Calculus IV with Applications M AT303
Solutions to Practice Problems for the Final

x t -1 €t
51,18. x= |y| ,P(t)=| 2 > —1|,f(t)=0.
z et 3t 3
2et —2e3 2%
5.1, 26. W = |2¢! 0 —2e%| = 16ete3te® = 16e” # 0. General solu-
ol o3t 5t
tion: x = C1X71 + C2X2 + C3X3.
5.2, 6. A= [—96 _52] Eigenvalues: ’9—_6)\ _25_ N A2 —7A+12=0, so
. 6 5 5
A = 3,4. Eigenvector for A = 3, 6 5|V = 0, then v = [—6} For A = 4,

similarly v = [_11} General solution: c¢; {—56] et + ¢y _11} e*. 1 = bejedt +

coett 1y = —6c1e3t — coedt. For given initial values, 5¢; + o = 1, —6¢; — o = 0,
i.e. ¢ =—1,c0 = 6.

T2 -5 . 2-x 5 |, L

5.2,9. A= [4 ol Eigenvalues: 4 9 /\’ =X+16=0, so A = £4i.

2—-4 -5

_6 o 44 Particular

5
}v = 0, then v = [242}.
5 cos 4t

2 cos4t + 4sin 4t] +
) 9 sin 4t General solution: ¢ D cos df +c o sin 4t

—4cosdt + 2sin4t|’ "L 12cos4t + 4sin 4t 21 —4cosdt + 2sindt|’
x1 = 5cg cosdt + beg sindt, wo = ¢1(2 cos 4t + 4sindt) + co(—4 cos4t + 2sin4t). For
given initial values,

Eigenvector for A = 44, [

complex solution: [2 _541} ettt = [2 _541] (cos4t +isin4dt) = [

3 1 1 3—A 1 1
5.2,23. A= |-5 -3 -—1]|. Eigenvalues: | -5 -3-X -1 |=(3-—
5 5 3 5 5 3—A
MN(B=A=3=X)+5)=B-X(\—-4) =0. A =-2,2,3. Eigenvectors: for
1 1 1 T
A=-2, {0 |;for A=2, [-1|; for A =3, [—1|. General solution: |zo| =
-5 0 1 T3

c1 | 0 e 2 4ey |1 e 45 |—1] €.
-5 0 1

1-x 47|

4 9— )\l

2). Eigenvector(s) for A = 5: {44 44} v=0and v = [_11} Defect of A = 1.

5.4, 6. Eigenvalues: ’ A2 — 10\ +25 =0, so A = 5 (multiplicity

2
. . -4 —4 0 0 1
Generalized eigenvectors: [ i 4 ] = [O 0}, so can choose v = [J and

1 . . . . . 1 .
w = . v is an eigenvector, gives particular solution e, w is not an

0 1



eigenvector, so use _44 _44 w = _44] to obtain particular solution [é et +
[_44} te®. Answer x = ¢; [_11] et + ¢y ([(1)} e + [_44} te5t>.
25 — A\ 12 0
5.4, 8. Eigenvalues: | —18 —5— A 0 |=(13=X)(A\2=20A+91) =0,
6 6 13— X
8 12 0
A = 7,13,13. Eigenvector for A =7, |—=18 —12 0|v =0, so v1 + vy + v3 =
6 6 6
-2
0 (3rd equation), 3v; + 2v9 = 0 (1st or 2nd equations), get v = | 3 [ and a
-1
-2 12 12 0
particular solution | 3 | €. Eigenvector(s) for A = 13, |-18 —18 0| v = 0,
-1 6 6 0
1 0 1 0
get v= |—1| andv = |0]; particular solutions: |—1| e'3 and |0| e'3*. Answer:
0 1 0 1
x=c1 | 3| 4eo|—1] e3¢5 |0 3.
-1 0 1
1—A 0 0
5.4, 17. Eigenvalues: 18 77—\ 4 = 1-MNN-2x+1) =
=27 -9 —-5-2A
0 0 O
(A —1)3, so A = 1 with multiplicity 3. Eigenvector(s): | 18 6 4 [v =0,
-27 -9 -6
1 2
$0 9v1 + 3ve + 2v3 = 0 (2nd or 3rd eq-n). Eigenvectors: |—3| and | 0 | giving
0 -9
1 2
particular solutions |—3| et and | 0 | e’. Defect of A = 1. Generalized eigenvec-
0 -9
o o 0]° 000
tors: | 18 6 41 w= |0 0 0|w=0. So, every vector is a generalized
-27 -9 —6 0 00
eigenvector. We need three linearly independent ones, so choose the two original
1
eigenvectors and one vector linearly independent from them, e.g. w = |0|. Use
0
0 0 0] 0 1 0
18 6 4 | w= | 18 | to obtain the particular solution |0| et + | 18 | te’.
-27 -9 —6] —27 0 —27
1 2 1 0
Answer: x =c; |=3| et +co | O | et +cs| [0] et + | 18 | te
| 0 -9 0 —27




