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Problem 1. Prove that any polynomial with real coefficients that takes only nonnegative
values can be written as the sum of the squares of two polynomials.

Problem 2. Factor 51985 ´ 1 into a product of three integers, each of which is ą 5100.

Problem 3. Let a1, ..., an be real numbers such that a1`¨ ¨ ¨`an ě n2 and a21`¨ ¨ ¨`a2n ď
n3 ` 1. Prove that n´ 1 ď ak ď n` 1 for all k.

Problem 4. If a, b, c are positive numbers, prove that 9a2b2c2 ď pa2b ` b2c ` c2aqpab2 `
bc2 ` ca2q.

Problem 5. If a1 ` a2 ` ¨ ¨ ¨ ` an “ n prove that a41 ` a42 ` ¨ ¨ ¨ ` a4n ě n.

Problem 6. Let f1, f2, ..., fn be positive real numbers. Prove that for any real numbers
x1, ..., xn, the quantity

f1x
2
1 ` ¨ ¨ ¨ ` fnx

2
n ě

pf1x1 ` ¨ ¨ ¨ ` fnxnq
2

f1 ` ¨ ¨ ¨ ` fn
.

Problem 7. Prove that the finite sequence a0, a1, ..., an of positive real numbers is a geo-
metric progression if and only if

pa0a1 ` ¨ ¨ ¨ ` an´1anq
2
“ pa20 ` ¨ ¨ ¨ ` a2n´1qpa

2
1 ` ¨ ¨ ¨ ` a2nq.

Problem 8. Let a1, a2, ..., an and b1, b2, ..., bn be nonnegative numbers. Show that

pa1...anq
1{n
` pb1...bnq

1{n
ď ppa1 ` b1qpa2 ` b2q...pan ` bnqq

1{n.

Problem 9. Let a1, ..., an be positive real numbers such that a1`¨ ¨ ¨`an ă 1. Prove that

a1a2 ¨ ¨ ¨ anp1´ pa1 ` ¨ ¨ ¨ anqq

pa1 ` ¨ ¨ ¨ ` anqp1´ a1q ¨ ¨ ¨ p1´ anq
ď

1

nn`1
.

Problem 10. Consider the positive real numbers x1, ..., xn with x1x2 ¨ ¨ ¨ xn “ 1. Prove
that

1

n´ 1` x1

` ¨ ¨ ¨ `
1

n´ 1` xn

ď 1.

Problem 11. Let x1, x2, ..., xn, n ě 2 be positive numbers such that x1 ` ¨ ¨ ¨ ` xn “ 1.
Prove that
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˙
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˙

ě pn` 1qn.

Problem 12. Let x1, ..., xn be n real numbers such that 0 ă xj ď
1
2
. Prove

śn
j“1 xj

´

ř

j xj

¯n ď
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j“1p1´ xjq
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ř
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¯n .

Problem 13. Let a1, ..., an, b1, ..., bn be real numbers such that

pa21 ` ¨ ¨ ¨ ` a2n ´ 1qpb21 ` ¨ ¨ ¨ ` b2n ´ 1q ą pa1b1 ` ¨ ¨ ¨ anbn ´ 1q2.

Prove that a21 ` ¨ ¨ ¨ ` a2n ą 1 and b21 ` ¨ ¨ ¨ ` b2n ą 1.

Problem 14. Let a, b, c be real numbers. Show that a ě 0, b ě 0 and c ě 0 if and only if
a` b` c ě 0, ab` ac` bc ě 0, and abc ě 0.
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