POLYNOMIALS

ROBERT HOUGH

Problem 1. Let P(x) be a polynomial of degree n. Given P(k) = kiﬂ, k=0,1,2,..,n
find P(m) for m > n.

Problem 2. Let P(z) be a polynomial with complex coefficients. Prove that P(x) is an
even function if and only if there exists a polynomial @Q(x) with complex coefficients

satisfying P(z) = Q(z)Q(—x).

Problem 3. Prove that for every positive integer n,
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Problem 4. Let P(z) = 2™ + a,_12™ " + - -+ + ag be a polynomial of degree n > 3. Given
Ap_q = —(’1‘) and a,_» = (g), and that all of the roots are real, find the remaining

coefficients.

Problem 5. Let P,(z) = (z"—1)(z" ' —1)--- (z—1), n > 1. Prove that for n > 2, P/ (x)
is divisible by Pj,/2j() in the ring of polynomials with integer coefficients.

Problem 6. Let P(z) be a polynomial of degree n > 3 whose zeros r; < xo < x3 < -+ <
Tp_1 < x, are real. Prove that

PR P () o

Problem 7. Let P(z) be a polynomial of degree 2n, all of whose zeros have absolute value
P Show that all of the roots of ¢'(z) have absolute

n

1 in the complex plane. Let g(z) =
value 1.

Problem 8. Let P(x) = a,2™ + a, 12" + - 4+ ao be a polynomial with complex coeffi-
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cients, with ay # 0, and with the property that there exists an m > 1 with
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Prove that P(x) has a zero of absolute value less than 1.

Problem 9. Prove that for every positive integer n, the polynomial P(z) = z*" + 1 is
irreducible over Z[z].

Problem 10. Prove that for any distinct integers aq, as, ..., a, the polynomial
Plx)=(r—a)(z—as) - (x—a,)—1

cannot be written as the product of two non-constant polynomials with integer coeffi-
cients.

Problem 11. Let p be a prime number. Prove that the polynomial
Plx)=aP +227 2+ 32" + .+ (p— 1Dz +p

is irreducible in Z[x].



