SEQUENCES AND SERIES

ROBERT HOUGH

Problem 1. Define the sequence (a,)n=0 by ap = 0,a; = 1,a9 = 2,a3 = 6 and
Upid = 2043 + Apy2 — 20441 — Ay, n = 0.
Prove that n divides a,, for all n > 1.

Problem 2. The sequence ag, ay, as, ... satisfies

Amin + Qmn = _(a2m + a2n)
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for all non-negative m,n with m > n. If a; = 1 find a,.

Problem 3. Find the general term of the sequence defined by xy = 3, 1 = 4 and, for
n = 2,

(n+1)(n+2)z, =4n+1)(n+3)x,—1 —4(n + 2)(n + 3)z,—2.
Problem 4. Let (z,)n>0 be a sequence defined by z,,+1 = ax, + bx,_1, with 2o = 0. Show
that the expression 22 — z,, 17,1 depends only on b and 1, not on a.

Problem 5. Compute

lim ‘sin (7T\/Tl2 +n+ 1)‘ )

n—00

Problem 6. Let k be a positive integer and p a positive real number. Prove that
k

s (1) ()" ()" - 2
im = - = =—.
n—w \ k n n 6“]{7!
Problem 7. Show that if the series )] a, converges, where (a,), is decreasing, then
lim,, na,, = 0.

Problem 8. Prove that for n > 2, the equation 2™ 4+ x — 1 has a unique root in the interval
[0,1]. If x,, denotes this root, prove the sequence (x,,), is convergent and find its limit.

Problem 9. Let f : [a,b] — [a,b] be an increasing function. Show there is £ € [a, b] with
f&) =¢.

Problem 10. Let ay, as, as, ... be non-negative numbers. Prove that Y, a,, < oo implies
0
D met A/ A1y < 0.

Problem 11. Does the series Y sinmy/n? + 1 converge?
Problem 12. For a non-negative integer k, define Sy(n) = 1* + 2% + ... + nk. Prove that

1+ ;1) (;) Su(n) = (n+1)".

Problem 13. Prove the identity

(K> + 1)k! = n(n + 1)
k=1



