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Problem 1. Let f : R Ñ R be a continuous function satisfying fpxq “ fpx `
?

2q “
fpx`

?
3q for all x. Prove that f is constant.

Problem 2. Prove that the sequence psinnqn is dense in r´1, 1s.

Problem 3. Define the sequence panqně0 by a0 “ 0, a1 “ 1, a2 “ 2, a3 “ 6, and

an`4 “ 2an`3 ` an`2 ´ 2an`1 ´ an, n ě 0.

Prove that n divides an for all n ě 1.

Problem 4. The sequence a0, a1, a2, ..., satisfies

am`n ` am´n “
1

2
pa2m ` a2nq

for all nonnegative integers m,n with m ě n. If a1 “ 1, determine an.

Problem 5. Let ppxq “ x2 ´ 3x ` 2. Show that for any positive integer n there exist
unique numbers an and bn such that the polynomial qnpxq “ xn´ anx´ bn is divisible by
ppxq.

Problem 6. The sequence pxnqn is defined by x1 “ 4, x2 “ 19, and for n ě 2, xn`1 “
Q

x2n
xn´1

U

, the smallest integer greater than or equal to x2n
xn´1

. Prove that xn ´ 1 is always a

multiple of 3.

Problem 7. Let pxnqně1 be a sequence of real numbers satisfying

xn`m ď xn ` xm, n,m ě 1.

Show that limn
xn
n

exists and is equal to infně1
xn
n
.

Problem 8. Prove that the sequence panqně1 defined by

an “ 1`
1

2
`

1

3
` ¨ ¨ ¨ `

1

n
´ lnpn` 1q, n ě 1,

is convergent.

Problem 9. Let panqně1 be a decreasing sequence of positive numbers converging to 0.
Prove that the series S “ a1 ´ a2 ` a3 ´ a4 ` ... is convergent.

Problem 10. Let a0, b0, c0 be real numbers. Define the sequences panqn, pbnqn, pcnqn
recursively by

an`1 “
an ` bn

2
, bn`1 “

bn ` cn
2

, cn`1 “
cn ` an

2
, n ě 0.

Prove the sequences are convergent and find the limit.

Problem 11. Show that if the series
ř

an converges, where panqn is a decreasing sequence,
then limn nan “ 0.

Problem 12. Let t and ε be real numbers with |ε| ă 1. Prove that the equation x´ε sinx “
t has a unique real solution.

1



2 ROBERT HOUGH

Problem 13. Prove that for n ě 2, the equation xn ` x´ 1 “ 0 has a unique root in the
interval r0, 1s. If xn denotes this root, prove that the sequence pxnqn is convergent and
find its limit.

Problem 14. Let p be a real number, p ‰ 1. Compute

lim
nÑ8

1p ` 2p ` ¨ ¨ ¨ ` np

np`1
.

Problem 15. Consider the polynomial P pxq “ amx
m ` am´1x

m´1 ` ¨ ¨ ¨ ` a0, ai ą 0, i “
0, 1, 2, ...,m. Denote byAm andGm the arithmetic and geometric means of P p1q, P p2q, ..., P pnq.
Prove that

lim
nÑ8

An
Gn

“
em

m` 1
.

Problem 16. Given a sequence panqn such that for any γ ą 1 the subsequence atγnu

converges to 0, does it follow that the sequence panqn itself converges to 0?

Problem 17. Let panqně0 be a strictly decreasing sequence of positive numbers, and let z
be a complex number of absolute value less than 1. Prove that the sum

a0 ` a1z ` a2z
2
` ¨ ¨ ¨ ` anz

n
` ¨ ¨ ¨

is not equal to 0.

Problem 18. Let w be an irrational number with 0 ă w ă 1. Prove that w has a unique
convergent expansion of the form

w “
1

p0
´

1

p0p1
`

1

p0p1p2
´ ¨ ¨ ¨

where p0, p1, p2, ... are integers, 1 ď p0 ă p1 ă p2 ă ....

Problem 19. For a nonnegative integer k, define Skpnq “ 1k ` 2k ` ¨ ¨ ¨ ` nk. Prove that

1`
r´1
ÿ

k“0

ˆ

r

k

˙

Skpnq “ pn` 1qr.

Problem 20. Evaluate in closed form
8
ÿ

m“0

8
ÿ

n“0

m!n!

pm` n` 2q!
.

Problem 21. Evaluate in closed form
n
ÿ

k“0

p´1qkpn´ kq!pn` kq!.


