LINEAR ALGEBRA

ROBERT HOUGH

Problem 1. Let a,b, c,d be real numbers such that ¢ # 0 and ad — bc = 1. Prove that
there exist v and v such that

Ca)=6ED6 )

Problem 2. Calculate the nth power of the m x m matrix

A1 0 --- 0
O N1 --- 0
00 X -~ 0
0 0 0 1
0 00 A
Problem 3. Derive the formula for the determinant of a circulant matrix
ry o9 T3 - Ty,
Ty X1 Lo - Tn—1 n—1 n
det [ 1 ¢ 1 i [=(=D"]] (Z Cj’“:ck> :
Ty Ty Ty - To =0 \k=1
Tog T3 X4 - I
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Problem 4. Compute the determinant of the n x n matrix A = (ay;);; where a;; = (—1)!
if 7 # 7 and a;; = 2.

Problem 5. Prove that for any integers x1, xo, ..., x,, and positive integers kq, ko, ..., k,,, the
determinant

det
k k k
I.ln IQ" xnn

is divisible by n!.

Problem 6. Let P(t) be a polynomial of even degree with real coefficients. Prove that
f(X) = P(X) defined on the set of n x n matrices is not onto.

Problem 7. Let A = (ai;);; be an n x n such that 37", [a;;| < 1 for each i. Prove that
I — A is invertible.

Problem 8. Let A be an n x n matrix such that there exists a positive integer k for which
kAR = (k + 1) A*. Prove that A — I is invertible and find its inverse.

Problem 9. A linear map A on the n-dimensional vector space V is called an involution
if A2 =1.
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a. Prove that for every involution A on V there exists a basis of V' consisting of
eigenvectors of A.
b. Find the maximal number of distinct pairwise commuting involutions.

Problem 10. Find the 2 x 2 matrices with real entries that satisfy the equation
-2 =2
3_ay2 _
oo (22,
Problem 11. Let xq,xs, ..., z,, be differentiable (real-valued) functions of a single variable
t that satisfy

d.flfl

— = 01171 + Q122 + - - + A1 Ty,
dt

df,EQ

—— = (2171 + Q22T3 + + + + A2p Ty,
dt

dx,,

I = Ap121 + Ap2To + -+ + AppTp,

for constants a;; > 0. Suppose for all ¢ that x;(t) — 0 as t — 00. Are the functions z;
necessarily linearly dependent?

Problem 12. Let A be a 4 x 4 matrix such that each entry of A is either 2 or —1. Let
d = det(A). Show that d is divisible by 27.

Problem 13. For any vector v in R™ and permutation o of {1,2,...,n}, define o(v) =
(5(1), - To(n)). What are the possibilities for the dimension of the space spanned by
o(v) such that o is a permutation?

Problem 14. Let fi, fa, ..., fn be linearly independent, differentiable functions. Prove that
some n — 1 of their derivatives fi, f3, ..., f are independent.



