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Problem 1. Define the sequence panqně0 by a0 “ 0, a1 “ 1, a2 “ 2, a3 “ 6, and

an`4 “ 2an`3 ` an`2 ´ 2an`1 ´ an, n ě 0.

Prove that n divides an for all n ě 1.

Problem 2. The sequence a0, a1, a2, ... satisfies

am`n ` am´n “
1

2
pa2m ` a2nq

for all non-negative integers m and n with m ě n. If a1 “ 1, determine an.

Problem 3. Find the general term of the sequence given by x0 “ 3, x1 “ 4, and

pn` 1qpn` 2qxn “ 4pn` 1qpn` 3qxn´1 ´ 4pn` 2qpn` 3qxn´2, n ě 2.

Problem 4. Compute

lim
nÑ8

n
ÿ

k“1

ˆ

k

n2

˙
k
n2`1

.

Problem 5. Prove that the sequence panqně1 defined by

an “ 1`
1

2
`

1

3
` ¨ ¨ ¨ `

1

n
´ lnpn` 1q, n ě 1

has a limit.

Problem 6. Let t and ε be real numbers with |ε| ă 1. Prove that the equation x´ε sinx “ t
has a unique real solution.

Problem 7. Let p be a real number, p ‰ 1. Compute

lim
nÑ8

1p ` 2p ` ¨ ¨ ¨ ` np

np`1
.

Problem 8. Let f : p0,8q Ñ R be a continuous function with the property that for any
x ą 0, limnÑ8 fpnxq “ 0. Prove that limxÑ8 fpxq “ 0.

Problem 9. Does the series
ř8

n“1 sin π
?
n2 ` 1 converge?

Problem 10. The number q ranges over all possible powers with both the base and expo-
nent positive integers greater than 1, assuming each value only once. Prove that

ÿ

q

1

q ´ 1
“ 1.

Problem 11. Let

an “
4n`

?
4n2 ´ 1

?
2n` 1`

?
2n´ 1

, n ě 1.

Prove that a1 ` a2 ` ¨ ¨ ¨ ` a40 is a positive integer.

Problem 12. Evaluate in closed form
8
ÿ

m“0

8
ÿ

n“0

m!n!

pm` n` 2q!
.

1


