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The Lindeberg-Feller Theorem

Recall the Lindeberg-Feller CLT.

Theorem

For each n let Xm,n, 1 ď m ď n be independent random variables with
ErXn,ms “ 0. Suppose

1
řn

m“1 E
“

X 2
m,n

‰

Ñ σ2 ą 0

2 For all ε ą 0, limnÑ8
řn

m“1 E
“

|Xn,m|
21p|Xn,m| ą εq

‰

“ 0.

Then Sn “ Xn,1 ` ¨ ¨ ¨ ` Xn,n ñ ση as nÑ8.
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Record values

Let Y1,Y2, ... be independent with ProbpYm “ 1q “ 1
m ,

ProbpYm “ 0q “ 1´ 1
m .

Set Sn “ Y1 ` ¨ ¨ ¨ ` Yn. Then ErSns „ log n and VarrSns „ log n.

For n ą 1 set Xn,m “
Ym´

1
m

plog nq
1
2

.

We have ErXn,ms “ 0 and
řn

m“1 ErX 2
n,ms Ñ 1, and for any ε ą 0

n
ÿ

m“1

E
“

|Xn,m|
21p|Xn,m| ą εq

‰

Ñ 0

since |Xn,m| ď ε once 1

plog nq
1
2
ă ε.

By the CLT, plog nq´
1
2

`

Sn ´
řn

m“1
1
m

˘

ñ η.
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Kolmogorov’s three series theorem

Recall the statement of Kolmogorov’s three series theorem.

Theorem

Let X1,X2, ... be independent, let A ą 0, and let Ym “ Xm1p|Xm| ď Aq. In
order that

ř8
n“1 Xn converges a.s. it is necessary and sufficient that

1
ř8

n“1 Probp|Xn| ą Aq ă 8

2
ř8

n“1 ErYns converges

3
ř8

n“1 VarpYnq ă 8.
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Kolmogorov’s three series theorem

Proof.

The first condition is necessary since otherwise, |Xn| ą A i.o. with
probability 1 by Borel-Cantelli.

If 1 holds, but 3 does not, then consider

cn “
n
ÿ

m“1

VarpYmq, Xn,m “
pYm ´ ErYmsq

c
1
2
n

.

One has ErXn,ms “ 0,
řn

m“1 ErX 2
n,ms “ 1 and, for any ε ą 0

n
ÿ

m“1

E
“

|Xn,m|
21p|Xn,m| ą εq

‰

Ñ 0

since the sum is 0 once 2A

c
1
2
n

ă ε.
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Kolmogorov’s three series theorem

Proof.

The above conditions imply Sn “ Xn,1 ` ¨ ¨ ¨ ` Xn,n satisfies Sn ñ η.
But if

ř8
m“1 Xm converges a.s. then

ř8
m“1 Ym exists, so

Tn “
1

c
1
2
n

n
ÿ

m“1

Ym ñ 0.

This implies that Sn ´ Tn ñ η, but this is impossible, since the
difference is the sum of the means, hence deterministic.

If 1 and 3 hold, then
ř

npYn ´ ErYnsq converges a.s. If
ř

n Xn

converges, then
ř

n Yn converges, whence
ř

n ErYns converges.

Bob Hough Math 639: Lecture 6 February 14, 2017 6 / 50



Infinite variance

Example

Let X1,X2, ... be i.i.d. and have ProbpX1 ą xq “ ProbpX1 ă ´xq and
Probp|X1| ą xq “ x´2 for x ě 1.

Let Sn “ X1 ` ¨ ¨ ¨ ` Xn, and set

Yn,m “ Xm1
´

|Xm| ď n
1
2 log log n

¯

.

We have

n
ÿ

m“1

ProbpYn,m ‰ Xmq ď nProb
´

|X1| ą n
1
2 log log n

¯

“
1

plog log nq2

tends to 0 as nÑ8.
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Infinite variance

Example

Let cn “ n
1
2 log log n. We have

E
“

Y 2
n,m

‰

“

ż 8

1
2x Probp|Yn,m| ą xqdx

“

ż cn

1
2x

„

1

x2
´

1

c2n



dx

“ log n ` 2 log log log n ´ 1.

Thus
řn

m“1 E
“

Y 2
n,m

‰

„ n log n.

