ is always negative. As approaches

0 from the left, ¥x’ gets larger and larger in absolute value. Hencoe ] —00
X—
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. . (44+x)%-16
(©) [3 pointg lim

Solution:
o (4+x)2—-16 . (16+8x+x3)—16 . 8x+x2 .
IlmL:hm( R —lim XX im8+x=8
X—0 X Xx—0 X X—0 Xx—0

You could also do this by noticing that this is the definitidnf&(4) where f (x) = x?
and use the power rule to see thiatx) = 2x, so f’(4) = 8, but | doubt anyone did that.

2. Let

—3x? if x < —1,
f(x) = { 3tanfx) if —1<x<1,
-3 if x> 1.

For which values ok is f(x) continuous? Justify your answer.

Solution: At right is the graph off (x).
Since—3x?, 3tan( #x), and—3x3 are all continuous on thei” ..
respective domains, we only need to check whether 1
match up at-1 and 1. That is, we need to see whether

o =
T 0

lim f(x)= Ilim f lim f(x) = lim f(x).
Jm 109 =, Im, 9 or lm (9= Jm, f(0

At x = —1, we see that-3(—1)? = —3 and 3taf—7) =
—3, sof is continuous at-1. But atx = +1, we have
—3(1)® = —3 and 3tanj) = 3, sof isnot continuous at 1. -

S

Thus, f is continuous for all real numbers except 1. o i
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3. Letf(x) = 3x®—5x+ 4.

(a) Find f/(1).

Solution: Using the power rulef’(x) = 9x* — 5, sof’(1) = 4.

(b) Write the equation of the line tangent f¢x) at the pointP = (1,2).
Solution: We just neet the equation of the line of slope 4 passing thrdbg point
(1,2). This'is
y—2=4(x-1) or y=4x-2
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4. Write a limit that represents the slope of the graph

~ J6+xIn|x] x#0
T x=0

atx = 0. Youdo not need to evaluate the limit.

Solution: To do this, we need to remember the definition of the derieativhich is

f(a+h)—f(a)

b
f(a)_HLno

In the current case = 0, sof (a+h) = f(h). Notice thatf (0) = 6, so we have

f(h)—f(0) _ . (6+hin|h)—6

i
hID:]O h h—0 h
This simplifies to
jim W i iy = —oo,
h—0 h h—0

although it wasn'’t required for you to do this.

5. Atright is the graph ofhe derivative f/ of a function. /
(a) |4 poin@ List all values ofx with —3 < x < 4 where 2 I

f(x) has a local minimum.

Solution: A local minimum for f(x) will occur
where f’(x) changes from negative to positive. This _
happens at = 3.

(b) At x = —1, is f(X) concave up, concave -3 2-1 0 1 2 3 a4
O

own, or neither?

N
—

Solution: We know that a function is concave up
when its second derivative is positive, and concave
down whenf” is negative. The graph showi$(x),
which is decreasing neax = —1. That means
the derivative off’(x) is negative neak = —1, so
f”(—1) < 0. Hencef (x) is concave down at= —1.
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6. For each of the 4 functions graphed in the left column, finddbeesponding
derivative function among any of the 8 choices on the rigbt fst on the same row) and put
its letter in the corresponding box.
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(a) Identify the horizontal asymptotes 6{x). If there are none, write “NONE”.
Solution: To find the horizontal asymptotes, we calculate the limit as . Thus,

2 2 X2

lim = =1l

——=1lm———5=1lim —
x—o (54 X)2  x—w 254 10X+ X2 x—o0 X2

So there is a horizontal asymptoteyat —1.

(b) Identify the vertical asymptotes d6fx). If there are none, write “NONE”.

Solution: There will be a vertical asymptote whenever there is a firateex = a such
that f(x) — 4o asx — a (this could be a one-sided limit). This happens when the
denominator is zero but the numerator is non-zero.

For this function, the denominator is zero wher= —5, and so we have a vertical
asymptote ak = —5, that is,
4—x2

== 00
X——5 (5—|—X)2

8. An exponential function of the formp = Ca* passes through the points, 6) and
(3,24). FindC anda.

Solution: Since the function passes throudh6) and(3,24), we know that

6=Cal and 24— Ca’

From the first equation, we know th@t= 6/a, and putting this into the second equation, we
have 24= (6/a)a%, or 4= a%. Thusa = 2. (We must hava > 0, ora* doesn’'t make sense.)
Sincea= 2, we haveC =6/2 = 3.

Thus, the function iy = 3- 2%
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