
REAL ANALYSIS

ROBERT HOUGH

Problem 1. Let n ą 1 be an integer, and let f : ra, bs Ñ R be a continuous function,
n-times differentiable on pa, bq, with the property that the graph of f has n` 1 collinear
points. Prove that there exists a point c P pa, bq with the property that f pnqpcq “ 0.

Problem 2. Let α be a real number such that nα is an integer for every positive integer
n. Prove that α is a nonnegative integer.

Problem 3. Let x1, x2, ..., xn be real numbers. Find the real number a that minimizes the
expression

|a´ x1| ` |a´ x2| ` ¨ ¨ ¨ ` |a´ xn|.

Problem 4. Let ai, i “ 1, 2, ..., n be non-negative numbers with
řn
i“1 ai “ 1, and let

0 ă xi ď 1, i “ 1, 2, ..., n. Prove that

n
ÿ

i“1

ai
1` xi

ď
1

1` xa11 x
a2
2 ¨ ¨ ¨ x

an
n

.

Problem 5. Compute

lim
nÑ8

ˆ

21{n

n` 1
`

22{n

n` 1
2

` ¨ ¨ ¨ `
2n{n

n` 1
n

˙

.

Problem 6. Let f : r0, 1s Ñ R be a continuous function such that
ż 1

0

fpxqdx “

ż 1

0

xfpxqdx “ 1.

Prove that
ż 1

0

f 2
pxqdx ě 4.

Problem 7. Let a1, a2, ..., an be positive real numbers and let x1, x2, ..., xn be real numbers
such that a1x1 ` a2x2 ` ¨ ¨ ¨ ` anxn “ 0. Prove that

ÿ

i,j

xixj|ai ´ aj| ď 0.

Prove that equality holds if and only if there exits a partition of the set t1, 2, ..., nu into
the disjoint sets A1, ..., Ak such that if i and j are in the same set, then ai “ aj and also
ř

jPAi
xj “ 0 for i “ 1, 2, ..., k.

Problem 8. Let f : r0,8q Ñ r0,8q be a continuous, strictly increasing function with
fp0q “ 0. Prove that

ż a

0

fpxqdx`

ż b

0

f´1pxqdx ě ab

for all positive numbers a and b, with equality if and only if b “ fpaq. Here f´1 denotes
the inverse of the function f .
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Problem 9. Prove that any continuously differentiable function f : ra, bs Ñ R for which
fpaq “ 0 satisfies the inequality

ż b

a

fpxq2dx ď pb´ aq2
ż b

a

f 1pxq2dx.

Problem 10. For a ą 0, prove that
ż 8

´8

e´x
2

cos axdx “
?
πe´a

2{4.

Problem 11. Prove that for every 0 ă x ă 2π the following formula is valid:

π ´ x

2
“

sinx

1
`

sin 2x

2
`

sin 3x

3
` ¨ ¨ ¨ .

Hence conclude
π

4
“

8
ÿ

k“1

sinp2k ´ 1qx

2k ´ 1
, x P p0, πq.

Problem 12. Let a1 ď a2 ď ¨ ¨ ¨ ď an “ m be positive integers. Denote by bk the number
of those ai for which ai ě k. Prove that

a1 ` a2 ` ¨ ¨ ¨ ` an “ b1 ` ¨ ¨ ¨ ` bm.