Since
Yn,m?
n log n

Ñ 0 in L8, the Lindeberg-Feller Theorem implies
1?

n log n

řn
m“1 Yn,m ñ η.
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The Berry-Esseen Theorem

Theorem

Let X1,X2, ... be i.i.d. with ErXi s “ 0, ErX 2
i s “ σ2, and

E
“

|Xi |
3
‰

“ ρ ă 8. If Fnpxq is the distribution of X1`¨¨¨`Xn

σ
?
n

and N the

standard normal distribution function

|Fnpxq ´ Npxq| ď
3ρ

σ3
?
n
.
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The Berry-Esseen Theorem

Set hLpxq “
1´cos Lx
πLx2

with distribution HL. This has characteristic function

ωLpθq “
`

1´
ˇ

ˇ

θ
L

ˇ

ˇ

˘`
.

Lemma (Smoothing lemma)

Let F and G be distribution functions, with G 1pxq ď λ ă 8. Let
∆pxq “ F pxq ´ G pxq, η “ sup |∆pxq|, ∆L “ ∆ ˚ HL, and
ηL “ sup |∆Lpxq|. Then

ηL ě
η

2
´

12λ

πL
.
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The Berry-Esseen Theorem

Proof.

∆ goes to 0 at ˘8, G is continuous, F is a density function, so there
is x0 satisfying ∆px0q “ η or ∆px´0 q “ ´η. We’ll treat the case
∆px0q “ η as the other case may be handled similarly.

The derivative condition implies in s ą 0, ∆px0 ` sq ě η ´ λs.

Let δ “ η
2λ , and t “ x0 ` δ

∆pt ´ xq ě

" η
2 ` λx |x | ď δ
´η otherwise

.
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The Berry-Esseen Theorem

Proof.

Use
ş

|x |ąδ hLpxqdx ď 2
ş8

δ
2dx
πLx2

“ 4
πLδ .

Use
ş

|x |ďδ xhLpxqdx “ 0 to find ηL ě ∆Lptq and

∆Lptq “

ż

∆pt ´ xqHLpxqdx ě
η

2

ˆ

1´
4

πLδ

˙

´
4η

πLδ
“
η

2
´

12λ

πL
.
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The Berry-Esseen Theorem

Lemma

Let K1 and K2 be distribution functions with mean 0, whose characteristic
functions κi are integrable. Then,

K1pxq ´ K2pxq “
1

2π

ż

e´itx
κ1ptq ´ κ2ptq

it
dt.
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The Berry-Esseen Theorem

Proof.

By the integrability, the distributions have densities

ki pyq “
1

2π

ż

e´ityκi ptqdt.

Set ∆K “ K1 ´ K2 and integrate to find

∆K pxq ´∆K paq “
1

2π

ż x

a

ż

e´ity pκ1ptq ´ κ2ptqqdtdy

“
1

2π

ż

pe´ita ´ e´itxq
κ1ptq ´ κ2ptq

it
dt.
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The Berry-Esseen Theorem

Proof.

Since the distribution functions are mean 0, 1´κi ptq
t Ñ 0 as t Ñ 0, so

κ1ptq´κ2ptq
it is bounded and continuous.

Let aÑ ´8 and use Riemann-Lebesgue to conclude

∆K pxq “
1

2π

ż

´e´itx
κ1ptq ´ κ2ptq

it
dt.
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The Berry-Esseen Theorem

Proof of the Berry-Esseen Theorem.

Both sides of the inequality scale with σ, so assume σ “ 1.

Write F for Fn and G for the distribution function of the Gaussian.

Let φF and φG be the characteristic functions of F and G . Write
FL “ F ˚ HL and GL “ G ˚ HL.

By the previous lemma

|FLpxq ´ GLpxq| ď
1

2π

ż

|φF ptqωLptq ´ φG ptqωLptq|
dt

|t|

ď
1

2π

ż L

´L
|φF ptq ´ φG ptq|

dt

|t|
.
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The Berry-Esseen Theorem

Proof of the Berry-Esseen Theorem.

By the smoothing lemma,

|F pxq ´ G pxq| ď
1

π

ż L

´L
|φF pθq ´ φG pθq|

dθ

|θ|
`

24λ

πL
.

Here λ “ supx G
1pxq “ G 1p0q “ p2πq´

1
2 ă 2

5 .

Use
ˇ

ˇ

ˇ
φptq ´ 1` t2

2

ˇ

ˇ

ˇ
ď ρ |t|

3

6 and

|αn ´ βn| ď n|α´ β|maxp|α|, |β|qn´1.
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The Berry-Esseen Theorem

Proof of the Berry-Esseen Theorem.

