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Problem 1. Let a, b, c, d be real numbers such that c ‰ 0 and ad ´ bc “ 1. Prove that
there exist u and v such that

ˆ

a b
c d

˙

“

ˆ

1 ´u
0 1

˙ˆ

1 0
c 1

˙ˆ

1 ´v
0 1

˙

.

Problem 2. Calculate the nth power of the mˆm matrix
¨

˚

˚

˚

˚

˚

˚

˝

λ 1 0 ¨ ¨ ¨ 0
0 λ 1 ¨ ¨ ¨ 0
0 0 λ ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ 1
0 0 0 ¨ ¨ ¨ λ

˛

‹

‹

‹

‹

‹

‹

‚

.

Problem 3. Derive the formula for the determinant of a circulant matrix

det

¨

˚

˚

˚

˚

˝

x1 x2 x3 ¨ ¨ ¨ xn
xn x1 x2 ¨ ¨ ¨ xn´1
...

...
...

. . .
...

x3 x4 x5 ¨ ¨ ¨ x2
x2 x3 x4 ¨ ¨ ¨ x1

˛

‹

‹

‹

‹

‚

“ p´1qn´1
n´1
ź

j“0

˜

n
ÿ

k“1

ζjkxk

¸

,

ζ “ e2πi{n.

Problem 4. Compute the determinant of the nˆn matrix A “ paijqij where aij “ p´1q|i´j|

if i ‰ j and aii “ 2.

Problem 5. Prove that for any integers x1, x2, ..., xn and positive integers k1, k2, ..., kn, the
determinant

det

¨

˚

˚

˚

˝

xk11 xk12 ¨ ¨ ¨ xk1n
xk21 xk22 ¨ ¨ ¨ xk2n
...

...
. . .

...
xkn1 xkn2 ¨ ¨ ¨ xknn

˛

‹

‹

‹

‚

is divisible by n!.

Problem 6. Let P ptq be a polynomial of even degree with real coefficients. Prove that
fpXq “ P pXq defined on the set of nˆ n matrices is not onto.

Problem 7. Let A “ paijqij be an n ˆ n such that
řn
j“1 |aij| ă 1 for each i. Prove that

I ´ A is invertible.

Problem 8. Let A be an nˆn matrix such that there exists a positive integer k for which
kAk`1 “ pk ` 1qAk. Prove that A´ I is invertible and find its inverse.

Problem 9. A linear map A on the n-dimensional vector space V is called an involution
if A2 “ I.
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a. Prove that for every involution A on V there exists a basis of V consisting of
eigenvectors of A.

b. Find the maximal number of distinct pairwise commuting involutions.

Problem 10. Find the 2ˆ 2 matrices with real entries that satisfy the equation

X3
´ 3X2

“

ˆ

´2 ´2
´2 ´2

˙

.

Problem 11. Let x1, x2, ..., xn be differentiable (real-valued) functions of a single variable
t that satisfy

dx1
dt

“ a11x1 ` a12x2 ` ¨ ¨ ¨ ` a1nxn,

dx2
dt

“ a21x1 ` a22x2 ` ¨ ¨ ¨ ` a2nxn,

¨ ¨ ¨

dxn
dt

“ an1x1 ` an2x2 ` ¨ ¨ ¨ ` annxn,

for constants aij ą 0. Suppose for all i that xiptq Ñ 0 as t Ñ 8. Are the functions xi
necessarily linearly dependent?

Problem 12. Let A be a 4 ˆ 4 matrix such that each entry of A is either 2 or ´1. Let
d “ detpAq. Show that d is divisible by 27.

Problem 13. For any vector v in Rn and permutation σ of t1, 2, ..., nu, define σpvq “
pxσp1q, ..., xσpnqq. What are the possibilities for the dimension of the space spanned by
σpvq such that σ is a permutation?

Problem 14. Let f1, f2, ..., fn be linearly independent, differentiable functions. Prove that
some n´ 1 of their derivatives f 11, f

1
2, ..., f

1
n are independent.


