Math 312/ AMS 351 (Fall 2022)
Homework 10

due December 1

1. Solve the system of equations

2 = 1 mod 3
2 mod?7
7 mod 8

2. Can we write 12 as a linear combination of 24 and 114. If yes, find a
and b such that 12 = 24a + 114b.
3. e Compute 6" mod 13
e Suppose a =4 mod 10. What are the possible last 2 digits of a”.
4. We define the quaternion group ) to be the group with 8 elements
{41, &4, &7, &k} such that i® = j2 = k> = —1, and ij = k, jk =i, and
ki = j. Show that () is not isomorphic to
([ ] Zg
o Z4 X ZQ
[ ] 24
e D(4)

5. Give an example of

e a field with finitely many elements
e two different examples of integral domains, which are not fields

e a ring (commutative and with unit) which is not an integral do-
main

e a ring which doesn’t have a unit

e a ring which is not commutative

6. Find the decomposition into irreducible factors for



10.

i) 23 — 32? + 3x — 2 over Zy

4_ 22— 6 over R

i) =
iii) same as (ii), but over C

Find the ged and lem of the following polynomials z*+x+1 and 234241
over Zsz. Use both methods: factorization and Euclid’s Algorithm.

Find all irreducible cubic polynomials over Z,.
Let f = 2% + 2 + 2 over Zj

i) Show that f is irreducible.

ii) Write down the 9 representatives for the congruence classes mod
f.

iii) Compute (z + 1)* mod f.

iv) Find the inverse of [z + 1];.

Give example of a field with 9 elements.