Let L “ 4
?
n

3ρ . Then for |θ| ď L,

ˇ

ˇ

ˇ

ˇ

φ

ˆ

θ
?
n

˙
ˇ

ˇ

ˇ

ˇ

ď 1´
θ2

2n
`
ρ|θ|3

6n
3
2

ď exp

ˆ

´
5θ2

18n

˙

.

Bound
ˇ

ˇ

ˇ
φ
´

θ?
n

¯n
´ exp

´

´ θ2

2

¯ˇ

ˇ

ˇ
by choosing α “ φ

´

θ?
n

¯

,

β “ exp
´

´ θ2

2n

¯

, γ “ exp
´

´ 5θ2

18n

¯

.

One can bound

n|α´ β| ď
ρ|θ|3

6n
1
2

`
θ4

8n
, γn´1 ď exp

ˆ

´
θ2

4

˙

pn ě 10q.
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Proof of the Berry-Esseen Theorem.

Putting things together,

1

|θ|

ˇ

ˇ

ˇ

ˇ

φn
ˆ

θ
?
n

˙

´ exp

ˆ

´
θ2

2

˙ˇ

ˇ

ˇ

ˇ

ď exp

ˆ

´
θ2

4

˙"

ρθ2

6n
1
2

`
|θ|3

8n

*

ď
1

L
exp

ˆ

´
θ2

4

˙"

2θ2

9
`
|θ|3

18

*

.

Hence

πL |Fnpxq ´ ηpxq| ď

ż

exp

ˆ

´
θ2

4

˙"

2θ2

9
`
|θ|3

18

*

dθ ` 9.6.

The remainder of the proof amounts to calculator work.
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Lattice distributed measures

Definition

A random variable X has a lattice distribution if there are constants b and
h ą 0 so that

ProbpX P b ` hZq “ 1.

The largest h for which this holds is called the span of the distribution.
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Lattice distributed measures

Theorem

Let φptq “ Ere itX s. One of the following possibilities holds.

1 |φptq| ă 1 for all t ‰ 0.

2 There is λ ą 0 so that |φpλq| “ 1 and |φptq| ă 1 for 0 ă t ă λ. In
this case X has a lattice distribution with span 2π

λ .

3 |φptq| “ 1 for all t. In this case, X “ b a.s. for some b.
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Lattice distributed measures

Proof.

We checked several lectures ago that if there is λ ą 0 such that
|φpλq| “ 1 then X is supported in b ` 2π

λ Z for some b.

Suppose there is a sequence tn Ó 0 such that |φptnq| “ 1. Choose

bn P
´

´ π
tn
, πtn

ı

such that ProbpX P bn `
2π
tn
Zq “ 1.

It follows that ProbpX “ bnq Ñ 1. This is possible only if bn “ b and
ProbpX “ bq “ 1.
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Lattice distributed measures

Definition

A random variable X is arithmetic if there is h ą 0 such that
ProbpX P hZq “ 1.
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Local limit theorem, lattice case

Theorem

Let X1,X2, ... be i.i.d., ErXi s “ 0, ErX 2
i s “ σ2, and lattice distributed,

satisfying ProbpX1 P b ` hZq “ 1 for some span h ą 0. Set
Sn “ X1 ` ¨ ¨ ¨ ` Xn. We put

pnpxq “ Prob

ˆ

Sn
?
n
“ x

˙

, ηpxq “
exp

´

´ x2

2σ2

¯

?
2πσ

.

As nÑ8,

sup
xP

!

nb`hz?
n

:zPZ
)

ˇ

ˇ

ˇ

ˇ

ˇ

n
1
2

h
pnpxq ´ ηpxq

ˇ

ˇ

ˇ

ˇ

ˇ

Ñ 0.
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Local limit theorem, lattice case

Proof.

Let φptq “ Ere itX s,

pnpxq “ Prob

ˆ

Sn
?
n
“ x

˙

“
h

2π
?
n

ż
π
?
n

h

´
π
?
n

h

e´itxφn
ˆ

t
?
n

˙

dt.

ηpxq “ 1
2π

ş

e´itx exp
´

´σ2t2

2

¯

dt.

