
REAL ANALYSIS

ROBERT HOUGH

Problem 1. Does limxÑπ
2
psinxq

1
cos x exist?

Problem 2. For two positive integers m and n compute

lim
xÑ0

pcosxq
1
m ´ pcosxq

1
n

x2
.

Problem 3. Let fpxq “
řn
k“1 ak sin kx, with a1, a2, ..., an P R, n ě 1. Prove that if

fpxq ď | sinx| for all x P R, then |
řn
k“1 kak| ď 1.

Problem 4. Does there exist a continuous function f : r0, 1s Ñ R that assumes every
element of its range an even finite number of times?

Problem 5. Let f : I Ñ R be a function defined on an interval. Show that if f has
the intermediate value property and for any y P R the set f´1pyq is closed, then f is
continuous.

Problem 6. For any real number λ ě 1, denote by fpλq the real solution to the equation
xp1` lnxq “ λ. Prove that

lim
λÑ8

fpλq
λ

lnλ

“ 1.

Problem 7. Let f : ra, bs Ñ R be a function, continuous on ra, bs and differentiable on
pa, bq. Let pα, βq be a point on the line passing through the points pa, fpaqq, pb, fpbqq with
α R ra, bs. Prove that there exists a line passing through pα, βq that is tangent to the
graph of f .

Problem 8. Let 0 ă a ă b and ti ě 0, i “ 1, 2, ..., n. Prove that for any x1, x2, ..., xn P
ra, bs,

˜

n
ÿ

i“1

tixi

¸˜

n
ÿ

i“1

ti
xi

¸

ď
pa` bq2

4ab

˜

n
ÿ

i“1

ti

¸2

.

Problem 9. Let ai, i “ 1, 2, ..., n, be nonnegative numbers with
řn
i“1 ai “ 1, and let

0 ă xi ď 1, i “ 1, 2, ..., n. Prove that
n
ÿ

i“1

ai
1` xi

ď
1

1` xa11 ¨ ¨ ¨ x
an
n

.

Problem 10. Let 0 ă xi ă π, i “ 1, 2, ..., n, and set x “ x1`¨¨¨`xn
n

. Prove that

n
ź

i“1

ˆ

sinxi
xi

˙

ď

ˆ

sinx

x

˙n

.

Problem 11. Let a and b be positive real numbers. Compute the integral
ż b

a

e
x
a ´ e

b
x

x
dx.
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Problem 12. Compute
ż 8

0

lnx

x2 ` a2
dx,

where a ą 0.

Problem 13. Let P pxq be a polynomial with real coefficients. Prove that
ż 8

0

e´xP pxqdx “ P p0q ` P 1p0q ` P 2p0q ` ....

Problem 14. Compute

lim
nÑ8

˜

2
1
n

n` 1
`

2
2
n

n` 1
2

` ¨ ¨ ¨ `
2n{n

n` 1
n

¸

.


