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2XU�SXUSRVH�LV� WR�VWXG\�WKH�FRKRPRORJLFDO�SURSHUWLHV�RI�WRSRORJLFDOO\�WULYLDO�
KRORPRUSKLF�OLQH�EXQGOHV�RQ�D�FRPSDFW�.DKOHU�PDQLIROG�� �6HH� >*/O��*/�@� IRU�
RXU�SULRU�ZRUN�RQ�WKLV� WRSLF���
/HW� 0� EH�D�FRPSDFW�FRQQHFWHG�.DKOHU�PDQLIROG�DQG��DV� XVXDO�� OHW� 3LFR�0��

GHQRWH� WKH� FRPSOH[� WRUXV� SDUDPHWUL]LQJ� LVRPRUSKLVP� FODVVHV� RI�WRSRORJLFDOO\�
WULYLDO�KRORPRUSKLF�OLQH�EXQGOHV�RQ�0��:H�DUH�LQWHUHVWHG�LQ�WKH�DQDO\WLF�VXE�
YDULHWLHV� 6L�0���� 3LFR�0�� GHILQHG�E\�

6L�0�� � ^/�(�3LFR�0�� ,�+L�0��/�� �I���2`��
 � ^/�(�3LFR�0�� ,�KL�0��/�� P`��

7KH�VWXG\�RI�WKHVH�YDULHWLHV�ZDV� RULJLQDOO\� VXJJHVWHG�E\� WKH�ZRUN�RI�&DWDQHVH�
>&,@� DQG�%HDXYLOOH� >%,@�� DQG�ZH� DWWHPSW�WR�XQGHUVWDQG�WKH�TXHVWLRQV�WKDW�WKH\�
DVNHG�LQ�ERWK�>*/O@�DQG�WKLV�SDSHU��
2QH�RI�WKH�PDLQ�UHVXOWV�RI�>*/O@�ZDV� WKDW�LI�

D0��0� ����� $OE�0��

LV� WKH�$OEDQHVH�PDS�RI�0��WKHQ� 6L�0�� LV� D�SURSHU�VXEYDULHW\�RI�3LFR�0�� LI�

L���GLP�D0�0����

7KH�WHFKQLTXH�ZDV�WR�VWXG\�WKH�ILUVW�RUGHU�GHIRUPDWLRQ�WKHRU\�RI�WKH�FRKRPRORJ\
�
JURXSV�LQ�TXHVWLRQ��
+HUH� ZH� FRQVLGHU� WKH� KLJKHU� RUGHU� GHIRUPDWLRQ� WKHRU\�� DQG� ZH� ILQG� WKDW�

DOO� WKH� KLJKHU� REVWUXFWLRQV� WR� GHIRUPLQJ� D� FRKRPRORJ\� FODVV� YDQLVK� DXWRPDW�
LFDOO\� DORQJ� �VWUDLJKW� OLQHV�� LQ� 3LF���0����ZKHUH� �VWUDLJKW� OLQH�� PHDQV� WKH� LP�
DJH� RI�D� VWUDLJKW� OLQH� LQ� +O�0��	
0�� XQGHU� WKH� FDQRQLFDO� H[SRQHQWLDO� PDS�

5HFHLYHG�E\�WKH�HGLWRUV�0DUFK� ��� ������
�����0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ� ������5HYLVLRQ��� 3ULPDU\���&����
7KH�ILUVW� DXWKRU
V�UHVHDUFK�ZDV� SDUWLDOO\�VXSSRUWHG�E\�16)�*UDQW�'06�����������
7KH�VHFRQG�DXWKRU
V�UHVHDUFK�ZDV�SDUWLDOO\�VXSSRUWHG�E\�16)�*UDQW�'06�����������

���

#����� $PHULFDQ�0DWKHPDWLFDO�6RFLHW\�
������������� ������������� SHU�SDJH�
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+��0��	
0�� ���3LFR�0��� 7KLV�OHDGV�WR�WKH�IROORZLQJ� UHVXOW��

7KHRUHP������ /HW� 0� EH�D�FRPSDFW�.DKOHU�PDQLIROG�� DQG� =� D�SRVLWLYH�GLPHQ�
VLRQDO�LUUHGXFLEOH�FRPSRQHQW�RI�6L�0�� RU� IRU�VRPH�P�� 7KHQ�

���� =� LV�D�FRPSOH[�VXEWRUXV�RI�3LFR�0���
���� 7KHUH� H[LVWV�DQ� DQDO\WLF� YDULHW\� 1� ZLWK� GLP�1�� ���� L� DQG�D� GRPLQDQW�

DQDO\WLF� PDS� I��0� ��� 1� ZLWK� FRQQHFWHG�ILEHUV� VXFK� WKDW� =� \���
M�3LFR�1��� IRU�VRPH� \�(�3LFR�0���

���� 1� KDV�PD[LPDO�$OEDQHVH�GLPHQVLRQ�� L�H�� LI�D1� LV� WKH�$OEDQHVH�PDS�IRU�
DQ\�VPRRWK�PRGHO� 1� RI�1�� WKHQ� GLP�D1�1��� � GLP�1���

:KHQ� L� ����%HDXYLOOH� >%�@� SURYHG�DV�FRQMHFWXUHG�LQ�>*/O@�WKDW�6��0��
FRQVLVWV�RI�SXOOEDFNV�RI�EXQGOHV�IURP�LUUDWLRQDO�SHQFLOV�RI�JHQXV� ���WRJHWKHU�
ZLWK� D� ILQLWH� QXPEHU�RI�LVRODWHG� SRLQWV��� +LV� PHWKRG�� LQYROYLQJ� D� �WZLVWHG��
YHUVLRQ�RI�&DVWHOQXRYR
V�/HPPD�DERXW�WZR� ,�IRUPV�RQ�D�.DKOHU�PDQLIROG�WKDW�
ZHGJH� WR� ]HUR�� LV� TXLWH�GLIIHUHQW� IURP� WKH�WHFKQLTXHV� RI�WKLV�SDSHU�� +RZHYHU��
ZKHQ� L!����LW�LV�IDLUO\�HDV\��VHH�([DPSOH������ WR�FRQVWUXFW�H[DPSOHV�ZKHUH�0�
LV�WKH�&DUWHVLDQ�SURGXFW�RI�D�VXUIDFH�DQG�D�FXUYH�IRU�ZKLFK�WKH�OLQH�EXQGOHV�LQ�D�
SRVLWLYH�GLPHQVLRQDO�FRPSRQHQW�RI�6��0�� GR�QRW�SXOO�EDFN�IURP�D�YDULHW\�RI�
GLPHQVLRQ� ��RU���� VXFK�FRPSRQHQWV�FRQVLVW�RI�D�FRQVWDQW�OLQH�EXQGOH�WHQVRUHG�
ZLWK�D�IDPLO\� WKDW�GRHV�SXOO�EDFN�IURP�D�VXUIDFH�RU�D�FXUYH��
7KH� SURRI�RI�7KHRUHP� ���� EXLOGV� RQ� WKH� GHIRUPDWLRQ� WKHRU\� GHYHORSHG� LQ�

RXU� HDUOLHU�ZRUN�� EXW�LQFRUSRUDWHV� KLJKHU�REVWUXFWLRQV�� 7KH�HVVHQWLDO� SRLQW� LV�
7KHRUHP� ����� LQ�ZKLFK�ZH� REWDLQ�D� IRUPXOD� IRU� FRPSXWLQJ� ORFDOO\� WKH�KLJKHU�
GLUHFW�LPDJH�VKHDYHV�RI�D�IDPLO\�RI�WRSRORJLFDOO\�WULYLDO�OLQH�EXQGOHV�� 7KH�UHVXOW�
LV�WKDW�LQ�WKH�QHLJKERUKRRG�RI�D�JLYHQ�EXQGOH� /�(�3LFR�0� ��WKHVH�GLUHFW�LPDJHV�
DUH�FRPSXWHG�E\�D�FRPSOH[� FRQVWUXFWHG�IRUPDOO\�IURP�WKH�FRKRPRORJ\�
RI�/��$V�D�PDWWHU�RI�H[SRVLWRU\�SUHIHUHQFH��ZH�GHYHORS�WKLV�REVWUXFWLRQ�WKHRU\�
LQ�WKH�FRQWH[W�RI�WKH�'ROEHDXOW�FRKRPRORJ\�� EXW�LW�LV�HTXDOO\�SRVVLEOH� WR�ZRUN�
LQ�D�SXUHO\�ILQLWH�GLPHQVLRQDO� VHWWLQJ��
,Q�WKH�VLWXDWLRQ�RI�7KHRUHP������ZH�KDYH�WKH�LQHTXDOLWLHV�

GLP�D0�0���� L����� GLP�D0�0���� GLP�D1�1���
���� GLP�$OE�0���� GLP�$OE�1���
���� FRGLP�=���

:H� WKHUHIRUH�REWDLQ�RXU�HDUOLHU�UHVXOW�IURP�>*/O@��

&RUROODU\������
FRGLP�6L�0��� GLP�D0�0���� L��

7KHRUHP����� KDV�VRPH�LQWHUHVWLQJ�DSSOLFDWLRQV�� 2QH�LV�WKH�SUREOHP�RI�JHQHU�
DOL]LQJ�WKH�&DVWHOQXRYR�'H)UDQFKLV�OHPPD�WR�WKH�FDVH�ZKHQ�RQH�KDV�D�FRPSDFW�

