MAT200, Lecture 1
Midterm II. November 8, 2010

This is a closed notes/ closed book/ electronics off exam.

You are allowed and encouraged to draw pictures to il-
lustrate and motivate your proofs, but your proofs should
be formal logical derivations. For your convenience, all the
definitions, axioms and theorems are summarized below —
you are allowed to use any of them by making a clear refer-
ence (please write “by the following axiom/theorem: ...”).
Please write a detailed proof for every problem, justifying
every statement you make by referring to appropriate ax-
ioms or theorems. Proofs by “it is clear from the picture”
will get very little partial credit.

Please write legibly and cross out anything that you do
not want the grader to read.

Each problem is worth 20 points.

Name:

Problem 1 2 3 4 5 Total

Grade



Geometry. Below is an informal summary of the definitions, ax-
ioms, and theorems from geometry that you can use.

Basic Terms. The Fuclidean plane E is a set, its elements are
called points, denoted A, B, C,. ... The lines, denoted ¢, m,n, . ..
are certain subsets of the plane. The distance is a function
E x E — R, denoted by |AB|. Unless stated otherwise, in all
the statements below all the points are assumed to be distinct.
Definition 2.1: Lines are called transverse if they are not equal
and have a non-empty intersection. They are called parallel
otherwise.

Incidence Axiom. There exist two distinct points; for any
distinct points A and B there exists a unique line (denoted

j4—B)) containing A and B; for any line ¢ there exists a point of
E not lying on ¢

The Parallel Axiom. For any point A and any line ¢ there
exists a unique line containing A and parallel to /.

e Theorem 2.1: transverse lines meet in exactly one point.
e Theorem 2.2: two lines parallel to a third one are parallel.
e The Ruler Axiom. On any line ¢ there exists a coordinate

system — a bijection f : ¢ — R such that VA, B € ¢, |AB| =
|f(A) = f(B)].

Theorem 3.1: VA, B, there exists a unique coordinate system
on AB such that f(A)=0and f(B) > 0.

Definition 3.1: For A, B,C € ¢ we say that B is between A
and C' if for some coordinate system f on ¢ we have f(A)
f(B) < f(C). This is then used to define points on the same
and opposite sides of another point on a line (definition 3.3).

Definition 3.4: The ray AB is the set of all points of AB which
are on the same side of A as B.

— — —
e Theorem 3.4: If C' € AB, then AC = AB.
e Theorem 3.5: The distance |AB| is always non-negative, and is

equal to zero if and only if A = B.

Definition 4.1: For A,B € ¢, if ABN{ # (), we say A and B are
on opposite sides of £. Otherwise they are on the same side.
Plane Separation Axiom. For any line ¢ and any three dis-
tinct points A, B, C' not lying on ¢: if A and B are on the same
side of ¢, and B and C are on the same side of ¢, then A and C'
are on the same side of ¢; if A and B are on the opposite sides
of ¢, and B and C' are on the opposite sides of ¢, then A and C
are on the same side of /.

Theorem 4.1: Any line cuts the plane into two half-planes.



Definition 4.5: The interior of a (non-straight) ZBAC is the set
“—
of points D that are on the same side of AB as C, and on the
—>
same side of AC as D.

The Protractor Axiom. The measure of any angle is greater
than 0, and less than or equal to 7; the measure of any straight

angle is . For any A # B, any D ¢ AB, and any a € R with
—

0 < a < 7, there exists a unique ray AC' on the same side of

—> B

AB as D and such that mZBAC = «a. If AD lies in the interior

of ZBAC, then m/BAC = m/BAD +m/ZDAC.
Theorem 4.2: Monotonicity of angles: if C' and D are on the

same side of E, then mZBAD < m/ZBAC if and only if AD
lies in the interior of ZBAC. .
Theorem 4.3: (Crossbar theorem) A ray AD is in the interior

of a non-straight angle ZBAC' if and only AD N BC # .
Theorem 4.4: The measures of vertical angles are equal; of sup-
plementary — add up to 7.

Definition 5.1: triangles are congruent if corresponding sides
have equal lengths, and corresponding angles — equal measures
The SAS Congruence Axiom.

Theorem 5.1: ASA congruence of triangles.

Definition 5.5: AABC is isosceles if NANABC = ABAC.
Theorem 5.2: a triangle is isosceles if an only if the base angles
are equal.

Theorem 5.3: SSS congruence of triangles.

Theorem 5.7: In AABC, m/ZA > m/B < |BC| > |AC]|.
Theorem 5.9: In any triangle |AB| + |BC| > |AC).

Theorem 6.2: Two lines are parallel if and only if the alternate
interior angles are equal

Theorem 6.4: For any point A and any line ¢ there exists a
unique line n containing ¢ and perpendicular to ¢.

Theorem 6.5: The sum of the measures of the angles of a trian-
gle is equal to 7.

Exercise 6.4: The measure of an external angle of a triangle is
equal to the sum of the measures of the two other angles.

e Definition 6.1: convex quadrilaterals, parallelograms
e Theorem 6.7: The measures of opposite angles of a parallelo-

gram are equal; the lengths of the opposite sides of a parallelo-
gram are equal.

Theorem 6.8: 1If the lengths of opposite sides of a quadrilateral
are equal, it is a parallelogram.



Problem 1. Let ¢ and m be transverse lines. For every point A € ¢,
prove that there exists a line n containing A, such that n is transverse
to ¢ and parallel to m.
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Problem 2. Prove that a line ¢ cannot intersect all three sides of the
triangle AABC, i.e. all three of the segments AB, BC', AC (recall that
in our definition the segment does not contain its endpoints, so ¢ does
not go through any vertex of the triangle).

Hint: Assume for contradiction that ¢ intersects these segments in
points D, E, F, respectively. Are the points D and F' on the same or

opposite sides of BC?
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Problem 3. The circle with center O € E and radius r» € R is defined
to be the set of all points A € E such that |AO| = r. Prove that a line
cannot intersect a circle in more than two points.

Hint: assume for contradiction that a line intersects a circle in at
least 3 points, and consider the resulting isosceles triangles.
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Problem 4. Let F = {A, B, C, D} be the set consisting of 4 elements.
Make F into a “plane” (i.e. list all the subsets of it that you call lines)
satisfying the incidence axiom, the parallel axiom, and satisfying the
version of the ruler axiom with R replaced by the set consisting of
two elements, 0 and 1 (that is to say that for any line ¢ there exists a
bijection f : ¢ — {0,1} such that |AB| = |f(A) — f(B)] for any two
points A, B € {).
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Problem 5. Prove that there does not exist a plane F satisfying the

properties listed in the previous problem, and such that F consists of
5 distinct points.

Hint: how many points must a line contain? How many lines must
there be in I then?
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