We have
ˇ

ˇ

ˇ

ˇ

ˇ

n
1
2

h
pnpxq ´ ηpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

2π

ż
π
?
n

h

´
π
?
n

h

ˇ

ˇ

ˇ

ˇ

φn
ˆ

t
?
n

˙

´ exp

ˆ

´
σ2t2

2

˙
ˇ

ˇ

ˇ

ˇ

dt

`
1

π

ż 8

π
?
n

h

exp

ˆ

´
σ2t2

2

˙

dt.
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Local limit theorem, lattice case

Proof.

For any fixed A,

ż A

´A

ˇ

ˇ

ˇ

ˇ

φn
ˆ

t
?
n

˙

´ exp

ˆ

´
σ2t2

2

˙ˇ

ˇ

ˇ

ˇ

dt Ñ 0

as nÑ8 by bounded convergence.

The remaining integral against exp
´

´σ2t2

2

¯

tends to 0 as a function

of increasing A, so it remains to bound the integral against φn.

Bob Hough Math 639: Lecture 6 February 14, 2017 26 / 50



Local limit theorem, lattice case

Proof.

Use

|φpuq| ď

ˇ

ˇ

ˇ

ˇ

1´
σ2u2

2

ˇ

ˇ

ˇ

ˇ

`
u2

2
E
“

min
`

|u||X |3, 6|X |2
˘‰

.

Thus there is δ ą 0 such that for |u| ă δ, |φpuq| ă exp
´

´σ2u2

4

¯

, and

so as AÑ8,
ż

Aď|t|ďδ
?
n

ˇ

ˇ

ˇ

ˇ

φn
ˆ

t
?
n

˙ˇ

ˇ

ˇ

ˇ

dt Ñ 0.

For δ ď |u| ď π
h , |φ| is bounded away from 1, so the remainder of the

integral is exponentially small in n.
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Non-lattice measures

Theorem

Let X1,X2, ... be i.i.d. with ErXi s “ 0, ErX 2
i s “ σ2 P p0,8q, and having a

common characteristic function φptq that has |φptq| ă 1 for all t ‰ 0. Let

Sn “ X1 ` ¨ ¨ ¨ ` Xn and ηpxq “ p2πσ2q´
1
2 exp

´

´ x2

2σ2

¯

. For a ă b, as

nÑ8, if xn?
n
Ñ x, then

?
nProb pSn P pxn ` a, xn ` bqq Ñ pb ´ aqηpxq.

Bob Hough Math 639: Lecture 6 February 14, 2017 28 / 50



Non-lattice measures

Proof.

Let ψ be a Schwartz class function, and write ψ̂ptq “
ş8

´8
ψpxqe itxdx

for it’s Fourier transform, which we assume to be of compact support,
say in r´T ,T s, T ą 0. Such a function is said to be band-limited.

Denote ψxnpxq “ ψpx ´ xnq the translated function. We have

ψ̂xnptq “ e itxn ψ̂ptq.

Write φptq “ Ere itXi s. By Plancherel,

E rψxnpSnqs “
1

2π

ż T

´T
φnptqe´itxn ψ̂ptqdt.

Bob Hough Math 639: Lecture 6 February 14, 2017 29 / 50



Non-lattice measures

Proof.

Write φptq “ Ere itXi s. By Plancherel,

E rψxnpSnqs “
1

2π

ż T

´T
exp

ˆ

´
nσ2t2

2

˙

e´itxn ψ̂ptqdt

` O

ˆ
ż T

´T

ˇ

ˇ

ˇ

ˇ

φnptq ´ exp

ˆ

´
nσ2t2

2

˙ˇ

ˇ

ˇ

ˇ

dt

˙

.

The error term is o
´

1?
n

¯

by splitting the integral into three pieces as

in the previous theorem.
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Non-lattice measures

Proof.

The main term is
ż

e´
x2

2nσ2

?
2πnσ2

ψxnpxqdx .

This suffices for the theorem, since the main term of the theorem is
asymptotic to

ż xn`b

xn`a

e´
x2

2nσ2

?
2πnσ2

dx

and the indicator function of ra, bs can be approximated in L1 from
above and below by Schwartz functions whose Fourier Transform has
compact support.
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Poisson convergence

Recall the Poissonpλq distribution has ProbpX “ nq “ e´λ λ
n

n! .

Theorem

For each n, let Xn,m, 1 ď m ď n be independent random variables with
ProbpXn,m “ 1q “ pn,m, ProbpXn,m “ 0q “ 1´ pn,m. Suppose

1
řn

m“1 pn,m Ñ λ P p0,8q.

