INEQUALITIES

ROBERT HOUGH

Problem 1. Let aq, as, ..., a, be positive real numbers with a; + as + ... + a,, < 1. Prove
that
aiay...an(1 —a; —ag — ... — ay) 1

<
(a1 +as+ ... +ay)(1 —a)(1 —ag)...(1 —ay,)
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Problem 2. Consider the positive real numbers z1, o, ..., x, with x125...x,, = 1. Prove

that
1 1 1

+ 4.t ——<
n—14x1 n—1+4+ 29 n—1+4+x,

Problem 3. Show that for all real u;,v; and z;, 1 < j < n, one has the following upper
bound for a product of two linear forms:

n n 1 n

Z U;T4 Z VT < % Z u;V; +
, , 2
7j=1 7j=1

Problem 4. Given x = (t; 1, xa,...,xq4) and y = (u; 41, Y2, ..., Ya), their Lorentz product is

1 1
n 2 n
2 2
2|2
7j=1

j=1
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[X7Y] =tu — T1Y1r — T2Y2 — ... — X4qYq.

The light cone is \/x% + ... + 22 < t. Prove that if x and y are in the light cone, then

[NIES

[x,x]2[y,y]? < [x,y].

Problem 5. Consider real weights p; > 0, 7 = 1,2,...,n arbitrary real numbers «;, j =
1,2,...,n, and an inner product space (V,{,-,)). Prove

n 2
ijOéij <
j=1

n

n
D ipiad > pellxi]®
k=1

7j=1

forall x4, 1 <k <n,in V.
Problem 6. Let u, v be elements of a real inner product space satisfying
(u,u) < A, (v,v)< B.

Prove
(A? = (u, u>)% (B* — v, v>)% < AB —{(u,v).

Problem 7. Show that if f: R — R has a continuous derivative then

| irapa <2 ([ aﬂ|f<gc>|2dx)é (| 1rwpa) g

Problem 8. Prove, for x > 0, that

© 22 1 22
J eV Pdu < e 2,
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Problem 9. Suppose that —1 < 21 < 25 < ... < x,, < 1, and show that

1 1
Z > —n?logn.

T — X
1<j<k<n *k j 8

Problem 10. For a polynomial P(z) = 2" + a,_12""' + ... + a1z + ap with real or complex
coefficients, the smallest 7(P) such that all roots of P are contained in the disk {z : |2] <

r(P)} is called the inclusion radius for P. Show that for p > 1 and ¢ = -£- > 1 one has
the bound

r(P) < (L+ADT, 4, = (Z \ajrp)p

Problem 11. If ¢ : [0,00) — [0,00) is an integrable function and ¢ € (0,0), then the
integral

is called the tth moment of ¢. Show that if ¢ € (to, 1) then

l-a,,«

e < phyy t=(1—a)ty+ at;.

Problem 12. Let 1 < sq,t9,51,t1 < o be given and consider an m x n matrix 7" with
nonnegative real entries ¢z, 1 < 7 < m, 1 < k < n. Suppose there exist constants M,
and M; such that
1T, < Molx]lsy, [ Tx]le, < Mix]s,,
<

0 < 1, one has the bound
[Ty < Mylx]s
where My = M?M; =% and where s and ¢ are given by
1 68 1-4 1 6 1-90

for all x e R™, then for any 0
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Problem 13. Given an n x n array of positive numbers

a1 Qa2 - Aip
Q21 Q22 -+ Agp
Ap1 Ap2 - Ann

let m; be the minimum of the jth column and m the max of the m;’s. Let M; be the
max of the ¢th row and let M be the min of the M,’s. Prove m < M.

Problem 14. Suppose that for 0 < z; < 1 for ¢ = 1,2, ...,n. Prove that
2" N1+ 2y29.y) = (14 20) (1 + 22)...(1 + ).
Problem 15. Suppose x,y, z are non-negative real numbers. Prove that
8(z° +y* + 2°) = 9(2® + y2) (v° + x2) (2 + ay).
Problem 16. If a, b, c are the lengths of the sides of a triangle, prove that
abc =z (a+b—c)(b+c—a)(c+a—0b).

Problem 17. Consider the n x n array whose entry in the ith row, jth column is ¢+ j — 1.
What is the smallest product of n numbers from this array, with one from each row and
one from each column?