5.5, 5. First, find the general solution: A = {_93 _32 . Eigenvalues: A = £3i.

Eigenvector for A = 3i: [_3 -3 2 Jv=0.v 2

0 Y = |4 436l Particular com-

L -2 3 | —2 . . —2cos 3t
plex solution: {3 N 3i] et = {3 N Si] (cos3t + isin3t) = |:36083t _ 3in 34 +

. —2sin 3t G | solution: x — —2cos 3t —2sin 3t
" |3sin3t + 3cos3t| T CNCTASOMUONE X =C1 g 3t 3sin3t| T2 |3sin 3t + 3cos 3t
. —2cos 3t —2sin 3t -2 0
Fundamental matrix: $(t) = {3 cos3t—3sin3t  3sin3t+ 3cos 3t} 0) = {3 3}’
1(3 0 —2cos 3t —2sin 3t 1(3 0

-1 _ _ = . R

®(0)~ = 6[—3 —2]'Answer' {3cos3t—3sin3t 3sin3t+3cos3t} 6|-3 —2}
—2cos 3t —2¢in3t | -1[3 1 [ 3cos3t—sin3t

3cos 3t — 3sin 3t 3sin3t+3cos3t_' 6 |—1 25 —3cos3t +6sin3t |’

5,25 x —eso ([ 3]0) = ([2 9] Jeso ([0 5e) = ([

0 5 [0 5 1 5t e*  5te?']
2t : _ L2t _
e <I+ {O O} t> (higher powers of 0 o are zero) = e {0 1} = { 0 et |
4 4e?t + 35te?t
x=X17 = [ 7e?
- 7 0]\ 70 0 0]\ _ n '
5.5, 26. X = exp ([11 7} t) = exp ([O 7] t) exp (Ll 0} t) =e'"exp ( 11 0

Tt
e’ (I + 101 8] t) (higher powers of |l 0 c

5 5e7t

x=X {—10] - L7t(55t - 10)}

6.1, 5. 1 —y> =0,2+2y = 0. Hence, y = +1 and, for y = 1, x = —2; for
y = —1, x = 2. Critical points: (—2,1), (2, —1).

6.1, 15. 2’ = —2z, thus = = ae™?'; y = —y, thus y = be".
x — 0,y — 0. Asymptotically stable.

6.1, 17. 2/ =y, = —x, thus 2" = ¢y = —z. 2" + 2 = 0. Characteristic
equation: 72 4+1=0. x =cycost + cosint and y = ¢; sint — ¢y cost. Stable.

00 re zero) =
11 of arezero)=e

As t — oo,

1 =2 . 1= -2 | s - 9
6.2,5. A= [2 _3]. Eigenvalues: 9 s T M+22+1=A+1)=
0. A1 = Ao = —1 < 0. Asymptotically stable.
. o = . = A =2 o -
6.2, 16. Linearization: 1 3l Eigenvalues: 1 3_ )\‘ = A—4X+5=0.

A =2+ 4. Real parts of A are positive. Unstable.

o [24 322 -5 2 -5 .. .

6.2, 23. Linearization: [ 4 —6—|—4y3} At (0,0), L —6} Eigenvalues:
2 - A _5 2 . .

4 I A 4+4X+8 = 0. A = —2 £ 2i. Real parts are negative.

Asymptotically stable.

. oo 3-22 —2-2 3 -2 . .
6.2, 26. Linearization: [2—2x —1+4y3]' At (0,0), {2 _J. Eigenvalues:

3—A -2 | s 7 B ‘
‘ 9 _1_>\‘—)\ —2X+1=0. A=1> 0. Unstable.
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