2 max1ďmďn pn,m Ñ 0.

If Sn “ Xn,1 ` ¨ ¨ ¨ ` Xn,n then Sn ñ Z where Z is Poissonpλq.
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Poisson convergence

Proof.

φn,mptq “ E rexppitXn,mqs “ p1´ pn,mq ` pn,me
it .

E
“

e itSn
‰

“
śn

m“1

`

1` pn,mpe
it ´ 1q

˘

.

Note | exppppe it ´ 1qq| “ expppp<pe it ´ 1qqq ď 1, |1` ppe it ´ 1q| ď 1.
Thus

ˇ

ˇ

ˇ

ˇ

ˇ

exp

˜

n
ÿ

m“1

pn,mpe
it ´ 1q

¸

´

n
ź

m“1

p1` pn,mpe
it ´ 1qq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

n
ÿ

m“1

ˇ

ˇexpppn,mpe
it ´ 1qq ´ p1` pn,mpe

it ´ 1qq
ˇ

ˇ

ď

n
ÿ

m“1

p2n,m
ˇ

ˇe it ´ 1
ˇ

ˇ

2
ď 4

ˆ

max
1ďmďn

pn,m

˙ n
ÿ

m“1

pn,m Ñ 0.
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Poisson convergence

Since
řn

m“1 pn,m Ñ λ, E rexppitSnqs Ñ exppλpe it ´ 1qq. Since the
characteristic function converges pointwise to the characteristic function of
Poissonpλq, the convergence in distribution follows.
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Poisson convergence

Example

Suppose we roll two dice 36 times. The number of times that ‘snake
eyes’ (two ones) occurs has distribution which is approximately
Poissonp1q.

Let ξn,1, ξn,2, ..., ξn,n be independent and uniformly distributed over
r´n, ns. Let Xn,m indicate the event that ξn,m P pa, bq, which has
probability b´a

2n . The number of events, Sn “
ř

m Xn,m converges to a

Poisson distribution of parameter b´a
2 .
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Poisson convergence

Definition

The total variation distance between two probability measures µ and ν on
a countable set S is

}µ´ ν} “
1

2

ÿ

z

|µpzq ´ νpzq| “ sup
AĂS

|µpAq ´ νpAq|.
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Poisson convergence

Lemma

If µ1 ˆ µ2 denotes the product measure on Zˆ Z that has
pµ1 ˆ µ2qpx , yq “ µ1pxqµ2pyq, then

}µ1 ˆ µ2 ´ ν1 ˆ ν2} ď }µ1 ´ ν1} ` }µ2 ´ ν2}.
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Poisson convergence

Proof.

2}µ1 ˆ µ2 ´ ν1 ˆ ν2} “
ÿ

x ,y

|µ1pxqµ2pyq ´ ν1pxqν2pyq|

ď
ÿ

x ,y

|µ1pxqµ2pyq ´ ν1pxqµ2pyq| `
ÿ

x ,y

|ν1pxqµ2pyq ´ ν1pxqν2pyq|

“
ÿ

y

µ2pyq
ÿ

x

|µ1pxq ´ ν1pxq| `
ÿ

x

ν1pxq
ÿ

y

|µ2pyq ´ ν2pyq|

“ 2}µ1 ´ ν1} ` 2}µ2 ´ ν2}.
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Poisson convergence

Lemma

If µ1 ˚ µ2 denotes the convolution of µ1 and µ2, that is,

µ1 ˚ µ2pxq “
ÿ

y

µ1px ´ yqµ2pyq

then }µ1 ˚ µ2 ´ ν1 ˚ ν2} ď }µ1 ˆ µ2 ´ ν1 ˆ ν2}.
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Poisson convergence

Proof.

2}µ1 ˚ µ2 ´ ν1 ˚ ν2} “
ÿ

x

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

y

µ1px ´ yqµ2pyq ´
ÿ

y

ν1px ´ yqν2pyq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

x

ÿ

y

|µ1px ´ yqµ2pyq ´ ν1px ´ yqν2pyq|

“ 2}µ1 ˆ µ2 ´ ν1 ˆ ν2}.
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Poisson convergence

Lemma

Let µ be the measure with µp1q “ p and µp0q “ 1´ p. Let ν be a Poisson
distribution with mean p. Then }µ´ ν} ď p2.
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Poisson convergence

Proof.