,�1RWH�DGGHG�LQ�SURRI�� 7KH�UHVXOWV�RI�>%��@� KDYH� EHHQ�VXSSOHPHQWHG�DQG�FRUUHFWHG� LQ�%HDXYLOOH��
�$QQXODWLRQ�GX� +,� SRXU�OHV� ILEUHV� HQ�GURLWHV�SODWV���SUHSULQW��
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.DKOHU�PDQLIROG� 0� DQG�KRORPRUSKLF�IRUPV� Z�(�+2�Q���� DQG� 3�(�
VXFK�WKDW� Z$�� 2�EXW� ��� LV�QRW�RI�WKH�IRUP� Z$\� IRU�DQ\� :H�
VKRZ�LQ�7KHRUHP� ���� WKDW�WKLV�IRUFHV� Z� WR�SXOO�EDFN�IURP� DQ�DQDO\WLF�YDULHW\�
1� ZLWK� GLP�D1�1��� �GLP�1�� ���� L� E\�DQ�DQDO\WLF�PDS� I��0� 1��7KHUH�DUH�
HDV\�H[DPSOHV�RQ�D�SURGXFW�RI�WKUHH�FXUYHV� �([DPSOH������ WR�VKRZ�WKDW� ��� GRHV�
QRW�QHFHVVDULO\�SXOO�EDFN��
$QRWKHU�DSSOLFDWLRQ�LV�WKDW�RQH�REWDLQV�UHVWULFWLRQV�RQ�WKH�IXQGDPHQWDO�JURXS�

RI� FRPSDFW� .DKOHU� PDQLIROGV�� 7KH� PDLQ� LGHD� LV� WKDW� IRU� DQ\� ILQLWHO\� SUH�
VHQWHG�JURXS� *��RQH�FDQ�PLPLF�WKH�GHILQLWLRQ�RI�6O��0�� XVLQJ�JURXS�FRKRPRO�
RJ\� WR� GHILQH� DQ� REMHFW� 6,�*��� 7KHVH� DUH� VXEYDULHWLHV� RI�WKH� FKDUDFWHU�JURXS�
+RP��*��6O�� RI�*��DQG�PXVW�WXUQ�RXW�WR�EH�WUDQVODWHV�RI�VXEWRUL�LI�*� � ������0��
IRU�D�FRPSDFW�.DKOHU�PDQLIROG�0��7KHVH�YDULHWLHV�DUH�HDVLO\�FDOFXODWHG�JLYHQ�
D�SUHVHQWDWLRQ�RI�WKH�JURXS�� DQG�UDUHO\�WXUQ�RXW�WR�EH� VXEWRUL��

:H�ZDQW�WR�PHQWLRQ�WKDW�DQRWKHU�LQWHUHVWLQJ�DQG�FORVHO\�UHODWHG�FDVH�LQ�ZKLFK�
KLJKHU� REVWUXFWLRQV� DUH� NQRZQ� WR� YDQLVK� DXWRPDWLFDOO\� RFFXUV� LQ� WKH� ZRUN� RI�
*ROGPDQ�0LOOVRQ�>*0@��
%RWK� LQ� RULJLQDWLQJ� WKH� SUREOHP� DQG� DW� QXPHURXV� VWHSV� DORQJ� WKH� ZD\��

&DWDQHVH� DQG�%HDXYLOOH� KDYH� LQVSLUHG� DQG� LQIOXHQFHG� WKLV�ZRUN�� ERWK� WKURXJK�
WKHLU�SDSHUV�DQG�SULYDWH�FRQYHUVDWLRQV�RQ�VHYHUDO�FRQWLQHQWV�� 7KHUH�KDV�EHHQ�D�
FRQVWDQW�LQWHUZHDYLQJ�RI�RXU�SRLQWV�RI�YLHZ��ZKLFK�LQ�PDQ\�ZD\V�� KDV�UHVXOWHG�
LQ�D�EHWWHU�SDSHU��

��� 7+(� ���3(5$725�)25�7+(�32,1&$5(�%81'/(�

:H�FRQVLGHU�WKH�3RLQFDUH�OLQH�EXQGOH�

[�3LF�0��

�GHILQHG�XS� WR� WHQVRULQJ�E\� OLQH� EXQGOHV�RQ� 3LF�0�� ��ZKHUH� 0� LV� D�FRPSDFW�
.DKOHU�PDQLIROG�� DQG� 3LF�0�� GHQRWHV�VRPH�FRPSRQHQW�RI�WKH�3LFDUG�WRUXV�RI�
0�� /HW� �,
���
� 
�� 
�T� EH� KDUPRQLF� �2�O��IRUPV�RQ� 0� UHSUHVHQWLQJ�D�EDVLV�
IRU�+,�0��	0�
�&KRRVH�D�FRYHU�E\�SRO\GLVFV� 9D� IRU�0��/HW�<�(�3LF�0�� DQG�
GHQRWH� WKH�FRUUHVSRQGLQJ�OLQH�EXQGOH�E\� /\� 0�� /HW� JD3� EH�WKH� WUDQVLWLRQ�
IXQFWLRQV� IRU� /\� ZLWK�UHVSHFW�WR�WKH�FRYHU� 9D
�
7KH�H[SRQHQWLDO� VKHDI�VHTXHQFH�JLYHV�D�FDQRQLFDO�PDS�

+,�0�� 3LF2�0���

,I��� LV� D� �0�FORVHG� �������IRUP� UHSUHVHQWLQJ�DQ� HOHPHQW�RI�+,��0��	�0����WKHQ�
ZH�PD\�ZULWH�

�� � �0 �$D�� RQ�9D
�
ZKHUH� $D� LV� D� IXQFWLRQ� RQ� 9D
� 7KHQ� XVLQJ� WKH� SURRI�RI�WKH�'ROEHDXOW�
LVRPRUSKLVP�� WKH� WUDQVLWLRQ� IXQFWLRQV� JDS� IRU� WKH� EXQGOH� DVVRFLDWHG� WR� 7�����
PD\�EH�WDNHQ�WR�EH�
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3URSRVLWLRQ������ &RQVLGHU�WKH�PDS�

&T������3LF�0��
GHILQHG�E\�

/HW�
�3L�  � I-0�$L ��D��� RQ� 9D�
�

ZKHUH�$L��D�� LV�D� IXQFWLRQ�RQ� 9D�
� 7KHQ� WUDQVLWLRQ�XQFWLRQV�RU� �LG0[�U\I���
��
DUH�

JD�3�  � H[S���QU�UW�W�$L��D�� � $L�S���JD�3Â�
� ��

)XUWKHU��

5HPDUN�� 1RWH�WKDW�DOWKRXJK� �
� LV�RQO\�GHILQHG�XS�WR� WZLVWV�E\�OLQH�EXQGOHV�RQ�
3LF�0� ��WKLV�DPELJXLW\�GLVDSSHDUV�ZKHQ�LW�LV�SXOOHG�EDFN�WR� 0� [�&T� ��

3URRI�� 7KH�IRUPXOD�IRU�WKH�WUDQVLWLRQ�IXQFWLRQV�IROORZV�IURP�WKH�IRUPXOD�JLYHQ�
DERYH�IRU�WUDQVLWLRQ�IXQFWLRQV� IRU� U���S�� ��

)RU� D� JHQHUDO� DQDO\WLFDOO\� YDU\LQJ� IDPLO\� RI�DQDO\WLF� OLQH� EXQGOHV� / W �� DV�
WUHDWHG�LQ�>*/�@��ZH�PD\�ZULWH�

���
JD�S�W��  � <D��W�JD�S�2�<S�W�� ��

ZKHUH�
<D��W��� 9D�� ����!� &�

DUH� PDSV�GHSHQGLQJ�DQDO\WLFDOO\�RQ� W�� ,I�

�I� (�$R�L�0��/ W ���

WKHQ�ZH� FDQ�UHSUHVHQW� 
�I� E\�

VDWLVI\LQJ�

�ID��  � JD�S�W�
�IS
�

:H�PD\�LGHQWLI\�WKLV�ZLWK�DQ�HOHPHQW� ,ML� (�$2��L��0��/R�� E\�WDNLQJ�

�� ����
�ID��  �<D�� W� 
�ID�
�
1RZ�

7KXV�ZH� KDYH�WKH�IXQGDPHQWDO� IRUPXOD��
� � ����
�/�  � �/� ��<D��W�� �/� <D��W���
W22�
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,Q�WKH�FDVH�RI�WKH�3RLQFDUH�EXQGOH�DERYH��ZH�PD\�DSSO\�WKLV� IRUPXOD�� 6LQFH�
LQ�WKLV�FDVH�

<D��W�� � H[S��� W��� M� �D����
-�

ZH� REWDLQ� WKH�GHVLUHG� IRUPXOD� IRU� WKH� D�RSHUDWRU�� ZKLFK� FRPSOHWHV� WKH�SURRI�
RI�WKH�SURSRVLWLRQ�� ��

��� 7+(�5(/$7,9(�'2/%($8/7�&203/(;�

/HW�0� EH�D� FRPSDFW�.DKOHU�PDQLIROG�� =� D� FRPSOH[�PDQLIROG�� DQG� �� �
0� [�=� DQ�DQDO\WLF�OLQH�EXQGOH�� /HW� 3���0� [�=� � 0� DQG�3���0� [�=� � =� EH�
WKH�FDQRQLFDO�SURMHFWLRQV�� 'HFRPSRVH�WKH� D�RSHUDWRU�RQ��� �YDOXHG����� L��IRUPV�
DV�

D� �D0�D= 
�
ZKHUH� D0� FRPHV�E\� GLIIHUHQWLDWLRQ�ZLWK� UHVSHFW� WR� WKH� 0� YDULDEOHV� DQG� D]�
FRPHV�E\�GLIIHUHQWLDWLRQ�ZLWK� UHVSHFW� WR� WKH� =� YDULDEOHV�� 1RZ�ZH� LQWURGXFH�R� ��
WKH�VKHDYHV� DV�GHILQHG�E\�

��� �̂�M,� (�U�8�� ������,�D]OMO� �2`��
/HPPD������

IRU�DOO� L� DQG�DOO� T�!�����
3URRI�� 7KLV�IROORZV�E\�XVLQJ�D�SDUWLWLRQ�RI�XQLW\�RQ�0�� ��

/HPPD������ 7KH�VHTXHQFH�

�� 	����� ����

LV�H[DFW��
3URRI�� 7KLV�LV�MXVW�WKH� D�3RLQFDUH�OHPPD�ZLWK�DQDO\WLF�SDUDPHWHUV�� 7KH�VDPH�
SURRI�ZRUNV�� ��

/HW�

1RWH�WKDW�

��� �̂�M,� (�U�S���8� �� �����,�D]OMO� �2`��
7KLV�JLYHV�D�FRPSOH[�RI�VKHDYHV�RI�	]�PRGXOHV� D0�
�

3URSRVLWLRQ������
��I������

3URRI�� 7KH�VKHDYHV�LQ�WKH�H[DFW�VHTXHQFH�RI�/HPPD�����DUH�DOO�VKHDYHV�RI�S�	]�
PRGXOHV��DQG� D0� LV�D�PDS�RI�S�	]�PRGXOHV��7KH�SURSRVLWLRQ�LV�D�FRQVHTXHQFH�
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RI�WKH�VSHFWUDO�VHTXHQFH�UHODWLQJ�WKH�GLUHFW�LPDJH�VKHDYHV�RI�DQ�H[DFW�VHTXHQFH��
WDNLQJ�QRWH� RI�WKH�YDQLVKLQJ�RI�WKH�KLJKHU� GLUHFW� LPDJH� VKHDYHV� RI�DOO� EXW� WKH�
OHIW�PRVW�WHUP�� '�

:H� QRZ� WDNH� =� WR� EH� WKH� Q�EDOO� ZLWK� FRRUGLQDWHV� W�



� ��WQ
� VLQFH� RXU�
FRQVLGHUDWLRQV� DUH� ORFDO�� :H� PDNH� WKH� DVVXPSWLRQ� WKDW�ZH� KDYH� D�IDPLO\� RI�
WRSRORJLFDOO\�WULYLDO�EXQGOHV�� L�H�� WKDW�

FO ��
,0 [^R`�� �2��
7KH�EXQGOH��
�����0� [�=� JLYHV�DQ�DQDO\WLF�PDS� I��=� ����3LFR�0�� ZLWK� I�2�� �
\�� /HW� �!���� ���!T� EH� D�EDVLV� IRU� WKH� KDUPRQLF� �2�O��IRUPV� RQ� 0�� :H� FDQ�
ZULWH�

I�W�� �
ZKHUH�WKH� �W��W�� DUH�DQDO\WLF�IXQFWLRQV�YDQLVKLQJ�DW�WKH�RULJLQ�� 7KH�FRPSXWDWLRQ�
RI�����JLYHV�WKDW�

D0� �D/\����?���� ��W��W��!L�� ��
,�

ZKHUH� WKH�ODVW�WHUP�LV�WR�EH� LQWHUSUHWHG�DV�

,I,� �� ��W��W��!L�� W?��I,Â�
,�

:H�PD\�VXPPDUL]H�WKHVH�UHPDUNV�DV�

3URSRVLWLRQ� ����� ,Q� WKH� VLWXDWLRQ�MXVW�GHVFULEHG�� LV� LVRPRUSKLF� WR�
WKH�FRPSOH[�

L�,� $�� L�� $�� L����� $����ÂÂ$� �/\���&�=� � $� /\���&�=�� $� /\� �&�]
�� ��

ZLWK�GLIIHUHQWLDO� �/� ��$&( L� �W��W��ª� ��
\�

��� 7+(�'(5,9$7,9(�&203/(;�2)�6+($9(6�
$1'�'()250$7,216�2)�&2+202/2*<�*52836�

/HW� 0� EH�D�FRPSDFW�.DKOHU�PDQLIROG�DQG��
�����0� [�=� D�IDPLO\�RI�WRSR�
ORJLFDOO\�WULYLDO�DQDO\WLF�OLQH�EXQGOHV�SDUDPHWUL]HG�E\�WKH�EDOO� =� ��)XUWKHUPRUH��
OHW� W O �� ���� �� WQ� EH�FRRUGLQDWHV�RQ� =��/W� ��
,0 [^W`� �� /� �/R�FRUUHVSRQG�WR�WKH�
SRLQW� \� (�3LFR�0���DQG� �!�
� ���� ��!T� EH� D�EDVLV�IRU� WKH�KDUPRQLF� �2�O��IRUPV�
RQ�0�� 7KH�PDS� W� / W� JLYHV� DQ� DQDO\WLF�PDS� U��=� ���� 3LFR�0���ZKLFK� LV�
JLYHQ�E\�

ZKHUH�WKH� �W�� DUH�DQDO\WLF�IXQFWLRQV�YDQLVKLQJ�DW� WKH�RULJLQ��
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7KH�GHULYDWLYH�FRPSOH[�RI�VKHDYHV� ��
�� RI�WKH�OLQH�EXQGOH��
�DW� /� LV�WKH�
FRPSOH[�

����+L�,�/���	
]� ���+L�/���	
]� ���+L�,�/���	
]
�� ��

ZKHUH�WKH�GLIIHUHQWLDO�LV�D�ZHGJH�SURGXFW�ZLWK�

/����W��L
�
L�

/HPPD������ /HW�0� EH�FRPSDFW�.DKOHU�DQG�/� (�3LFR�0��� ,I���(�$2��O�0�� DQG�
,I,� (�$2�L�0��/�� DUH�KDUPRQLF�� WKHQ� ���?� ,I,� LV�KDUPRQLF�� DQG�

>�@��?� >�I,@� ��� LQ�+ L����0��/��

LI�DQG�RQO\�LI�
��?�,I,� ��� LQ�$2�L�,�0��/���

3URRI�� 6LQFH� /� (�3LFR�0� �� LW�KDV�D�XQLWDU\� IODW� FRQQHFWLRQ�� %\�+RGJH� WKHRU\�
IRU�VXFK�EXQGOHV��ZKHQ�ZH� FRQMXJDWH�ZH� KDYH�

�IL� (�+2�0��R�
X�� DQG� ,>-� (�+2�0��

6R� �IL� �?� ,>-� LV� KRORPRUSKLF�� DQG�KHQFH�LWV�FRQMXJDWH� ���?� ,I,� LV�KDUPRQLF�� 1RZ�

>�@��?�>�I,@� �����!� >���?��I,@� �����!����?� ,I,� ����
ZKLFK�FRQFOXGHV�WKH�SURRI�� ��

7KHRUHP������ /HW��
����0� [�=� EH�D�IDPLO\�RI�WRSRORJLFDOO\�WULYLDO�OLQH�EXQGOHV�
RQ� D� FRPSDFW�.DKOHU� PDQLIROG� 0� SDUDPHWUL]HG�E\� WKH� EDOO� =�� .HHSLQJ� WKH�
QRWDWLRQV�XVHG�DERYH�� ZH�KDYH�

��I���
��� �MI
L� ��
�����
�

ZKHUH�WKH�VXEVFULSW���PHDQV�VWDON�DW�]HUR��
3URRI�� /HW� $� EH�WKH�FRPSOH[� :H�NQRZ�WKDW�

�I�����
�� MI
L��$�����

/HW� GHQRWH�WKH�FRPSOH[�
L�,� $I<� L� $I<� +,� $I<����Â+/� �I��]� ���+/��I��]� ���+/� �I��] ÂÂÂ
�

ZKHUH� +L� UHSUHVHQWV�WKH� /�YDOXHG�KDUPRQLF� ���� L��IRUPV��DQG�WKH�GLIIHUHQWLDO�
LV�

�?��/����W��L�
�
,�

7KLV�LV�D�FRPSOH[�E\�/HPPD����� DQG�D�VXE�FRPSOH[�RI�$� E\�3URSRVLWLRQ������
7KHUH�LV� D�PDS�RI�VKHDYHV�RI�	
]�PRGXOHV�

L�FXL� �DL ��-U��+/ �� ���WQ� �$���
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7KH�NHUQHO�DQG�FRNHUQHO�RI�4L� DUH�FRKHUHQW�VKHDYHV�� :H�ZDQW�WR�VKRZ�WKDW� 4L�
LV�DQ�LVRPRUSKLVP�RQ�WKH�VWDONV�DW�2��
/HW�P� ��WO
����� ��WQ �� GHQRWH�WKH�PD[LPDO�LGHDO�DW���LQ� �	
]�R��7KLV�LQGXFHV�D�

