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One can check by induction that the Fibonacci sequence F1 “ F2 “ 1, Fn`1 “ Fn`Fn´1

can be obtained as the matrix power

ˆ

1 1
1 0

˙n

“

ˆ

Fn`1 Fn
Fn Fn´1

˙

. By diagonalizing the

real symmetric matrix

ˆ

1 1
1 0

˙

you may obtain a well-known formula for the nth Fibonacci

number in terms of the Golden mean φ “ 1`
?
5

2
.

The van der Monde polynomial of n variables x1, ..., xn is

V px1, ..., xnq “ det

¨

˚

˚

˚

˚

˝

1 1 1 ¨ ¨ ¨ 1
x1 x2 x3 ¨ ¨ ¨ xn
x21 x22 x23 ¨ ¨ ¨ x2n
...

...
...

...
xn´11 xn´12 xn´13 ¨ ¨ ¨ xn´1n

˛

‹

‹

‹

‹

‚

.

From the determinant formula

detA “
ÿ

σPSn

sgnpσqA1,σp1q...An,σpnq

it follows that V is a polynomial of degree 1 ` 2 ` ¨ ¨ ¨ ` n ´ 1 “ pn´1qn
2

. By subtracting

column i from column j, and noting that xkj ´ xki has a factor of xj ´ xi, conclude that
V px1, ..., xnq is divisible by

ś

iăjpxj ´ xiq. Hence V px1, ..., xnq “ c
ś

iăjpxj ´ xiq. We

have c “ 1 by matching the coefficient on x2x
2
3x

3
4 ¨ ¨ ¨ x

n´1
n .

Over C, any matrix nˆ n matrix A is similar to an upper triangular matrix in Jordan
normal form: for some invertible nˆ n matrix C,

C´1AC “

¨

˚

˚

˚

˚

˝

J1 0 0 ¨ ¨ ¨ 0
0 J2 0 ¨ ¨ ¨ 0
0 0 J3 ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ Jk

˛

‹

‹

‹

‹

‚

.

Each Ji is called a Jordan block and has the form

Ji “

¨

˚

˚

˝

λi 1 0 ¨ ¨ ¨ 0
0 λi 1 ¨ ¨ ¨ 0
...

...
. . . 1

0 0 0 ¨ ¨ ¨ λi

˛

‹

‹

‚

.

Here λi is a generalized eigenvalue. The characteristic polynomial of A is detpλI ´Aq “
ś

ipλ´ λiq
dim Ji .

The trace of an n ˆ n matrix A is trA “
ř

iAii. This satisfies trAB “ trBA, and is
the sum of the generalized eigenvalues counted with multiplicity.

Problem 1. Let M be an nˆn complex matrix. Prove that there exist Hermitian matrices
A and B such that M “ A` iB. (A matrix X is called Hermitian if X t “ X).

Problem 2. Do there exist nˆ n matrices A and B such AB ´BA “ In.
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Problem 3. Compute the nth power of the nˆ n matrix Jnpλq “

¨

˚

˚

˚

˚

˚

˚

˝

λ 1 0 ¨ ¨ ¨ 0
0 λ 1 ¨ ¨ ¨ 0
0 0 λ ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ 1
0 0 0 ¨ ¨ ¨ λ

˛

‹

‹

‹

‹

‹

‹

‚

.

Problem 4. Let pFnqn be the Fibonacci sequence. Prove that Fn`1Fn´1 ´ F 2
n “ p´1qn,

for all n ě 1.

Problem 5. Let 0 ă p ă m. Prove det

¨

˚

˚

˚

˝

`

m
0

˘ `

m
1

˘

¨ ¨ ¨
`

m
p

˘

`

m`1
0

˘ `

m`1
1

˘

¨ ¨ ¨
`

m`1
p

˘

...
...

. . .
...

`

m`p
0

˘ `

m`p
1

˘

¨ ¨ ¨
`

m`p
p

˘

˛

‹

‹

‹

‚

“ 1.

Problem 6. Compute the determinant of the nˆ n matrix A “ paijqij, where

aij “

"

p´1q|i´j| i ‰ j
2 i “ j

.

Problem 7. Prove the formula for the determinant of a circulant matrix:

det

¨

˚

˚

˚

˚

˝

x1 x2 x3 ¨ ¨ ¨ xn
xn x1 x2 ¨ ¨ ¨ xn´1
...

...
...

. . .
...

x3 x4 x5 ¨ ¨ ¨ x2
x2 x3 x4 ¨ ¨ ¨ x1

˛

‹

‹

‹

‹

‚

“

n´1
ź

j“0

˜

n
ÿ

k“1

ζjkxk

¸

,

where ζ “ e2πi{n.

Problem 8. Let α “ π
n`1

, n ą 2. Prove that the nˆ n matrix
¨

˚

˚

˝

sinα sin 2α ¨ ¨ ¨ sinnα
sin 2α sin 4α ¨ ¨ ¨ sin 2nα

...
...

. . .
...

sinnα sin 2nα ¨ ¨ ¨ sinn2α

˛

‹

‹

‚

is invertible.

Problem 9. Denote by MnpRq the set of n ˆ n matrices with real entries and let f :
MnpRq Ñ R be a linear function. Prove that there exists a unique matrix C P MnpRq
such that fpAq “ trpACq for all A P MnpRq. In addition, if fpABq “ fpBAq for all
matrices A and B, prove that there exists λ P R such that fpAq “ λ trA for any A.

Problem 10. For an n ˆ n matrix A denote by φkpAq the symmetric polynomial in the
eigenvalues λ1, λ2, ..., λn of A, φkpAq “

ř

i1ăi2ă¨¨¨ăik
λi1λi2 ¨ ¨ ¨λik , k “ 1, 2, ..., n. Thus

φ1pAq is the trace and φnpAq is the determinant. Prove that for two n ˆ n matrices
A and B, φkpABq “ φkpBAq.

Problem 11. Assume that a and b are elements of a group with identity element e satis-
fying paba´1qn “ e for some positive integer n. Prove that bn “ e.

Problem 12. Given Γ a finite multiplicative group of matrices with complex entries, denote
by M the sum of the matrices in Γ. Prove that the determinant of M is an integer.

Problem 13. Let tk1, k2, . . . , kmu be a set of integers. Show that there is an mˆm matrix
A with integers coefficients such that the matrices A` kjI, for 1 ď j ď m, are invertible
and their inverses also have integer coefficients. (I is the mˆm identity matrix).