2}µ´ ν} “ |µp0q ´ νp0q| ` |µp1q ´ νp1q| `
ÿ

ně2

νpnq

“ |1´ p ´ e´p| ` |p ´ pe´p| ` 1´ e´pp1` pq.

Since 1´ x ď e´x ď 1 for x ě 0, one obtains

“ 2pp1´ e´pq ď 2p2.
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Poisson convergence

Theorem

For each n, let Xn,m, 1 ď m ď n be independent random variables with
ProbpXn,m “ 1q “ pn,m, ProbpXn,m “ 0q “ 1´ pn,m. Suppose

řn
m“1 pn,m “ λ

max1ďmďn pn,m Ñ 0.

Let Sn “ Xn,1 ` ¨ ¨ ¨ `Xn,n have distribution µn, and let ν have distribution
Poissonpλq. Then

}µn ´ ν} ď
n
ÿ

m“1

p2n,m.
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Poisson convergence

Proof.

Let µn,m be the distribution of Xn,m, and let νn,m be Poissonppn,mq.

Thus νn “ ˚n
m“1νn,m „ Poissonpλq and

řn
m“1 Xn,m has distribution

˚n
m“1µn,m.

}µn ´ νn} ď
řn

m“1 }µn,m ´ νn,m} ď
řn

m“1 p
2
n,m.
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Fixed points

Example

Let π be a random permutation of t1, 2, ..., nu, let Xm “ 1 if πpmq “ m
and 0 otherwise, and let Sn “ X1 ` ¨ ¨ ¨ ` Xn be the number of fixed
points. Let Am “ tXm “ 1u. By inclusion-exclusion,

Prob

˜

n
ď

m“1

Am

¸

“
ÿ

m

ProbpAmq ´
ÿ

`ăm

ProbpA` X Amq

`
ÿ

kă`ăm

ProbpAk X A` X Amq ´ ¨ ¨ ¨

“ n ¨
1

n
´

ˆ

n

2

˙

pn ´ 2q!

n!
`

ˆ

n

3

˙

pn ´ 3q!

n!
´ ¨ ¨ ¨ .
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Fixed points

Example

We have ProbpSn “ 0q “
řn

m“0
p´1qm

m! so

|ProbpSn “ 0q ´ e´1| “

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

m“n`1

p´1qm

m!

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

pn ` 1q!

8
ÿ

k“0

pn ` 2q´k “
1

pn ` 1q!

ˆ

1´
1

n ` 2

˙´1

.

We can now compute

ProbpSn “ kq “

ˆ

n

k

˙

ProbpSn´k “ 0q

npn ´ 1q ¨ ¨ ¨ pn ´ k ` 1q

“
ProbpSn´k “ 0q

k!
Ñ

e´1

k!
.
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Occupancy problem

Theorem

Suppose r balls are placed at random in n boxes. If ne´
r
n Ñ λ P r0,8q

the number of empty boxes approaches Poissonpλq as nÑ8.
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Occupancy problem

Proof.

Set pmpr , nq for the probability of m empty boxes on r tosses into n
boxes.

Since Probpboxes i1, i2, ..., ik emptyq “
`

1´ k
n

˘r
, by

inclusion-exclusion

p0pr , nq “
n
ÿ

k“0

p´1qk
ˆ

n

k

˙ˆ

1´
k

n

˙r

.

One obtains p0pr , nq „ e´λ by using
`

1´ k
n

˘r
„ λk

nk
for k ď K , a

large fixed constant, and
`

1´ k
n

˘r
À λk

nk
, k ą K .
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Occupancy problem

Proof.

By choosing the boxes to be empty

pmpr , nq “

ˆ

n

m

˙

´

1´
m

n

¯r
p0pr , n´mq „

λm

m!
p0pr , n´mq „ e´λ

λm

m!
.
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Coupon collector’s problem

Example

Let X1,X2, ... be i.i.d. uniform on t1, 2, ..., nu and
Tn “ inftm : tX1, ...,Xmu “ t1, 2, ..., nuu. Since Tn ď m if and only if m
balls fill up all n boxes, it follows

ProbpTn ´ n log n ď nxq “ p0pn log n ` nx , nq Ñ expp´e´xq.

This follows from the previous discussion, since if r “ n log n ` nx then
ne´

r
n Ñ e´x .
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