ALGEBRAIC IDENTITIES AND INEQUALITIES

ROBERT HOUGH

Problem 1. Prove that any polynomial with real coefficients that takes only nonnegative
values can be written as the sum of the squares of two polynomials.

Problem 2. Factor 5'%° — 1 into a product of three integers, each of which is > 5.

Problem 3. Let ay, ..., a, be real numbers such that a; + - - - +a,, = n? and a% + ai <
n3 + 1. Prove that n — 1 < a; <n + 1 for all .
Problem 4. If a,b,c are positive numbers, prove that 9a?b*c* < (a?b + b?c + c2a)(ab® +
be? + ca?).
Problem 5. If a; + ag + -+ - + a, = n prove that af + a3 + -+ + a? > n.
Problem 6. Let f1, fo, ..., fn be positive real numbers. Prove that for any real numbers
x1, ..., Tn, the quantity
(flxl + -+ fnxn)2
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Problem 7. Prove that the finite sequence ag, ay, ..., a,, of positive real numbers is a geo-
metric progression if and only if

(agay + -+ an_1a,)* = (a3 + -+ a_))(al + -+ +a2).
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Problem 8. Let ay,as,...,a, and by, bs, ..., b, be nonnegative numbers. Show that
(a1...an) ™ + (by...b) Y™ < ((a1 + b1)(ag + by)...(ay + by))Y™.
Problem 9. Let a4, ..., a,, be positive real numbers such that a; +---+a, < 1. Prove that
ajag - an(1—(ay + -+ -ay)) 1
(ay+-+ap)(1—ay)--(1—a,) nrtl’

Problem 10. Consider the positive real numbers zq, ..., x, with z;25-- -2, = 1. Prove
that

1 1
n—14+x; n—1+ux,
Problem 11. Let xq,xo,...,2,, n = 2 be positive numbers such that =1 + --- + z,, = 1.

Prove that
1 1
(1+—> (1+—) > (n+1)".
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Problem 12. Let w1, ..., z, be n real numbers such that 0 < x; < % Prove
Moo Ta(-1)
<Zj %)n <Z]~(1 - Ij)>n
Problem 13. Let aq, ..., ay,, by, ..., b, be real numbers such that
(@34 +a2 -]+ +b2—1)> (arby + - apb, — 1)
Prove that a + -~ 4+ a2 > 1 and b3 + --- + 12 > 1.

Problem 14. Let a,b, ¢ be real numbers. Show that a > 0, b > 0 and ¢ > 0 if and only if
a+b+c>0,ab+ ac+ bc =0, and abc > 0.
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