ILOWUDWLRQ�RQ� DQG�$ H� �� %\�WKH�VSHFWUDO�VHTXHQFHV�IRU�WKHVH�ILOWHUHG�FRPSOH[HV��
ZH� REWDLQ�ILOWUDWLRQV�RQ� DQG� -I
L�$H �� �� ZKLFK�PDNHV�

4L�� -I
L� ���-I
L��$ H ��

LQWR�D�ILOWHUHG� FRPSOH[�� 7KH�VSHFWUDO�VHTXHQFH�IRU�WKLV� ILOWHUHG� FRPSOH[�JLYHV�D�
ILOWUDWLRQ�RQ� NHU�4L�� DQG� FRNHU�4L�
�
/HW� ,I,�(�JU3�FRNHU�4��� EH�D�QRQ]HUR�FODVV�� %\� WKH�VSHFWUDO�VHTXHQFH�IRU�WKH�

FRKRPRORJ\�RI�WKH�FRPSOH[�

4L�� ��-I
L�$H ���

WKLV�FODVV�LV�UHSUHVHQWHG�E\�D�QRQ]HUR�HOHPHQW�RI�JU3�-I
L�$H ����%\�WKH�VSHFWUDO�
VHTXHQFH� IRU� WKH� FRKRPRORJ\� RI�WKH� FRPSOH[� $ H �� WKLV� LQ� WXUQ� LV� UHSUHVHQWHG�
E\� D� QRQ]HUR� HOHPHQW� RI� JU3�$L ��� )XUWKHUPRUH�� DQ\� RWKHU�HOHPHQW� RI� QI�$L�
UHSUHVHQWLQJ�WKLV�FODVV�PXVW�EH�QRQ]HUR�LQ� JU3��$L��� 7KXV�ZH�PD\�UHSUHVHQW� ,I,�
E\�D�IRUP�

/�LILOO��
,�

ZKHUH� ,I,,�  � �� IRU� L,L���S� DQG� ,I,,� � � �� IRU�VRPH� ,�ZLWK� L,L�  �S��/HW�
-��W�� �/DL�, O ��

,�

ZKHUH�ZH� KDYH� DL���� � 2�� 6LQFH�

��I�����/� /� DL�-��,?�,I,.� ����
L� -�. ,�

DQG�WKH�VHFRQG�WHUP�LV�]HUR�LI� L,L�  �S��ZH� FRQFOXGH�WKDW�ERWK�WHUPV�DUH�]HUR�LQ�
WKDW�FDVH�� DQG�WKXV� D�,I,,� ��� IRU� L,L� �S��)RU� L,L� �S� ��ZH�PD\�ZULWH�

,I,,� ��-,���DOO�,
�
ZKHUH� �-,� LV�KDUPRQLF�DQG� ,O�,� LV� :RR� ��:H�PD\�QRZ�FKDQJH� ,I,� E\�VXEWUDFWLQJ�
WKH�GLIIHUHQWLDO�RI�

/,O�,O�
,,, S�

VR� WKDW� ,I,,� � �-,� IRU� L,L�  � S��7KH�GLIIHUHQWLDO�RI�
/� �-, O�
,,, S�

LV�
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%RWK� VLGHV�RI�WKLV� HTXDWLRQ�DUH�D�VLQFH� WKH� OHIW�KDQG�VLGH� LV� KDUPRQLF�DQG�WKH�
ULJKW�KDQG�VLGH�LV� ��H[DFW�� 7KXV�WKH�GLIIHUHQWLDO�RI�

LV� D�� DQG�VR�ZH�PD\�FKDQJH� 
�� E\�

,���-, O�
-,- S�

,���-OO��
-,- S�

VR� WKDW� QRZ� �
,�  �D�IRU� DOO� ,� ZLWK� ,,,� ��� S�� 7KLV� LV� D� FRQWUDGLFWLRQ�� :H�
FRQFOXGH�WKDW�

JO�FRNHU�2�L��� � D�
IRU�DOO� S� D��DQG�WKHUHIRUH� FRNHU�2�L�2� �D��
1RZ�OHW� 
��(�JU3��NHU�����L��� EH�D�QRQ]HUR�FODVV�� %\�WKH�VDPH�DUJXPHQW�DV�IRU�WKH�

FRNHUQHO�� HYHU\� HOHPHQW�RI�+L� UHSUHVHQWLQJ� 
�� PXVW�EH�QRQ]HUR� LQ� JU3��+L����
/HW� 
�� EH�UHSUHVHQWHG�E\�DQ�HOHPHQW��

,���
,O��
,�

+HUH� �
,� LV� KDUPRQLF�IRU�DOO� ,� DQG� �
,� � D�IRU� ,,,���S� ��DQG�VRPH� �
,� �M��� D�IRU�R�
VRPH��R�ZLWK� �����  �S��)XUWKHU��WKHUH�LV�D�$�(�$ L � ��ZKRVH�GLIIHUHQWLDO�LV� ����:H�
FKDQJH� $�E\�WKH� VXP�RI�WKH�GLIIHUHQWLDO�RI�DQ�HOHPHQW�RI�$L� �� DQG�VRPHWKLQJ�
KDUPRQLF�VR� DV� WR�PDNH�WKH�VPDOOHVW� ,,,� IRU�ZKLFK� $,� �M���D�D�QXPEHU� N� WKDW�LV�
DV� ODUJH� DV� SRVVLEOH�� 7KLV�GRHV� QRW�FKDQJH� WKH�FODVV� LQ� NHU�2�L�� UHSUHVHQWHG�E\�

����1RWH�WKDW� N� H[LVWV�DQG�VDWLVILHV� N� ���S���VLQFH�RWKHUZLVH� 
�� ZRXOG�EH�]HUR�LQ�
Y�+L���,I�QRZ� $,� � D�IRU� ,,,���N��DQG�$,� LV�QRW�KDUPRQLF�IRU�VRPH� ,� ZLWK�
,,,� �N��WKHQ� �+,� ��
,� IRU� ,,,� �N��6LQFH�RQH�VLGH�RI�WKH�HTXDWLRQ�LV�KDUPRQLF�
DQG�WKH�RWKHU�LV� D�H[DFW��ERWK�DUH�]HUR�� :H�PD\�QRZ�ZULWH� $,� � ������IO�,� IRU�
DOO� ,� ZLWK� ��� �N��ZKHUH� ��� LV�KDUPRQLF�DQG� IO�,� LV� VPRRWK�� :H� QRZ�FKDQJH�
$�E\�VXEWUDFWLQJ�WKH�KDUPRQLF�IRUP� (-,- N��,O�DQG�VXEWUDFWLQJ�WKH�GLIIHUHQWLDO�
RI�(-,- N�IO�����:H�KDYH�QRZ�LQFUHDVHG� N��ZKLFK�LV� D�FRQWUDGLFWLRQ�� ��

1RZ� OHW� XV� WDNH� =� WR�EH� RQH�GLPHQVLRQDO� DQG� �
����0� [�=� WKH� EXQGOH�
FRPLQJ�IURP�WKH��VWUDLJKW�OLQH�� -��=� ���3LF��0�� JLYHQ�E\�

-�W�� ��\�W����
ZKHUH� �� LV�D�KDUPRQLF��D��L��IRUP�� :H�KDYH�WKH�GHULYDWLYH�FRPSOH[�

'�� � ��
����	]��P�
WKDW�LV� WKH�FRPSOH[�RI�YHFWRU�VSDFHV�

�������+L���/�����+L�/�����+L�?/��������� ��

ZKHUH�WKH�GLIIHUHQWLDO�LV� ,?���7KLV�LV�WKH�GHULYDWLYH�FRPSOH[�FRQVLGHUHG�LQ�>*/O@��
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&RUROODU\������ /HW��
�� 0� [�=� EH�D��VWUDLJKW�OLQH��IDPLO\�RI�WRSRORJLFDOO\�WULYLDO�
OLQH�EXQGOHV�DV�DERYH�� /HW� / W�  ��
,0; ^W`
� 7KHQ� RQ�D�QHLJKERUKRRG�RI����

�. L��� �P�� ((O� �+L��'����� ��

ZKHUH� .L� LV� WKH�NHUQHO�RI�WKH�PDS�

��

,Q�SDUWLFXODU�� WKHUH� H[LVWV� D� SXQFWXUHG�QHLJKERUKRRG� 8� RI�WKH�RULJLQ� LQ� =� VR�
WKDW�

IRU�DOO� W�(�8��
3URRI�� *LYHQ�DQ\�FRPSOH[� 9Â� RI�YHFWRU�VSDFHV�ZLWK�GLIIHUHQWLDOV�

$L�� 9L�B� 9 L����

FRQVLGHU�WKH�FRPSOH[� YÂ� � 9Â���&>W@�
ZLWK�GLIIHUHQWLDOV�

�O� � W$L��
7KHQ�LW�LV�DQ�HOHPHQWDU\�IDFW�WKDW�

+L�9Â�� � �NHU�$ L����&>W@,�W���((O� �+L�9Â����&>W����

2Q�D�SXQFWXUHG�QHLJKERUKRRG�RI�]HUR�� WKH�VKHDYHV� ��I�����
�� DUH�DOO� ORFDOO\�
IUHH�� DQG�WKHUHIRUH�FRPSXWH�WKH�SRLQWZLVH�FRKRPRORJ\�JURXSV� +L��/W ��� ��

��� 3522)�2)�7+(�0$,1�7+(25(0�

:H� DUH�QRZ�UHDG\�WR�FRPSOHWH�WKH�SURRI�RI�WKH�PDLQ�WKHRUHP�� /HW�0� EH�D�
FRPSDFW�.DKOHU�PDQLIROG�DQG�VXSSRVH� WKDW� P� LV� D� SRVLWLYH� LQWHJHU�IRU�ZKLFK�

!� ��� IL[� VRPH� LUUHGXFLEOH� FRPSRQHQW� =� RI�SRVLWLYH�
GLPHQVLRQ�� �1RWH� WKDW� 6L��0�� �VI��0��� VR� WKDW� WKHUH� LV� QR� ORVV� LQ�JHQHUDOLW\�
LQ� WUHDWLQJ� WKLV� FDVH��� 7KHUH� LV� D� =DULVNL�RSHQ� VXEVHW� =R� RI� =� RQ�ZKLFK� WKH�
GLPHQVLRQ� KL�0��/ W �� LV� FRQVWDQW��DQG�ZH�PD\�DVVXPH�E\�FKDQJLQJ� P� LI�QHF�
HVVDU\� WKDW� KL�0��/ W ��  �P� IRU� W� (� =R
� )L[�DQ\� VPRRWK�SRLQW� \� (� =R
� DQG�
JLYHQ� ��� (�+��0�� GHQRWH�E\� '��\�� WKH�GHULYDWLYH�FRPSOH[� WKDW�DSSHDUV�
LQ�&RUROODU\������DQG�E\� O��!�\�� WKH��VWUDLJKW�OLQH��WKURXJK� \� LQ�WKH�GLUHFWLRQ� ����
7KHQ�

O��!�\�� � �^\���U�W���� ,�W�(�&`� 3LFR�0���
,I�7� =� LV�D�VPRRWK�FXUYH�WKURXJK� \� ZLWK�WDQJHQW�YHFWRU� ���� WKHQ�WKH�IXQF�

WLRQ� KL��0��/ W �� LV� FRQVWDQW�IRU� W� (�7� QHDU� \��DQG�WKHUHIRUH�� WKH�GLIIHUHQWLDOV�
LQ� '��\�� YDQLVK� �F�I�� >*8��7KHRUHP�������� 7KXV��

��� (� 7\�=��^�����`� KL�'��<��� ����� P�  � KL�0��/\�
�
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2Q�WKH�RWKHU�KDQG�� LW�IROORZV� IURP�&RUROODU\����� WKDW�LI�KL�'��\��� P��WKHQ�
KL�0��/ W �� P� IRU�HYHU\�SRLQW� W�(� O��\���+HQFH��

��(�7\�=��
�O��\�� =��

7KH�IDFW� WKDW�WKLV� LV� WUXH�IRU� \� LQ�D�=DULVNL�RSHQ�VXEVHW�RI�=� LPSOLHV� WKDW� =�
LV� D�WUDQVODWH�RI�D�VXEWRUXV�RI�3LFR�0���
/HW� =� EH� WKH� GXDO� WRUXV� WR� =�� 6LQFH� $OE�0�� LV� GXDO� WR� 3LF��0��� WKH�

LQFOXVLRQ� =� 3LFR�0�� \LHOGV�E\�GXDOLW\� DQ�DQDO\WLF�PDS� �W�� $OE�0�� � =��
/HW�

X�0�=�

EH� WKH� FRPSRVLWLRQ�RI� �W� ZLWK� WKH�$OEDQHVH�PDSSLQJ� 0� � $OE�0��� DQG� 1�
EH�WKH�LPDJH�RI�WKH�6WHLQ�IDFWRUL]DWLRQ�RI�X��7KXV� 1� LV�D�FRPSDFW�FRQQHFWHG�
DQDO\WLF�YDULHW\� DGPLWWLQJ�D� ILQLWH� PDSSLQJ� 1� � =���DQG�RQH�KDV� DQ� DQDO\WLF�
PDS� I��0� � 1� ZLWK�FRQQHFWHG�ILEUHV�� $V� 1� PDSV�ILQLWHO\�WR�D�WRUXV��LW�LV�FOHDU�
WKDW� �DQ\� VPRRWK�PRGHO�RI�� 1� KDV�PD[LPDO�$OEDQHVH� GLPHQVLRQ�� ,W�UHPDLQV�
WR�VKRZ�WKDW� 1� VDWLVILHV�WKH�RWKHU�VWDWHPHQWV�RI�7KHRUHP������
:H�DUJXH�ILUVW� WKDW�GLP� 1� �� L��7R�WKLV�HQG��NHHSLQJ�WKH�QRWDWLRQ�LQWURGXFHG�

DW�WKH�EHJLQQLQJ�RI�WKH�SURRI�� IL[� KDUPRQLF� �2�O��IRUPV�

��
��



� 
�N($R�O�0��

RQ� 0� UHSUHVHQWLQJ� D� EDVLV� IRU� 7�=���DQG� OHW� 
,,� (� $2�����/\�� EH� D� QRQ]HUR�
KDUPRQLF� /\�YDOXHG� ���� L��IRUP�RQ�0��$V�ZH� QRWHG�DERYH�� WKH�IDFW� WKDW� �L�(�
7\�=�� LPSOLHV� WKDW� WKH�GHULYDWLYH� FRPSOH[� '����\�� KDV�YDQLVKLQJ�GLIIHUHQWLDOV��
PHDQV�WKDW�


9M ��������� �N��

(TXLYDOHQWO\�� LI�

:M� � I3M� (�+2�0�� DQG� 3� � ,LL�(�+2�0��

WKHQ�
: M �� 3� ��� IRU� M�  ���������� ��N��

1RZ�FRQVLGHU�D�JHQHUDO�SRLQW� [� (0��DQG�OHW�

U� �GLP�VSDQ�ZO��[���Z ��[������� ��ZN�[�����

7KH�PDS� X� DULVHV�E\�LQWHJUDWLQJ�WKH�RQH�IRUPV�:L
�DQG�KHQFH� UDQN�GX[ �� �U��
ZKHQFH� U� �GLP�X�0�� �GLP�1��� 2Q�WKH�RWKHU�KDQG�� LI�ZH� WULYLDOL]H� /\� QHDU�
[��ZH�PD\�UHJDUG� 3�[�� DV�D�QRQ]HUR�HOHPHQW�RI��L7��0�� IRU�ZKLFK�

ZM�[���3�[�� ��� IRU� M�  ����������� ��N��
,W�IROORZV� IURP� WKH� IROORZLQJ� HOHPHQWDU\� /HPPD� ���� WKDW� U� �� L�� DQG� WKXV�
GLP�1���� L��DV�FODLPHG��
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/HPPD� ���� �F�I�� >*/O@��� /HW� 9� EH� D� ILQLWH�GLPHQVLRQDO� YHFWRU� VSDFH�� ZLWK�
9,
�Y� 
� ���� �YU� OLQHDUO\� LQGHSHQGHQW� HOHPHQWV� RI� 9�� /HW� ��  I�� 3� (� ,?L�9�
VDWLVI\�

9�M� �?�3� � �� IRU� M�  � ,������ ���� ��U���
7KHQ� U�6� L��
>3URRI�� /HW� 9,
�9� 
� ���� �YU� EH� SDUW�RI�D�EDVLV� IRU� 9�� 2QH� LPPHGLDWHO\� VHHV�
WKDW� 3�LV�RI�WKH�IRUP� 9,� �?� �����?�YU��?�4��IURP�ZKLFK� WKH�LQHTXDOLW\�IROORZV�@�
,W�UHPDLQV� WR� VKRZ� WKDW� =� <R���I�3LFR�1��� IRU� VRPH� <R� (�3LFR�0��� ,Q�

IDFW�� LW�IROORZV�E\�GRXEOH�GXDOLW\�IURP�WKH�FRQVWUXFWLRQ�WKDW�WKH�PDS� X��0� ���=�
LQGXFHV�RQ� SLFD� DQ� LQFOXVLRQ� Y��=�  � 3LF��=�� ���3LF��0�� WKDW�FRLQFLGHV�ZLWK�
WKH� RULJLQDO� HPEHGGLQJ� =� 3LFR�0�� XS� WR� WUDQVODWLRQ� E\� VRPH� SRLQW� <R� (�
3LFR�0��� %\�GHILQLWLRQ�� KRZHYHU�� X� IDFWRUL]HV� DV� WKH�FRPSRVLWLRQ� 0� ���1� ���
=��DQG�KHQFH� 9� IDFWRUV� WKURXJK� WKH� LQGXFHG�PDS� I�� 3LFR�1�� ���3LF��0����
7KH�DVVHUWLRQ�IROORZV��
7KLV�FRPSOHWHV�WKH�SURRI�RI�WKH�PDLQ�WKHRUHP�� ��

��� (;$03/(6�$1'� )857+(5�$33/,&$7,216�

([DPSOH������ :H�VWDUW�ZLWK�DQ�H[DPSOH�WR�VKRZ�WKDW�LW�LV�SRVVLEOH�WKDW�D�SRVLWLYH�
GLPHQVLRQDO�FRPSRQHQW�RI�6L�0�� LV� FRQWDLQHG�RQO\�LQ�D� WUDQVODWH�RI�WKH�SXOO�
EDFN�RI�SLFD� RI�D�ORZHU�GLPHQVLRQDO�YDULHW\�� /HW� ;� EH�DQ�DOJHEUDLF�VXUIDFH�VR�
WKDW� 6O��;�� FRQVLVWV�RI�LVRODWHG�SRLQWV�� DQG�FRQWDLQV�DQ�HOHPHQW� /� RWKHU�WKDQ�
WKH� WULYLDO�EXQGOH� �VHH� >%,@��� 1RWH� WKDW� ;� FDQQRW�KDYH� DQ\� LUUDWLRQDO� SHQFLOV�
RI�JHQXV� ���� ��� /HW� &� EH� D� FXUYH� RI�JHQXV� ���� ��� DQG�SXW� 0�  �&� [�;� ��ZLWK�
SURMHFWLRQV� 3,
�3�
� 7KXV� 3LF��0�� V��� 3LF��&�� [�3LFR�;��� 7KHQ� 6��0�� FRQ�
WDLQV�3��6O��&�� ;�S��/� DV� DQ�LUUHGXFLEOH�FRPSRQHQW�� %\� WKH� UHPDUN�DERYH�� LW�LV�
LPSRVVLEOH� IRU� WKLV� FRPSRQHQW� WR�EH� WKH� SXOOEDFN�E\�D�PDS� IURP� &�[�;� WR� D�
FXUYH� &
� RI�VRPH�IDPLO\�RI�OLQH�EXQGOHV�RQ� &
��� ,I�WKHUH�ZHUH�DQ�DQDO\WLF�PDS�
K��&�[�;� ���;
� WR�D�VXUIDFH� ;
� VR�WKDW�WKH�FRPSRQHQW�RI�6��0�� MXVW�GHVFULEHG�
SXOOV�EDFN�IURP� 3LFR�;
����ZH�ZRXOG�KDYH�D�VXUMHFWLYH�PDS� 3LFR�;
�� ���3LFR�&���
6LQFH� ;� KDV� QR� LUUDWLRQDO�SHQFLOV� RI�JHQXV� ���� ��� WKH� PDS� ;� ��� ;
� PXVW�EH�
GRPLQDQW�� VR� 3LFR�;
�� ���3LFR�;�� PXVW�EH� LQMHFWLYH�� 8S� WR� LVRJHQ\�� 3LFR�&��
RFFXUV� DV� D� IDFWRU� RI� 3LF��;��� %\� YDU\LQJ� &��ZH� FDQ� EH� VXUH� WKDW� WKLV� GRHV�
QRW� KDSSHQ�� DV� WKHUH� DUH� RQO\� FRXQWDEO\� PDQ\� VXFK� IDFWRUV�� $V� D� UHVXOW�� IRU�
PDQLIROGV� RI�GLPHQVLRQ� ���� ��� %HDXYLOOH
V� WKHRUHP� >%�@� GRHV� QRW� KROG� LQ� LWV�
IXOO� VWUHQJWK�WKHUH� DUH� SRVLWLYH�GLPHQVLRQDO� FRPSRQHQWV� RI� 6��0�� WKDW� GR�
QRW� SXOO� EDFN� IURP� D� FXUYH� RU�D� VXUIDFH��� +RZHYHU�� WKHVH� FRPSRQHQWV� DUH� D�
FRQVWDQW�EXQGOH� WHQVRUHG�ZLWK� D�IDPLO\� RI�EXQGOHV� WKDW�GRHV� SXOO�EDFN�IURP� D�
ORZHU�GLPHQVLRQDO�YDULHW\�� 7KLV�H[SODLQV� WKH�IRUP� WDNHQ�E\�WKH�PDLQ�WKHRUHP��
$�FODVVLFDO�OHPPD�RI�&DVWHOQXRYR�DQG�'H)UDQFKLV�VWDWHV�WKDW�LI�2-� DQG� ��� DUH�

OLQHDUO\�LQGHSHQGHQW�KRORPRUSKLF�RQH�IRUPV�RQ�D�FRPSDFW�.DKOHU�PDQLIROG�0�
�6HH� WKH� IRRWQRWH�RQ�SDJH� ���
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VXFK�WKDW� Z��?� �
��  ����WKHQ� ZDQG� �
�� SXOO�EDFN�IURP�D�FXUYH� &� RI�JHQXV� ��
XQGHU�D� VXUMHFWLYH�KRORPRUSKLF�PDS� I��0� ���&�� $V� LV�FOHDU�IURP� >*/O@�DQG�
HVSHFLDOO\�%HDXYLOOH
V�ZRUN�>%�@�� WKLV�OHPPD�DQG�LWV�WZLVWHG�DQDORJXH�DUH�FORVHO\�
UHODWHG� WR� WKH� IDFW� WKDW� DQ\� SRVLWLYH�GLPHQVLRQDO� FRPSRQHQW� RI� 6,��0�� SXOOV�
EDFN� IURP�D� FXUYH�� +HQFH� LW� LV� QDWXUDO�WR� DVN�ZKHWKHU�WKHUH� DUH� DQDORJXHV�RI�
&DVWHOQXRYR
V�OHPPD�IRU�IRUPV�RI�KLJKHU�GHJUHH�� 7KH�QH[W�H[DPSOH�VKRZV�WKDW�
WKH�PRVW�QDLYH�SRVVLEOH�JHQHUDOL]DWLRQ�IDLOV��

([DPSOH� ����� /HW� &, ��&� �� &�� EH� FXUYHV� RI�JHQXV� �� DQG� VHW� 0�  � &,� [�
&��[� &���ZLWK� 3,
�3�� �3�� WKH� SURMHFWLRQV�� /HW� $,
� $�� (� EH� OLQHDUO\�

��

LQGHSHQGHQW� ,�IRUPV�YDQLVKLQJ� DW� H[DFWO\� RQH� FRPPRQ�SRLQW�� -�O� (� ����
��

DQG� U� (� ����$OVR� OHW�
��

3� � ��
Z� � $,
�

:H� QRWLFH�WKDW�
:,?3 2��

2Q�WKH�RWKHU�KDQG�� LW�LV�LPSRVVLEOH�WR�ILQG�D� �
�(�+2�Q���� VXFK�WKDW�

3 :,?�
��

IRU�WKHQ� 3�ZRXOG�YDQLVK�RQ� S�O�GLY�$,����DQG�WKLV�GRHV�QRW�KDSSHQ�� )XUWKHU�
PRUH�� 3�GRHV�QRW�SXOO�EDFN�IURP�DQ�DQDO\WLF�PDS�IURP� 0� WR�D�VXUIDFH�� VLQFH�
WKHQ� HYHU\� FRPSRQHQW�RI�WKH� ]HUR� ORFXV� RI�3�ZRXOG�KDYH� GLPHQVLRQ� DW� OHDVW�
,�� ZKHUHDV� 3�YDQLVKHV� DW� LVRODWHG�SRLQWV�� 7KXV�� WKH� QDWXUDO�JHQHUDOL]DWLRQ�RI�
&DVWHOQXRYR
V�/HPPD�GRHV�QRW�KROG�IRU� N�IRUPV�ZLWK� N�!�,���1RWLFH��KRZHYHU��
WKDW� :� GRHV�SXOO�EDFN�IURP�DQ�DQDO\WLF�PDS�IURP� 0� WR�D�ORZHU�GLPHQVLRQDO�
YDULHW\�� ,QGHHG�� WKLV�LV�HVVHQWLDOO\�D�JHQHUDO�IDFW��

7KHRUHP����� �*HQHUDOL]HG�&DVWHOQXRYR�/HPPD��� /HW� 0� EH�D�FRPSDFW�.DKOHU�
PDQLIROG�RI�GLPHQVLRQ� QDQG�/� (�3LFR�0��� /HW� :� (� &RQVLGHU� WKH�
FRPSOH[� $H�

R���� ���� ���2��

7KHQ�
+N�$H�� � ���

XQOHVV�WKHUH�H[LVW�D�FRPSOH[�PDQLIROG� LI�RI�GLPHQVLRQ� ��� N� DQG�D�PHURPRUSKLF�
PDS� I��0� ��� LI�VXFK� WKDW� :�  �M�LL-�� ZKHUH� LL-� (�+2��Q���� ��)XUWKHUPRUH�� LI�
KDV�WKH�VDPH�GLPHQVLRQ�DV� WKH�LPDJH�RI�LWV�$OEDQHVH�PDS��

5HPDUN�� 5HIHUULQJ�WR�SXOOLQJ�EDFN�IRUPV�XQGHU�D�PHURPRUSKLF�PDS��ZH�PHDQ�
WKH�IROORZLQJ�� %\�UHVROYLQJ�WKH�LQGHWHUPLQDFLHV�RI�I� RQH�REWDLQV�D�PDS� M��;L����
LI���ZLWK� ;L� VPRRWK�� 7KH�DVVHUWLRQ�LV� WKDW� Z� SXOOV�EDFN�WR� ;L� IURP� LI��1RWH��� Q O� �� Q O�WKDW�+� �0��X 0 ��  � +� �0��X0�
�
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3URRI�� /HW� �� ��M�� (�+,�	
0�� DQG� ,I,�  � I�� (�+N�0��/�� EH� DQ�HOHPHQW�UHSUH�
VHQWLQJ�D�QRQ]HUR� FODVV� LQ� +N��$����� ,I�ZH� GHIRUP�WKH�EXQGOH� /� RQ� 0� DORQJ�
WKH�VWUDLJKW�OLQH�LQ�WKH�GLUHFWLRQ� ���WKH�ILUVW�REVWUXFWLRQ�WR�GHIRUPLQJ�WKH�FODVV�
,I,� YDQLVKHV�� %\�&RUROODU\������ WKH�HQWLUH�VWUDLJKW�OLQH�OLHV� LQ� 6L�0����DQG�VR�E\�
WKH�PDLQ�WKHRUHP��DQG�LWV�SURRI��ZH�REWDLQ�DQ�DQDO\WLF�YDULHW\� 1� ILQLWH�RYHU�D�
WRUXV� =��D�PDS� I��0� ����1��DQG�D�RQH�IRUP� ^M-� RQ� =� WKDW�SXOOV�EDFN�WR� Z��
,I�1�LV� D�GHVLQJXODUL]DWLRQ�RI�1��WKHQ� ^M-� SXOOV�EDFN�IURP� $OE�1�� DQG�KHQFH�
IURP� 1�LWVHOI�� ��

:H�UHPDUN�WKDW�WKHUH�LV�DQRWKHU�GLUHFWLRQ�LQ�ZKLFK�RQH�FDQ�JHQHUDOL]H�&DVWHO�
QXRYR
V�/HPPD�GXH�WR�=LY�5DQ�>5���

5DQ
V�7KHRUHP�� /HW� 0� EH�D�FRPSDFW�.DKOHU�PDQLIROG�DQG�:,
�Z� 
� ���� �:N���
EH�OLQHDUO\�LQGHSHQGHQW�HOHPHQWV�RI�+2�0�� ������ VXFK� WKDW�

:,� �?�Z���?� �����?� ZN���  � ���

DQG�VR�WKDW�QR�FROOHFWLRQ�RI�N� OLQHDUO\�LQGHSHQGHQWIRUPV�LQ�WKH�VSDQ�RI�:,
� ���� ��

ZN��� ZHGJHV�WR�]HUR�� 7KHQ� WKHUH�H[LVWV�D�FRPSOH[�WRUXV� 7� DQG�DQ�DQDO\WLF�PDS�
I��0� ���� 7� VXFK� WKDW� I�0�� LV�D�SURSHU�DQDO\WLF�VXEYDULHW\�RI�7� RI�GLPHQVLRQ�
��� N��)XUWKHU�� WKHUH�H[LVW�$L� (� VXFK�WKDW� :L� �-$L� IRU� L� � ������� �N��
���

7KHUH�DUH� VRPH� KLJKO\� LQWHUHVWLQJ� UHVXOWV�DORQJ� WKHVH� OLQHV� WKDW� IROORZ� IURP�
ERWK�&DWDQHVH� >&�@�� ZKR�KDV�DSSOLFDWLRQV�WR�PRGXOL�RI�LUUHJXODU�YDULHWLHV�� DQG�
3HWHUV��ZKR�KDV�DSSOLFDWLRQV�WR�LQILQLWHVLPDO�7RUHOOL�IRU�LUUHJXODU�YDULHWLHV��
:H� QRZ� SUHVHQW� VRPH�DSSOLFDWLRQV� WR� WKH� IXQGDPHQWDO� JURXS�RI�D� FRPSDFW�

.DKOHU�PDQLIROG��

'HILQLWLRQ�� /HW� *� EH� D�ILQLWHO\� SUHVHQWHG�JURXS�� )RU� ;�� *����� 6O� D� FKDUDFWHU��
OHW� 9[� EH� WKH� DVVRFLDWHG� *�PRGXOH�� VR� WKDW� 9[� LV� D�RQH�GLPHQVLRQDO�FRPSOH[�
YHFWRU�VSDFH�� 7KH� LWK�FRKRPRORJLFDO�VXSSRUW�YDULHWLHV�RI�*�DUH�WKH�VHWV�

6L�*�� �̂ ;�(�*�,�+L�*��9[�� � � 2`��
 � ^;�(�*�,�KL�*��9[������P`��

/HPPD������ /HW� 0� EH�D�FRPSDFW�.DKOHU�PDQLIROG�� 7KHQ� LI�ZH� OHW�

U��+,�0��6O������+?0��	
�� 3LFR�0��

GHQRWH�WKH�QDWXUDO�LVRPRUSKLVP�� WKHQ�

6O��QO��0��� � U��?6O��0��8��6O��0����

3URRI�� ,I�*� � Q����0����WKHQ�DVVRFLDWHG� WR� ;�(�*�ZH� KDYH� WKH� ORFDO� V\VWHP� /[�
RQ�0��5HFDOO�WKHQ�� WKDW�
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>,Q� IDFW�� OHW� 
7W��0�����0� EH�WKH�XQLYHUVDO� FRYHU�RI�0��DQG�FRQVLGHU�WKH� GRX�
EOH� FRPSOH[� .3�T�  � &3�*��$T�0��
7W/[��
� 7KH� VWDQGDUG�DVVRFLDWHG� VSHFWUDO�
VHTXHQFHV�KDYH�

 � +3�*�� +T�0�� 
7W/[����

�(3�T� �̂ �+T�0��/[�
� LI�S� ����
�� ��� RWKHUZLVH��

6LQFH� +2�*�� +T�0�� 
7W/[��� +T�0��&�*��ZH� VHH� WKDW� +3�*��
IRU�DOO� S��6LQFH�DOVR� ,� ,�  � ���WKH�FODLP�IROORZV�@�
2Q�WKH�RWKHU�KDQG��ZH� KDYH� WKH�+RGJH�GHFRPSRVLWLRQ�

+,�0��/[�� +?0��/[��(%�+2�0�� ��/[�
�
ZKHUH� /;� LV�WKH�IODW�DQDO\WLF�YHFWRU�EXQGOH�RQ�0� DVVRFLDWHG�WR�WKH�ORFDO�V\VWHP�
/[�� WKXV� /[�  �U�[��� &RQMXJDWLRQ� JLYHV� D� FRPSOH[� DQWL�OLQHDU� LVRPRUSKLVP�
F��+2�0�� ��/[�� +,�0��/����7KH�SURSRVLWLRQ�QRZ�IROORZV�� ��

7KH� IROORZLQJ� WKHRUHP�ZDV� IRXQG� E\�D� GLIIHUHQW� PHWKRG�E\� *URPRY� >*U@��
7KHUH�LV�D�UHODWHG�UHVXOW�RI�6LX�>6@� DQG�%HDXYLOOH��

7KHRUHP� ����� /HW� 0� EH� D� FRPSDFW� .DKOHU� PDQLIROG�� DQG� *� D� TXRWLHQW� RI�

7WO��0��� $VVXPH�WKDW� *� KDV�D�SUHVHQWDWLRQ�ZLWK� J� JHQHUDWRUV�DQG� U� UHODWLRQV��
,I�

J� U�����
WKHQ�WKHUH�H[LVWV�DQ�DOJHEUDLF�FXUYH� &� RI�JHQXV�DW�OHDVW� �J�� U�����DQG�D�VXUMHFWLYH�
DQDO\WLF� PDS� I��0� ���� &�� 0RUHRYHU�� LI�*� �
7WO��0��� WKHQ� WKH� LPDJH� RI�WKH�
$OEDQHVH�PDS� D�� 0� ����$OE�0�� LV�D�FXUYH��
3URRI�� )LUVW�ZH�VKRZ�WKDW�LI�J� U�������WKHQ� 6O��*�� �*�� 7R�WKLV�HQG��VXSSRVH�
WKDW� ;�� *����� 6O� LV� D�XQLWDU\�FKDUDFWHU�RI� *��DQG�OHW� EH�WKH�FRUUHVSRQGLQJ�
RQH�GLPHQVLRQDO�UHSUHVHQWDWLRQ�� 5HFDOOLQJ�WKDW�

,�=� �*��  � LI��*����� ,�I�[\�� � I�[����[�[�I�\�` ��
ZH� VHH� WKDW�D�RQH�FRF\FOH� IRU� *� LV�GHWHUPLQHG�E\�LWV�YDOXHV�RQ�WKH�JHQHUDWRUV��
DQG� WKDW� HDFK� UHODWLRQ� LPSRVHV� DW�PRVW� RQH� OLQHDU� FRQGLWLRQ� RQ� WKHVH� YDOXHV��
+HQFH�

6LQFH�
��

%� �*��  �̂ �;�� O��FRQVW�`�

KDV� GLPHQVLRQ����� ��� RQH� KDV� GLP+O�*�� J� � U� � �� IRU� HYHU\� ;�(� *��
+HQFH�XQGHU�WKH�DVVXPSWLRQV�RI�WKH�WKHRUHP�� 6O��*�� �*�DV�FODLPHG��
1RZ�VXSSRVH�WKDW� S�� 
7WO��0�� ���� *� LV�D�VXUMHFWLYH�KRPRPRUSKLVP�� 7KHQ�WKH�

LQGXFHG�PDS� S�� +,�*�� ����+,��
7WO��0��� -M�[�� LV� DXWRPDWLFDOO\�LQMHFWLYH�� ,W�
IROORZV�WKDW�
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7KLV�JXDUDQWHHV�E\�WKH�PDLQ�WKHRUHP��RU�E\�%HDXYLOOH
V�ZRUN�� WKDW�WKHUH�H[LVWV�
DQ� DQDO\WLF�PDS� I��0� ������ &� ZLWK� &� D� FXUYH�RI�JHQXV� DW� OHDVW� �J�� U����� ,I�
*� ��U��0����WKHQ�

6,�0�� � 3LFR�0� ��

DQG�ZH�NQRZ�WKDW�WKLV� LPSOLHV�WKDW�WKH�$OEDQHVH�LPDJH�RI�0� LV�D� FXUYH�� ��

7KHRUHP������ /HW� 0� EH�D� FRPSDFW�.DKOHU�PDQLIROG�ZLWK� *� ��U���0��� 7KHQ�
6O��*�� DQG� �*�� IRU�DQ\� P� ��DUH�XQLRQV��WUDQVODWHV�� RI�VXEWRUL�LQ� *��
3URRI�� 6LQFH� 6,�0�� LV�D�XQLRQ�RI�FRPSOH[�VXEWRUL�RI�3LFR�0� ��DQG� �6,�0��
DOVR� LV�� WKH�UHVXOW�IROORZV�� VLQFH�*� 3LFR�0��� ��

��� )857+(5�5(0$5.6�$1'�23(1�352%/(06�

$OWKRXJK�LQ�WKLV�SDSHU�ZH�KDYH�FRQFHQWUDWHG�RQ�GHYHORSLQJ�D�KLJKHU�REVWUXF�
WLRQ�WKHRU\�IRU�IDPLOLHV�RI�WRSRORJLFDOO\�WULYLDO�OLQH�EXQGOHV��WKHUH�LV�D�QLFH�KLJKHU�
REVWUXFWLRQ�WKHRU\�RQ�FRPSDFW�.DKOHU�PDQLIROGV�IRU�IDPLOLHV�RI�DQDO\WLF�YHFWRU�
EXQGOHV�� )RU�D� IDPLO\� RI�YHFWRU�EXQGOHV�RQ� 0� SDUDPHWUL]HG�E\�WKH�GLVF��
WKHUH�LV� D�VSHFWUDO�VHTXHQFH� T� VXFK�WKDW�

(L�T� +3�T�9D�� IRU�S� ���

DQG�VXFK�WKDW�IRU� W� LQ�VRPH�SXQFWXUHG�QHLJKERUKRRG�RI����

IRU�S�ª���

)RU�D�IDPLO\�RI�OLQH�EXQGOHV� / W �� LI�

D0� �D/R���/��3OM� ��
M�

DQG�LI� 
,,�(�$2�L�0��/R�� LV� D� D�FORVHG�IRUP�� WKHQ�

GO
OO� � �3,� �?� 
,,���

,I�WKLV�UHSUHVHQWV�]HUR�LQ�FRKRPRORJ\�� WKHQ�

�3,� �?� 
,,� � �F+,
�
7KHQ�

,I�WKLV�LV� �,-$� �� WKHQ�

G�
���  ��3�� �?� 
,,����3�� �?�$,� ���3,� �?�$�� 
�
DQG�VR� RQ�� ,Q�WKH�FDVH�ZKHUH�ZH� FRQVLGHU��VWUDLJKW�OLQHV�� LQ� 3LFR�0� ��ZH�PD\�
WDNH�DOO� WKH� $M� WR�EH�]HUR�� 2I�FRXUVH�� LW�LV� XVXDOO\�TXLWH� VXEWOH�WR�FRPSXWH�WKH�
GLIIHUHQWLDOV�RI�WKLV�VSHFWUDO�VHTXHQFH�ZKHQ�WKH�OLQH�EXQGOHV�DUH�QRW�WRSRORJLFDOO\�
WULYLDO�� 2Q�WKH�RWKHU�KDQG��PXFK�RI�ZKDW�ZH� KDYH�GRQH� LQ� WKLV� SDSHU�H[WHQGV�
WR�WKH�FDVH�RI�XQLWDU\�IODW�YHFWRU�EXQGOHV��
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5HWXUQLQJ�WR�WKH�FDVH�RI�WRSRORJLFDOO\�WULYLDO�OLQH�EXQGOHV��LI�ZH� FRQVLGHU�
�0�� � ^/�(�3LFR�0�� ,� ��/�� P`��

WKHQ�WKH�VSHFWUDO�VHTXHQFH�IRU�FRPSXWLQJ�WKH�KLJKHU�REVWUXFWLRQV�LV� �DIWHU�FRQ�
MXJDWLQJ�� WKH�VSHFWUDO� VHTXHQFH� WKDW�DSSHDUV� LQ�WKH�SURRI�RI������� LQ�RXU�SDSHU�
>*/O@�� 7KLV� VSHFWUDO� VHTXHQFH� GHJHQHUDWHV� DW� WKH� (�� WHUP�� DQG� WKLV� KDV� WKH�
IROORZLQJ�FRQVHTXHQFH��
7KHRUHP� ����� /HW� 0� EH� D� FRPSDFW�.DKOHU� PDQLIROG�� 7KHQ� HYHU\� LUUHGXFLEOH����� ��FRPSRQHQW�RI� LV�D�FRPSOH[�VXEWRUXV�RI�3LF� �0���

7KH�YDULHWLHV� �0�� DUH� QR� ORQJHU� ELUDWLRQDO� LQYDULDQWV� RI�0�� 2Q� WKH�
RWKHU�KDQG��RQH�PLJKW�KRSH�IRU�VRPH�JHRPHWULF�H[SODQDWLRQ�RI�WKHP��
$QRWKHU�LQWHUHVWLQJ�TXHVWLRQ�FRQFHUQV�WKH�SURSHUWLHV�RI�WKH�VKHDYHV� ��I��������

FRPSXWHG�E\�WKH�GHULYDWLYH�FRPSOH[�RI�VKHDYHV� :H�ZRXOG�PDNH�WKH�
IROORZLQJ�FRQMHFWXUH��
3UREOHP������ ,I�GLP�D0�0��� � GLP�0� ��WKHQ�IRU�WKH�XQLYHUVDO�IDPLO\�RIWRSR�
ORJLFDOO\�WULYLDO�OLQH�EXQGOHV� ������0� [�3LF��0� ��LV�LW�WUXH�WKDW�

��I�������� ���
IRU� L���GLP�0��"�

,W�ZRXOG�EH� LQWHUHVWLQJ� WR�KDYH�PRUH� H[DPSOHV� RI�WKH�YDULHWLHV� �*��� ,Q�
SDUWLFXODU��DUH�WKHUH�VRPH�FDQGLGDWHV�IRU�IXQGDPHQWDO�JURXSV�RI�FRPSDFW�.DKOHU�
PDQLIROGV�WKDW�FDQ�RQO\�EH�HOLPLQDWHG�E\�WKLV�PHWKRG"�

%,%/,2*5$3+<�

>%O@� $�� %HDXYLOOH�� LQ�8HQR� �HG����&ODVVLILFDWLRQ�RI�DOJHEUDLF�DQG�DQDO\WLF�PDQLIROGV��%LUNKLLXVHU��
������SS�� ���������

>%�@� B��$QQXODWLRQ�GX� +,� HW�V\VWHPHV�SDUDFDQRQLTXHV�VXU�OHV�VXUIDFHV��-��5HLQH�$QJHZ��0DWK��
��������������������

>&O@� )��&DWDQHVH��0RGXOL�RI�VXUIDFHV�RI�JHQHUDO�W\SH�� 3URF��RI�WKH������&RQI��DW�5DYHOOR��/HFWXUH�
1RWHV�LQ�0DWK���YRO�� �����6SULQJHU�9HUODJ�� ������SS�� ��������

>&�@� B��0RGXOL�DQG�FODVVLILFDWLRQ�RI�LUUHJXODU�.DHKOHU�PDQLIROGV��DQG�DOJHEUDLF�YDULHWLHV�� ZLWK�
$OEDQHVH�JHQHUDO�W\SH�ILEUDWLRQV�� SUHSULQW��

>*/O@� 0�� *UHHQ� DQG�5�� /D]DUVIHOG��'HIRUPDWLRQ� WKHRU\�� JHQHULF� YDQLVKLQJ� WKHRUHPV�� DQG�VRPH�
FRQMHFWXUHV�RI�(QULTXHV�� &DWDQHVH�� DQG�%HDXYLOOH�� ,QYHQW��0DWK������������� ���������

>*/�@� B��$�GHIRUPDWLRQ� WKHRU\�IRU� FRKRPRORJ\�RI�DQDO\WLF�YHFWRU�EXQGOHV�RQ�.DKOHU�PDQLIROGV��
ZLWK�DSSOLFDWLRQV��0DWKHPDWLFDO�$VSHFWV�RI�6WULQJ�7KHRU\��:RUOG�6FLHQWLILF�� ������SS������
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>*0@� :�� *ROGPDQ� DQG� -�� 0LOOVRQ�� 7KH� GHIRUPDWLRQ� WKHRU\� RI�UHSUHVHQWDWLRQV� RI�MLWQGDPHQWDO�
JURXSV�RI�FRPSDFW�.DKOHU�PDQLIROGV��3XEO��0DWK�� ,+(6������������ �������

>*U@� 0��*URPRY��6XU�,H�JURXSH�IRQGDPHQWDO�G
XQH�YDULHWH�.DKOHULHQQH�� SUHSULQW��
>5@� =�� 5DQ��2Q�VXEYDULHWLHV�RI�DEHOLDQ� YDULHWLHV�� ,QYHQW��0DWK����� �������� ���������
>6@� <��7��6LX��6WURQJ�ULJLGLW\�IRU�.DHKOHU�PDQLIROGV�DQG�WKH�FRQVWUXFWLRQ�RI�ERXQGHG�KRORPRUSKLF�

IXQFWLRQV�� 'LVFUHWH�*URXSV�DQG�$QDO\VLV�� %LUNKLLXVHU�� ������SS�� �������
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