COMBINATORICS

ROBERT HOUGH

Problem 1. For each permutation ay, as, ..., a9 of 1,2, ..., 10, form the sum
lar — aq| + |az — a4 + - - + |ag — aqo|.
Find the average value of all such sums.

Problem 2. Consider the sequences of real numbers x1 > x5 > -+ > x, and y; > yo >
- > y,, and let ¢ be a non-trivial permutation of {1,2,...,n}. Prove that
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Problem 3. Given some positive real numbers a; < as < - -+ < a,, find all permutations o

with the property that
A105(1) < A205(2) <+ < Qplg(n)-

Problem 4. 1981 points lie inside a cube of side length 9. Prove that there are two points
within a distance less than 1.

Problem 5. Given a set M of n > 3 points in the plane such that any three points in M
can be covered by a disk of radius 1, prove that the entire set M can be covered by a
disk of radius 1.

Problem 6. For an arithmetic progression a4, ao, ..., a,, ... let S,, = a; + --- + a,. Prove

that
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Problem 7. Show that for any positive integer n, the numbers
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is the sum of two consecutive perfect squares.

Problem 8. Compute the sum (7) — (}) +--- + (=1)™(").

Problem 9. Let p be an odd prime number. Find the number of subsets of {1,2, ..., p}
with sum of elements divisible by p.

Problem 10. Find in closed form

1~2<Z)+2~3<Z>+---+(n—1)n(z>.

Problem 11. Prove the combinatorial identity
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Problem 12. Let E be a set with n elements and F' a set with p < n elements. How many

surjective functions are there from E to F'?
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